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A Memoir.on Seminvariants. - 


By Proressorn Cay Ley. 


INTRODUCTORY. ART. Nos. 1 το 8. 


1. A very remarkable discovery in the Theory of Seminvariants has been 
a made by Capt. MacMahon, viz., πο the equation 


Gr Pr PH 
and its roots a, B, y..., as defined by the identity 


E 


14-5 Ho; + ate, -1-αα1--βα]--γω... 


then, any m function of the roota. being represented by a partition 
symbol in the usual manner, 1 = Sa, 2 — Xo?, 11 or 1* = Xa), etc., the theorem 
is that any symmetric function represented by a non-unitary symbol (or symbol 
not containing a 1), say for shortness any non-ünitary symmetric function, is a 
seminvariant in regard to the coefficients 1, b, ο, d, e, etc, 
We have for ο 
| (c — b), 
N 
4= 4(—e + 4bd + διὰ — 19bc + 66), 
(where to verify that this is a seminvariant, observe that the value may be written 
= 4 {— (e— 4bd + 80) + 6 (o — δὲ) 
22 = &(e — 46d + πα. 
' ete. 


© 


and observe further that the fins 2, 4 and 22, are connected by the identical 


relation 2.2=4 + s. 22. 
Yor. VIL 
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2. We conclude that the theory of seminvariants is a "^ of that of sym- 
metric functions. I take the opportunity of remarking that (the subject of the 
memoir being seminvariants) I use in general non-unitary symbols, even in cages 
where the restriction is unnecessary, and the symbols might have contained 1's: 
thus instead of 2.2 — 4 +3.22, the equation 1.1— 2 2.11 would have served 
equally well as an instance of an identical relation between symmetric functions ; 
and so in general, in formule relating to symmetric functions, the symbols are 
not restricted to be non-unitary. I remark also that, for instance, instead of 
4443322222, or 438595, I usually write 444332°, introducing the index only for 
the 2; the reason is only that the 2 is often repeated a large number of times, 
80 that the abbreviation, which I dispense with for the Diener numbers, becomes 
convenient for the 2. 

3. Reckoning the coefficients 1, b, c, d, e... as being each of them of the 
. degree 1, and of the weights 0, 1, 2, 3, 4... respectively, then any symmetric 
function is of a degree which is equal to the highest number, and of a weight 
which is equal to the sum of all the numbers, in the partition-symbol. And we 
frequently speak of the deg. weight: thus for the function 92 the deg. weight is 
=2.4, | 

MULTIPLICATION OF Two SYMAMETRIO FUNOTIONS, ART. Nos. 4 TO 17. 


4. We require a theory for the multiplication of two symmetric functions. 
We have for instance 3.2 = 5 + 32: for 3 denoting Σα), and 2 denoting Σα", the 
product contains the term af, and the term a?ß, and it is thus = Xa + Za?ß, 
. which is — 54-32. But multiplying for instance 2 by itself, the product contains 
the term a‘, and the term αὖθ᾽ twice, and it is thus = Zat + 2Xa*0*, and we thus 
have the before-mentioned formula 2.2 = 4 + 3.22. | 
And so, 7, m being different 
l.m = (l+ m) + Im, 
but when m= 7, . LT =(2) +», | 
and in general for any symmetric function /mnpgr . .., where the numbers are 
all of them different, if any two of the m's become equal, we must multiply the 
- term by 2; if any three of them become equal, we must multiply the term by 
. 6; and so in other cases, viz., if the term becomes /^m^n*. .. , we must multiply 
it by [a] LB] D] - 
b. We may, lang d in the first instance the numbers /, m, n, p,q... to be 
all of them different, develop an algorithm as follows: 





^ 
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2 Im 
un _(i-+m) that is in 
Im in EE: 7 ae m 
Imin . 
n =(I+n)m that is Im. n= (l+n)m 
n MEUM . +l(m+n) 
n + Imn, and so in other cases; 
imn|p > Im np 
p | =(+p)mn Να λύνει 
p (πι + p)n pn l+ p)(m +n) 
P Im (η + p) n jp (+n) mp 
p lmnp pn !+-p)mn 
n|p mie 
pin (m+ p)n 
np. Imnp 
Imn | pq 
py | =(-+p)(m+g)m 
qp l+ g)(m + p)n 
pq D IO 
q P (orte 
pg Turo unl 
gp | l(mtg)ntp 
P lq AE peak: 
go |» (2 + g) mnp 
p |q mine 
q |» (πι + g) 
p|g Im(n-Fp)q 
q| p Im (n + ϱ) p 
pq Imnpq and so on. 


6. Observe that if the two factors contain ὁ numbers and j j numbers respect- 


ively, ὁ 5» or = =j, then in the product we have 
[¿ F; terms each containing $ numbers, 


DI T -- “u εἰ [T 
mas 1 M t+1 
BT ry u tt i+ 2 ut 


Ur By = 1, term containing $ +5 a 
a ἌΝ $ , d . 
so that the whole number of terms in the product 18 
iib -By-TGYÁ x... 40 
We may, if we please, take the ας number first, and we then have 


fj i= fi, j} 


"A 
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the {7, i] series in fact begins with zero terms, but following these we have 
terms which are identical each to each with those of the $2, 7} series. Thus 

(53]— f+ 3[bP-F3[6]--[b]— .  6043.20+3.541,—126, 
13,5} =[3P+5[3]-+ 10[3P+ 10[3P+5[37?-+[3°=0-+0-+10,6-+10.6+5.3-+1, —126. 


and it is easy to see that the general theorem can be verified in like manner. 


In particular we have Putting à — 1 these give 
{i 1}=fiT+1 =i+1 ` „= » 41,1} =2, 
ti 2) 1 | =ř4 i+ 1 , [1, 2}=3; 
fi 3] — [T -3[T-4- 3ETH-1 ++ 1 , {1, 8}=4, 
(541 ο ο GPH Ai 1 =i 284 BRI , {1, 41-55, 
fi, 5] — [6 P45 [i] - 10 [5 2-10 [8 4 5 [5] 4- IS 151574 9i 4-1, (1, 5] —6, 
which agree with ΄ í$ =i l. | 
. Hence also the values of 

f1, 1}, are 2, 

t 23, {2, 2, l (3, 7, 

{1, 3}, (2, 3}, 13, 2. 75,18, 84, 

{L 4, {2 4 13, m 4], b, 21, 73, 909, 

i 


{1, δὶ, {2 δὶ, (3, es {4, δὶ, (5, 5], — 6, 81, 136, 501, 1546. 
7. In forming a product Ímn...gpqr..., we may have-equalities among 
the numbers J, m, n . . of the first symbol, and also between the numbers 
p, qrr... of the second symbol: moreover (whether there are or are not any 
such equalities), we may have equalities presenting themselves between the 
numbers + p, m +g, . .. of any symbol (+ p)(m +)... on the right-hand 
side of the equation: and the process must be performed so as to take account 
of all these equalities. The actual process is best shown by an example: say 
we require the product 3332.322, which is of the deg. weight 6.18. 


3332 | 822 Ἢ +12 


6552 
6543 
6553 
65322 
64332 
55332 
55332 
54333 
` 633222 
533322 
533322  . 6 
433332 4 
3333222 u [m 





Ó—ÀA 


an a» το ο © rw 
μα co ος 9 το da XO £u RO 


— 


8 
6 
6 
6 
8 
1 
6 
3 
1 
3 
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8. Observe first that $4, 3} = 24 + 36 + 12 +1, — Τ8. In placing all or 
any of the numbers of the 322 under those of the 3332, we do this in all the 
really distinct ways, inserting a numerical coefficient for the frequency of each 
way. Thus when the whole of the 322 is thus placed, the 3 may be under a 3, 
and the two 2's may then be under 33 or under 32: or else the 3 may be under 
a 2, and the two 2's must then be under 33: there ‘are thus three ways, and 
these have the frequencies 6, 12, 6 respectively. For as to the first way, the 3 
may be under any one of the three 3's, and for each such position of the 3, the 22 
can be placed in either of two orders under the other two 3’s; the frequency is 
thus 3.2, —6. And similarly the other two frequencies are 12 and 6; the sum 
6+12+ 6, = 24, is, the first term of $4; 31. In like manner when two of the 
numbers of the 322 are placed under the 3332 there are five ways having the 
fréquencies 12, 6, 6, 6, 6 respectively, the sum of these frequencies is 36, which 
is the second term of (4, 3}. And so when one number of the 322 is placed 
under the 3332 there are four ways having the frequencies 3, 1, 6, 2 respect- 
ively: the sum-of these frequencies is 12, which is the third term of $4, 3}. 
Finally, when no nuniber of the 322 is placed under the 3332, there is a single 
way, having the frequency 1, which is the last term of $4, 31. These agree- 

ments are a useful verification for the frequencies: the sum of all the frequencies 
is of course = 73, the value of {4, 3]. 
9. We next form the column of symmetric functions by adding to each line- 
|. the 3332: to avoid accidental errors of addition, it is proper to verify for each 
of these that the weight is the sum, = 18, of the weights 11 and 7 of the two 
factors respectively. It is to be observed that the same symmetric function may 
present itself more than once: thus we have the functions 55332, and 533322, 
each of them twice. _We then form a column of multiplicities: in 6552 the two 
558 give the multiplicity 2; in 5553, the three 5's give 6: in 633222, the two 878 
and the three 2’s give 2.6, = 12, and so on. There is in like manner for the 
“factor 3332 a multiplicity 6, and for the factor 322 a multiplicity 2; and these 
combined together give 6.2, = 12, viz., this is the heading + 12 of the column. 
And then forming the products 6.2, 12.1, 6.6, etc. of the corresponding 
frequencies and multiplicities and dividing in each case Pe 12, we have the right- 
hand column of numerical coefficients. 


10. The result is to be read 
| 3332. 322= 1.6552 
1. 6548 
+ 3.5553 
+ ete, c 
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the ος 2, 2 and 1, 6 of the répeated terms being of course united 


together, 80 that we have + 4.55329 
+ 7.533322.. 


With-a little practice the operätion is performed without difficulty and with very 
small risk of error. 

11. We may apply the process to obtain zia formule for certain 
forms of products, Oonsider, for instance, the product 5". 2°, where a> or =ß: 
and in the coefficients write for shortness a, instead of [a]* or Πα, to denote 
12.3...a. We have 


DAI. i f +a. 
A | 98—4A l . 44 944-8—34 = À z 
24 | 2 πα À4 B—A 4^9 Mir 24 a— 434" 


viz. the formula i, E a * 
| yet. 44 gete, 
where A iis any integer value from β to 0;-the’ first term is = 1.4° ges and 
the last term is ote te: The weight of d term is 44 + 2(a + 8 — ao) WC 
= 2a + 20, as it should be. 
'In explanation as to the frequency, observe that out of the B 9 we take 
any A 2's, and place them in any order under any A of the α 2’s. The number 


‘sets to be placed 





of combinations taken i is 





vu which (in A orders) gives 





8 
4-β-- p—A 


“under sets out of the a 2/8: we thus have the foregoing coefficient of 


x 


fre uenc M ο where. as mentioned above a etc. are written to 
quency 4.a—A p—A 


je [α]", etc. i πε 

. We may in like manner find a formula. for the product 3°2°.372°. Taking 
y, =g nu y +2, any partition of y, and δ, =p+g +r, any paruuon of ô, 
and writing also A=x, B= y +p, C=q, we have 
3*9? | ἂν ο} 07 Ἔα.β.γ.δ 





where for the frequency, M, wo have 











No. of terms 3°, = —-—; iR, 
. T.y — T : y.z 
à à—p 
ua u p?p — * = ; 
: . 2 p.—p! 2v ᾳ.» 
to be placed under | 
ER β 
sets of terms 8", = — — ——————; 28, 
"et pa—a—p' ° yoqB—9—34 


. in orders, = c p; i | =y +q, 
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whence, multiplying, we have for the frequency 
M= α.β.γ.δ 
zya p gap By 
and for the multiplicity, N, we have 
: MO yo 24 — B.8 4-6— . B— 20, 
= c.B.g.a t y — 24 — B.B +8—B— 20.. 
13. The coefficient is thus- 
ΜΝ | B.a--j —24— B.B 4-0— B— 20. 
α.-βγ.δ᾽ 7  y.tpr.a—e—p.p—y—g 
B.a-r—2A —B.B--à—B—20C 





— V9-1—4 —g.a—A— p. B— ah: à—0—p' 
or putting also D=at+y—2A—B, 
E=ß+38 — B— 20, 


whence θ4 + 5B +4C + 83D -- 2E — 3 (a + y) + 2(8 4- δ), 
the formula finally is — 3*25.3*2!— ZA.645? 403? 25, 
where ics B. D E 
yp7—d—y.a—A RETI O—p' 
or as this may.also be written 
B .D E : : 


so that the coefficient A is in fact the product of three binomial coefficients: it | 
. must, however, be recollected that the same term 6457 4^3? 2" may occur more 
than once, with different coefficients A, so that in the final result, when these 
terms are united together, the numerical coefficients are not each of them of the 
form in question. | 


14. The limits of the summation are conveniently defined bs moana of the 
diagram 






A | p | a—A—p |α D=a+y—24— B, 


y|C|8—G—y 8B. E=ß+3 — B — 20, 
ut supra, | 


viz here the sums of the first and second lines are a and β respectively, and 
the sums of the first and second columns are y and ὃ respectively; we have 
B=y + p, a partition of B: but the values of y, p must be such as not tó 
render negative any one of the four terms z, r, a — A — p, B — C — y of the, 
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diagram (for. if any one of these numbers were negative, the corresponding 
factorial in the denominator of A would.be infinite and we should have A — 0). 

For any given term 6467403725 of the proper weight 3(a + y) + 2(8 +8), 

there may be no suitable values of y, p, and the coefficient is then = 0: there 

may be a single pair of values, and the coefficient is then (as remarked above) — 

‘a product of three binomial coefficients: or there may be more than a single 

pair of values, and the entire coefficient of the term has not in this case ΝΠ 

simple form. 

15..To exhibit the working of the formula, I apply itt to the recalculation of _ 

tlie foregoing product 3332.322 (a, B, y, ô= 3, 1, 1, 2). Properly the whole . 

series of symbols 666, 6642, 6633, etc. of the symmetric functions of the weight 
18 should be written down, and the coefficient be calculated for each of them: 
‘but 1 write down only those which have coefficients not — 0: for each of these, 

I take all the partitions B — y +p, several of these giving, as will be seen, zero 
‚values, and the others giving the values already obtained for the coefficients of 
the several terms. | 















































y 
2 
1 n 
0 1.6552 
1 
0 1.6648 
10 1 1 
6.3 1 2 | 2.65822 
0 0 1 1 | 1.04982 
0 0 2 1 8 | 5.6882! 
8 οἱ —2 8] —3 2/1 0 0 | 
U»oXxboeto5].-i tle 0 0 
5558 
$58 [08 0 1018 7 ,|1^, 119 o ols 1 1 ET 
0 8 10 pex? 4.4 0 
2 οἱ —/. 8| -1.2/1 0 0 
3 1]2 1 ıla 0 3|1 0 1/2 1 1 s) oe 
‘ly 0 2 i- 1 1 ola 2,1l? 
1 0 0 8| =t xdi 1 0 
8 0 
τη 1 9 0 oli 8 1 | 54888 
10 0, 8 o 111 1 1 
588821 a 2 .583323? 
EHE 9 1|7 Y al® 9 11 8 3 at 
483882 |0 0 1 4 1,0 o oje 1 8/1 o 1/1 4 1| (sponge 
| 9898/09 0 0 4 8/0 o ο 1 8|8 i 914 4 8 
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It is quite possible that abbreviations and verifications might be introduced, 
but the process as it stands seems to be at once less expeditious and less safe 
than the one first made use of. 
16. Particular cases of the general formula are _ 
PR=ENN: E= β 4-6 — 2€, and Henne du: 2E— 2(β +8) 
"mendi. 
Bc dee ο 
which agrees with a result before obtained. 
3:95 2 — SA.6F40309F; D=a— B, 
| H=8+65—B—20, 
and thence 5B + 40 + 3D + 2H=38a+ Lis 26, 
πας πεις 
β--οᾱ---Β--0᾽ 
17. We may in like manner with the foris for 83:95 319), obtain the 
following: 4*3*0P, 2! = ΣΛ. 6458403225, 
where > E D=a—B, - 
| E= 26+ 8--6—3A4— B—20, 
and thence 6.4 + 5B + 40+ 8D + 2E = 46+ δα + 26 + 28, 
and the value of the coefficient A is 
e : E 
| 6— A.0—8-L- 4.8--8—4-— 0.0 4-9 —24— B— 6) 
viz. A is the product of two binomial coefficients: and since here a given term 
6457473797 occurs once only, each numerical coefficient is actually of this form. 
` In the particular case 0 = 0, we must have A= 0 (this appears à posteriori 
from the denominator factor — A, &factorial which is infinite for any positive _ 
value of A); and we thus obtain the first given formula for 8-95, 2°. 


i 


A= 


CAPITATION AND DECAPITATION. ART. Nos. 18 TO 21. 


18. I explain the converse processes of Decapitation and Capitation. In 
any symmetric function, for instance 6552 of the degree 6, the whole coefficient 
of a* is 552, this symbol referring in the first instance to the series of remaining 
roots B, γ,δ..., but as the series of roots*is unlimited we may ultimately 
replace these by a, 8, y, ..., and so use 552 in its original sense.’ Similarly in 
6652 the whole. coefficient of af is = 652, the only difference being that, while 
in the former case the degree is reduced to 5, in the present case it remains — 6. 
In every ease we ae © the symbol by ἘΠΕ out the highest number—in 


Vor. VII. 
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the case of two or more equal numbers, one only of these being struck out. 
Observe that by decapitation we always diminish the weight, but we do or do 
not diminish the degree.. In a product such as 3332.322 we obtain in like 
manner the whole coefficient of a? by the decapitation of each factor, viz. the 
coefficient is = 332.22, and in any equation such as that obtained above for the 
produet 3332.322, the whole coefficient of the highest power of a, must be — 0, 
viz. we can by decapitation obtain a-new equation of lower weight: thus from 
. the equation in question of weight 18, we obtain the new us of weight 12, 
332.22 = 1.552 
+ 1.543 
+ 3.5322 
+ 1.4332 "S 
+ 3.33222 | 
where observe that the terms of a degree lower than 6 in the original equation 
give no term in the new equation. The new equation of the deg. weight 5.12 
might of course be obtained independently in like manner with the original 
equation. 
19. We capitate a symbol by prefixing to it a number ud is not less than 
the highest number contained in it: thus 552 may be capitated into 5552, 6552, 
᾿ etc.: and so a product 332.22 may be capitated into 3332. 222, 3332.322, etc.; 
moreover a single symbol may be capitated into a product, 552 into 5552.4: in 
fact the capitation may be any operation such that by decapitation we reproduce 
the original symbol. The increase of weight may be any number not less than . 
the degree of the original symbol: but it is usually taken to be a given number: 
thus for any symbol of a degree not exceeding 6, we may capitate so as to 
‘increase the weight by 6. The capitation does or does not increase the degree. 
20. An identical equation may be capitated in a variety of ways, but instead 
of an identity we obtain only a congruence, that is an equation which requires 
to be completed by the adjunction to it of proper terms of lower degrees. Thus 
from the above equation of thé deg. weight 5.12 we may obtain | 


9992. 82285" 1.6552 
‘+ 1.6543 
+ 2.65322 
+ 1.64332 
+ 3.633222 


~ 


Cavyzey: A Memoir on Seminvariants, “Il 
Imagine here all the terms brought to the same side so that the form is Q=0: 
‘Q is a function not containing af, for the whole coefficient of αὖ therein is 
precisely that function which by the equation of the deg. weight 6.12 is expressed 
to be — 0: and hence Q, quá symmetric function cannot contain 8°, y°...; viz. 
Q is asymmetric function of the degree 5 at most: the congruence Q= 0 thus 
means, Q = a properly determined function of the degree 5 at most." Obviously 
by development of the term 3332.322, that is, by substituting for this term its 
value as given by the equation of the deg. weight 6.18, the function of the 
degree 5 at most would be found to be — the sum of those terms in the expres- 
sion of 3332.322 which are of a degree inferior to 6: and the congruence Q=0 
thus completed would be nothing else than the equation of the deg. weight 6.18. 
21. We might have capitated in a different manner : for instance 
E 4332.222 = 1.6552 

+ 1.6543 

+ 3.65322 

+ 1.44332. 2 

-+ 3.33222.3, 

there are here three products requiring to be developed: on replacing them by 
their values there would be found for Q a value which would be a determinate 
function of a degree less than 6: and putting Q = this value, the congruence 
Q =0 would be completed into an equation. 


SEMINVARIANTS OF A GIVEN DEGREE; PERPETUANTS, ETO, ART. Nos. 22 το 88. 


22. We consider now seminvariants according to their degrees; in particular 
those of the degrees 2, 3, 4, 5 and 6, or say quadric, cubic, quartic, quintic and 
sextic seminvariants: the forms of these are 251, 3°+198 4” 19897, 5*-*1483*9*, 
65160 47832), where each exponent a, B, y, ὃ, e is a positive integer not exclu- 
ding zero: the exponent of the highest number is in each case written a+ 1, 
and has thus the value 1 at least,for otherwise the form would not be of the 
proper degree. The several weights are 2(a`F 1), 3(@a + 1) + 28, 4(α + 1) 
+ 38 + 2y, etc. or what is the same thing, we have for the several degrees 
respectively w — 2 = 2a, 

w— 3 — 3a + 28, 
w— 4 = da + 30 + 2y, 

: | w— 5 — δα + 48 + 3y + 28, 

w — 6 = θα + ὅβ + Αγ + 38 + 2e, 
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and we have for a given degree and weight as many seminvariants as ΗΕ are 
. systems of exponents satisfying the corresponding equation. 

23. These numbers are at once expressible by means of a series of 
Generating Functions (G. F.), viz. writing for shortness 9, 3, 4, 5, 6 to denote 
το 1— 2’, μη oe ore d F.s are 


$33 i34 1345. 1345.9 


In fact the number of seminvariants of a given weight is = coefficient of a” in 
the corresponding G. F.; for the quadric seminvariants (or those of deg. weight 





2.w) in -5 LÉ ; for the cubic seminvariants (or those of deg. weight 3.w) in D: 
and so for the others. 

24. A seminvariant of a given degree may be a süm of products (of that 
degree) of seminvariants of lower degrees, and of seminvariants of lower 
degrees: and it is in this case said to be reducible: a seminvariant which is not 

reducible is said to be irreducible, or otherwise to be a perpetuant. This notion 
of & perpetuant is due to Sylvester, see his Memoir “On Subinvariants, ù. e. Semi- 
Invariants to Binary Quantics of an Unlimited Order,” American Math. Journal, 
V (1882-83), pp. 76-137 ($4 Perpetuants, pp. 105—118). In speaking of the 
number of perpetuants of a given deg. weight, we assume throughout that these 
are independent perpetuants, not connected by any linear relation. 

25. Since the seminvariants used for the reduction of a given reducible 
seminvariant can themselves be expressed in terms of. perpetuants, we may say 
more definitely that a seminvariant of a given degree, which is a sum of products 
(of that degree) of perpetuants of lower degrees, and of perpetuants of lower 
degrees, is reducible. The words “of that degree ” are essential to the definition : 
a seminvariant may be expressible as a sum of products (of a higher degree) of 
perpetuants of lower degrees, and of perpetuants of lower degrees, and it is not on 
this account reducible: à seminvariant so expressible i is said to be a “syzygant”; 
but as to this, see No. 49. 

26. Every quadrie or cubie seminvariant is obviously i 8 perpetuant : the 


er and cubic perpetuants have thus the before-mentioned G. F.’s 2 and 
5. a5 respectively. 


27. A reducible quartic seminvariant can only be a sum of products (2.2) 
of two quadric perpetuants,. and of quadrie perpetuants, and it is clear that no 


Cavzey: A Memoir on Seminvariants. 13 


` quartic seminvariant the symbol of which contains a 3 is thus expressible. If: 
the symbol does not contain a 3, viz. when the form i is atia, the seminvariant 
is reducible : we have for instance 
4= 2,2—3. 22, 
42 = 22.2 — 3.222, ete., 

and to show that this is so in general, observe that any symmetric funetion 
. gei, quà symmetric function can be expressed as a rational and integral func- 
tion of the degree 2 (a + 1)-F y, of the coefficients 1, 1°, 1°, etc.: instead of 
the roots considering their squares, we have thence an expression for the quartic 
seminvariant 4519 in terms of the quadric perpetuants 2, 2°, 2°, ete., and such 
expression will be of the same degree 4 (a, + 1)+ 2y, as the quartic seminvariant. 

It thus appears, as regards the quartic seminvariants, that whenever the 
symbol contains a 3, and in this case only, the seminvariant is a perpetuant: or 
what is the same thing, the form of a quartic perpetuant is 4**!39*!2*: for the . 
weight w, the number is equal to that of the sets of values a, 6, y, such that 
ap — T= 4α + 3 + 2y: or what is the same thing the G. F. of the quartic per- 


petuants is = 5. 234 A 


28. Sylvester, in the memoir yid to, obtained this result in a different 
manner: the quartic seminvariants ofa given weight are the quartic perpetuants 
of that weight and also the products (of that weight) of two quadric perpetuants, 
the same or different: say (4) is the G. F. for the perpetuants, and (2, 2) for the 
products : P ud the G. F. for the quartic seminvariants being as already men- 


tioned : 5. a. 9.9.4 we have his un 


(4) + (2, er 
He deduces (2, 2) from the G. F. = = 3 of the quadric perpetuants and thence 


obtains (4), — 5. T Ii a8 above. 


29. Write for a moment @x to NN the G. F. =F of the quadric per- 
petuants, and A, B, C,... to represent these quadric perpetuants: we have, in 
an algorithm which will be readily understood,’ 
x =(A+B+C...) 
(Φα) — (A+ BHC...) = A+2AB+... 
oe = E A? + ete., 

and thence ζ{(φω)᾽ + pa} = _ Æ AB + ete. 
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viz. the G. F. (2, 2), is N 
orto) — i (gg ata) κ. 34 + E 3) gd 


and we thence have 





+g y TIT 


7 
that is (4) =. 5 3 A the same result as was found above by independent consider- 





ations. . 
30. Sylvester established in like manner (but without the terms S which 
will be presently explained) the equations 


(6) + (3, )— 315 +8, " 
(6) + (4, 2) + (3, 9) + (2, 2, )-g34]p$ 5 


viz. here (5) is the G. F. for the quintic perpetuants, (2, 3) that for the products 
of the quadric and the cubic perpetuants: and siniilarly (6) is the G. F. for the 
sextic perpetuants, (4, 2) that for the products of the quadric and the quartic 
perpetuants, (3, 3) for the: products of two cubic perpetuants, the same or 
different: and (2, 2, 2) for the product of three quadric perpetuants, the same or 
different. We have at once (3, 2) = (3).(2); (4, 2) — (4).(2); (8, 3) is found by - 
the same process as was used for finding (2, 2), substituting only F for >"; and 
(2, 2, 2) is found by a like Be viz. the G. F. for να. TAEC is 

43 (pr) + 39x. pa? + 292? 1, qu = y as before, viz. this is + (55 9. gt 2. pat 6 τ 
BED to we common denominator 2.4.6, the numerator is 


+) T a? + wf) + 3(1 —a®) -2(1—2)(1— x), 


viz. this is = = i The several functions thus are 


6,9-σφᾳ, = 
(9,3) gg: (8, 3, 9) e gag 


31. Mr. Hammond, in regard to the equation for the quintie perpetuants, 
made the very important observation (see his paper "On the Solution of the 
Differential Equation of Sourees," Amer. Math. Jour., IV (1882), pp. 218-227) that 
. the products (3, 2) of a cubic perpetuant and a quadrie perpetuant were not 
. independent: we have between them syzygies such as. 32.2 — 3.22 —:0 (viz. 
` the difference of the two products contains no term of the degree 5; the actual 
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value is = 48 + 322: Hammond’s equation (12),.p. 322); hence the necessity 


in the equation of a en δὲ referring to these syzygies, and he moreover obtained . 


the expression, §;= 47 5. 4 =; of the G. F. for these syzygies. 


The equation gives — gi + οὗ -}- ο) 
ντ 
where of course the first term is the value of (5) which would be given by the 
equation without the term ὃς; and substituting herein for ὃ, the foregoing value, 





viz. + ponia IE): 
CHAT P848 ' 
we find 
Sg 


which is the correct value of the G. F. for the quintie perpetuants: the’ lowest 
quiritic perpetuant is thus of the weight 15. 
` 82. The équation for the sextic perpetuants gives 
" 
which is an equation connecting (6) and Sj, the G. F.'s for the sextic perpetuants, 
and the sextic syzygies respectively. I have, in the investigation of the value 
of δι, met with a difficulty which I have not been able to-overcome : but I find 
that S - gt i et + ω (a) 
| 20466 τη | 
where (a) is possibly the monomial function aë, but this result (which Capt. 
MacMahon believes to be true) is not yet completely established; it is a 
function containing no term lower than αὖ, We have therefore 


oz) ' 
()—3.3.4.5.8' - 


and there is, it would appear, no sextic perpetuant of & weight lower than 31.. 


33. But before entering on the investigation it is proper to further develop 
the theory of the quintic perpetuants.. We have quintic seminvariants: 5 for 
weight 5; 52 for weight 7; 53 for weight 8; 54, 522 for weight 9; 55, 532 for 
weight 10; 542, 533, 5222 for weight 11; and so on. These are reduced by 
means of the products, 3.2 of a cubic perpetuant and'a quadric perpetuant; viz. 
. for any given weight we have all the products 3°2°,2° of that weight. Thus for 


weight 5 there is only the product 3.2 and this in fact serves to reduce the semin- 


variant 5: we have 3.2 —5 + 32, and therefore 5 = 3.2 — 32. . Myra of 


rt 
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For the weight 7; there is only the seminvariant 52, and there are the two 
produets 32.2 and 3.22: either of these would serve for the reduction: we have: 


32.2 — 52, 3.22= 52, 
+ 43, + 322, 
+ 3.322, - = 


and these two equations imply the before- mentono syzygy, 32.2—3.22=0,in 
virtue of this, the two reductions become equivalent; or say there remains do 
equation serving for the reduction: the most simple form is 52—3.22— 322. _ 
. Weight 8: there is only the seminvariant 53, and the product 33.2: this 

gives the reduction. \ | 

Weight 9: seminvariants 54, 522: Seine 32.2, 32.2, 3.2°; there is 
between the first and last of these a syzygy ; and thia being satisfied hose remain 
two equations for the reductions. 

Weight 10: seminvariants 55, 532: produets 332.2, 33.22, diss give the 
reductions. | 

Weight 11: seminvariants a 542, 5222: is 333.2; 327.2, 99}, 23, 
32.2°, 324 

34. Observe that the ας and in like manner the products, form 
two classes, according as the symbols contain three odd numbers or a single odd ΄ 
number: these correspond separately to each other, for the development of any 
product will contain only seminvariants having each of them as many odd num- 
bers as there are odd numbers in the product. Hence for the weight 11 just 
referred to, 333.2 serves for the reduction of 533; 3925.2, 853.93, 32.2, 3.94 are 
connected the first and fourth of them by a syzygy, and the second and third. by 
a Syzygy ; and there remain two ln serving for the reduction of the two 
seminvariants 542, 5222. 

It is easy to show in this manner that there i is no quintic perpetuant for any 
weight under 15; and that there is a single quintic perpetuant for the weight 15. 

35. Generally the syzygies exist only for an odd weight w= 28 +3 between 
the products 896-19, 895-595, 32.95, 8.28; viz. there isasyzygy between. 
the first and last terms: a syzygy between the second and last but one terms; 
and so on. The existence of these syzygies at once appears from the principle 
of decapitation: decapitating 32571,2 — 3.9, we have 2°-'— 2P7!, which is 
identically — 0, hence the function contains no term of the’ degree 5, that is 
895-19... 3,2°=0; and similarly for the ‚other pairs of terms. 7 

There are β donus: hence in the case 8 even, we have + pairs of terms 
and therefore i 8 syzygies: in the case 8 odd, there is a middle term, not con- 


΄ 
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nected by a syzygy with any other term, and the number of syzygies is thus 
= 4(8—1): writing for 8 its value + (w— 3), the number is — 3 (w— 3), and 
+ "ΤῸΝ in the two cases respectively: and it thus appears that the G.-F. is 
= = 94 as already mentioned. 

: 86. In the case w an odd juai we have seminvariants, and in like mánner 


products, containing respectively one odd number, three odd numbers, . five odd 
numbers, and so on: thus w= 15 we have ; 





BEMINY ARIANTS. | PRODUOTS. 
555 3332*.2 3 equations 
5532 . 3832.9? 
5433 . 333.2? 
5332 — 
5442 322 36, =3 equations 
542° 324, 23 | 
5 ` 328, 98 
^ 89554 
32,25 
| 3.28 


` hence the seminvariants 555, 5532, 5433, 5882? with three odd numbers are not 
reducible, but they can be linearly expressed in terms of the 3 like products 
3332.2, 3332. 23, 333. 27, and of 4— 3, — 1 arbitrary quantity (observe, however, 
that this must not be the seminväriant 53325, for this is in fact reducible): the : 
seminvariants 5442, 54%, 525, with one odd number are reducible. And the like 
as regards any other odd value of w. 

37. In the case w an even number, we have séinvariants, and in like 
manner products, containing respectively two odd numbers, four odd numbers, 
six odd numbers and so on. Thus w= 16, we have 





BEMINVARIANTS.  ΡπΟΡΌΟΊΘ. | 
5533 33332.2 2 equations 
53332 ` 3333 . 2° 

P — . P 
6542 . 3324. 2 5 equations : 
5528 332°, ο) i 
5443. ig ο 

"5432 333. 24 


Bee 33.25 
Vor. VII. x 
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and thus the seminvariants with four odd numbers, and those with two odd num- 
bers, are each set reducible. ` 

38. I give in the case w= 19 the following results: the expression for the 
G. F. shows that there are 2 quintic perpetuants ; viz. two forms X, Y such that 
every quintic seminvariant of the weight 19 is expressible as a linear function 
of these, of products (3.2) of a cubic and a quadrie perpetuant, and of forms 
of a degree: inferior to 5, that is, quartic, cubic and quadric perpetuants. 
Attending only to the terms in .X, Y, the actual values are : 


5554 = X, ` 
5552 = Y, 
55432 = — X, 
55333 = 0, 
553% = —Y, 
54442 = 0, 
54433 = Z, 
54499 = ο, 
54332 = FY, 
549 --- 0, 
533332— 0, 
5332% = 0, 
527 Ἔα 0; 


viz. of the 13 quintic seminvariants of the weight in question there are 7, which 
as not containing either X or Y are each of them reducible; while the remaining 
6 can only be expressed as linear functions of X and Y. It would be allowable 
: to select 5554 (— X) and 5552* (— Y) as the two representative perpetuants, but 
there is no particular advantage in this. : : 


SEXTIO PERPETUANTS AND SEXTIO ΒΥΖΥΑΙΕΒ: SvzvaANTS. ART. Nos. 39 TO 61. 


39. Returning now to the sextic seminvariants: these are weight 6; 6: weight 
8; 62: weight 9; 63: weight 10; 64, 62°: and so on. And they are reducible 
by means of the products (4,°2), (3, 3) and (2, 2, 2), that is of a quartic per- 
petuant and a quadric perpetuant, of two cubic perpetuants, and of three quadric 
perpetuants : this last form of product existing only in the case of an even weight. 

40. For weight 6, we have seminvariant 6, and the two products 3.3 and 
2.2.2; this implies a syzygy 3.3-— 2.2.2=0; and there then remains a single 


ve we 
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equation for the reduction of the seminvariant. The formule are 


8.3 = 6 | 2.2.2 = 6 
+ 3.33 + 3.22.2 
: — s. 222 
so that the complete syzygy, and the most simple reduction are 
3.3 6— 3.3 — 
— 92,992 . 00 τοι 8 
— 3.33 
+ 3.22.2 
— 5.222 —0, 


and we might in this way verify that for the successive weights 8, 9, 10, ete., 
there are no sextic perpetuants; and find for these weights ARE the 
number of the sextic syzygies. But such direct investigation becomes soon 
impracticable. | 

41. I endeavor to determine the number of sextic syzygies for the weight 
w; and for this purpose I establish the following relation: . 

(&) = ((0)) + CH NEE; DYH, HIHI) - (OY, 
where (δε) is the number of sextic syzygies for the weight w, or what is the same 
thing, it is the coefficient of ο” in the function δε, which is the G. F. for these 
syzygies: ((0)) has the value 1 for w= 6, and the value 0 in all other cases. 
The accented symbols refer to the weight w — 6; (58) is thus the number of 
sextic syzygies for this weight: and for the same weight το — 6, ((2)) denotes 
the number of quadric perpetuants, or coefficient of α”-ϐ in the function (2) 
which is the G. F. for these perpetuants: ((3)) the number of cubic perpetuants, 
((2, 2) the number of products of two quadric perpetuants, the same or different, 
((3, 2)) the number of products of a cubic perpetuant and a quadric perpetuant, - 
(Sy) the number of quintic syzygies, ((5)) the number of quintie perpetuants, 
and ((0)! a term of unascertained form which will be explained further on. . 
Transposing the term (Se) to the left-hand side, and passing to the BERN 
functions, we have 

(1—29&,— ()-- (2-0) (, + (8, 2) +8— (9) + (0, 
or as this may be written 
al {1+ (2) + (3) + (2; 2) + (3,2) + (8) — (5) +O}, 
where (2), (3), ete. have boi values already obtained for these G, F.’s ΤΉ 


viz. writing ο) (6) = = 3. T 9.3.4.5 the u is - 
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| es αἱ gu qi? gu oz 
Stargate 2345 ESAS 
42. Reducing on the right-hand side the known terms to the common 
-denominator 9.9.4.5, the numeratoris ` 
Ale la gg 4 «σοι té pit ο pa? 











Ja 1-αλ]--αἱ1--ᾱ6ἳ he? ---ᾱ-]- -ρῇβ- gi epe pa 1 

+2. 1- αἲ.]- οὗ a! — gii gi +! 

+ a, 1—4).1—4^ +a” [sd 

tat. 142.1? cat + — t 

+ 2%, 1—2331—425 | + αν —c 78 yu 

—# .. — ᾿ 
a  : + αὖ 98 gi 


whence, dividing by 6, we have the before-mentioned formula 
S= g+ a — w —aB+ w(x) 
208—777 55.45.6 
- 48. We have to prove the formula for (iS): this symbol denotes for the 
weight w, the number of syzygies between the products (4, 2), (3, 3) and (2, 9, 2): 
we have to consider separately the cases w odd, and w even. First, if w be odd, 
there are no products (2, 2,.2) and the only forms.are (4, 2) and (3, 3). 
"IT consider a particular value of w, say w = 15. The whole series of semin- 
variants weight 15 is 
663 555 4448 33333 
654 5532 4432 3332 
652° 5442 43332 32° 
6432 5433 43% 





6333 542 
639? 5332? 
525 


and from, the quartic and cubic forms we obtain the forms of the producta (4, 2) 
and (3, 3), viz. these are 


4432.2 3333.3 
443.2? 333.33 
4333.2. 332.3 . 
4328, 9 - 332.32 
432,2 - 332.32 
432, 2° 33.325 


48.94 
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(δι) will denote the number of syzygies between these products. Now from any 
such syzygy, we obtain by decapitation, it may be an identity, but if not an 
identity, then a syzygy, of the weight 15 — 6, — 9 : and from these lower iden- . 
tities or syzygies we can pass back to the syzygies of the weight 15. To show 
how this is, I decapitate the several products, thus obtaining the forms 


432 333 ; viz. distinct . 432 ; and of these 333 occur each of 
48.2 33.3 forms are 43.2 . 323: them twice. 
333 3088 333 > 322.9 
. 89 ^ 8939 33.3 32 32.9? 
‚32.2 32.2 3%, 2 2,9" 
32.2 3.9? | 2 82.2 τ᾽ 
3.95 l 3.2 | 


The forms occurring each twice are 333, 32? (viz. these are the forms (3), or cubic 
perpetuants of the weight 9) and 32.2, 32.25, 3.2? (viz. these are-the forms 
- (8, 2) or products of a cubic perpetuant and a. quadric perpetuant for the weight 
9); and any form thus occurring twice gives a syzygy of the weight 15: thus 
383, we capitate it with 4.2 or with 3.3, and so obtain the syzygy 4333.2 
— 3333.3 = 0; and in like manner for each of the other forms 32°, 895,92, 32.27, . 
3.95 And so for any other odd weight: (Sj) contains the terms. ((3)) and 
((3, 2)), and for an odd value of w we may assume that δι contains also the 
terms ((2)) and ((2, 2)): for these, it is clear, vanish for any odd value of w. 

44. When w is even it appears by a similar investigation that (‚$,) contains 
the terms ((2)/, and ((2, 2)) (which in this case do not vanish), and also the 
before-mentioned terms ((3)) and ((3, 2)): so that whether w be even or odd, 
(S) contains the terms ((2)Y, ((3)), ((2, 2), ((3, 2)y. 

‘In the particular case w = 6, there is the sextic’syzygy 3.3 — 2.2.2=0, 
obtained by capitation from the identity’ I — 1 — 0 ; and by reason hereof, we 
introduce into the formula. the term ((0)), = 1 for w=6, and = 0 in every 
other case. 

In what immediately follows I revert to the instance w —19, but this now 
represents indifferently an odd or an even value of w, there being no distinction 
between the two cases. 
| 46. Attending next to the remaining distinct terms, these are 333, 32° of 

` the degree 3; 432 of the degree 4; 32.2, 32.27, 3.9 of the degree 5; and 
43.2, 33.3 of the degree 6. For the degrees 3 and 4, there are no syzygies : 
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but for the degree 5 we have a syzygy: this, written as a congruence is 32°. 2 
— 3. 2? — 0, and quá quintic syzygy, it will, when completed, not contain my 5; 
the completed form in fact is 32.2 
‘ — 8.9? o 
— 482 
— 3.825 — 0. 


We can capitate this, each term with 4.2 or else 3.3, or it may be indifferently 
either with 4.2 or 3.3; and so obtain therefrom a syzygy of the weight 15; 
such a syzygy (in the congruence form) is 
432. 95 
— 48.2! 
— 4432.2 
— 3. 43%, 2=0; 
and it is to be Gia ed that it is quite indifferent how the capitation is per- 
formed: if for instance the first term had been capitated into 332*.32, then in 
virtue of the before-obtained syzygy 489}, 2? — 332.32 = 0, the new form would 
be equivalent to the old one. (It is I think convenient to capitate, when this 
ean be done, with 4.2; and only the other terms with 3.3.) Clearly the case 
is the same with any otlier odd weight, and we thus see that (S,) contains the 
term (δε). 
46. But further we have between the terms 43.2 and 33.3 of the degree 6, 
a syzygy, 43.2—33.3=0. Completing this, there will be a term containing a 
5, viz. the syzygy is 43.2 
| -- 33.3 
— 64 
— 432 
— 8.333 = 0; 
and in this form we cannot capitate it, for the quintic term 54 is not to be 
capitated either with 4.2 or with 3.3. But 54 is not a perpetuant, we have 


54= '" 32.2! and thence syzygy is 43.2 
— 3.3.28 — 33.3 
— 432 ος — 892.2 

— 32 + 3.3.25 

- 3.333 


+ 30 


CAYLEY: A Memoir on Seminvarianis, mE 23. 


and it can be capitated, for instänce, into 
| | 443.2? 
— . 333.33 . 
5 — 482.9? 
+ 3.43. 24 
+ 3.4333.2 
+ 4325.2z:0. 
. the form of capitation being (for the reason mentioned above) quite immaterial. 
Observe that in every case where the sextic syzygy contains in the first instance 
. any quintic seminvariants, it is assumed that each of these is expressed in terms 
of quintic perpetuants, as shown in No. 38; and this being done, the sextic 
syzygy exhibits itself as a syzygy containing, or else not containing, & quintic 
perpetuant or perpetuants. 

47. The conclusion is that from any sextic syzygy of the weight w— 6, which 
does not contain a, quintic perpetuant, we can obtain by capitation a sextic syzygy_ 
of the weight w. The number of sextic syzygies of the weight w — 6 is (Sy, 
and the number of quintic perpetuants of the same weight is ((b)): the former 
of these is (for not too large values of w) the greater; and at first sight it would 
appear that we can, by elimination of the quintie perpetuants, obtain from the 
(S4)! syzygies, (i$) — ((5)) syzygies which do not contain a quintic perpetuant: | 
if this was always the case, we should have in (58). the term (68) — ((5)), 
completing the series of terms, and the formula would be 

(Ss) = ((0)) + (2) + ((8)Y + (C2, ay (5, 2) + CS) + (8) — (6), 
ως; to Ses baton αι - 

: 4.8.4. 5 6 

48. But this result is on the face of it wrong, for as remarked by Sylvester 
in the memoir referred. to, frorn the mere fact that the sum 1 + 1 — 2— 1 of 
the numerator coefficients is negative, it follows that the coefficients of the develop- 
ment ultimately become negative; and the actual caleulation showing when this 
happens is given by him. And it is further to be noticed that not only the 
formula cannot be correct beyond the point.at which the coefficients become 
negative, but it cannot be correct beyond the point for which (Sj) — ((5)) 
becomes negative: the sextic syzygies of the weight w — 6 may add nothing to, _ 
but they cannot take anything away from, the number of the sextic syzygies of 
the weight w. 
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49. If for a moment we further consider these syzygies of the weight w— 6; 
80 long as the number of these is greater than the number of quintie perpet- 
uants of the same weight, we can by means of them presumably express each of 
the quintic perpetuants in terms of sextic products, viz., in the language of Capt. 
MacMahon, express each quintic perpetuant as a '"Sextic Syzygant.” The syzygy 


of the weight 9, above obtained, will serve as an example: 54 is not a quintic - 


perpetuant, but ignoring this, itis by the syzygy in question expressible i in the | 
form 64> 48.2 
— 33.8 
— 482 
; | — 3.333 
viz, as a Sextic Syzygant, inasmuch as on the right-hand side we have terms : 
48.2 and 33:3, of the degree 6, which exceeds the degree 5 of the seminvariant 
54in question. Referring back to the definition of reduction, No. 25, observe that 
this is not a reduction of the seminvariant 54. . It may be remarked that for the 
weight 19 we have 15 sextic syzygies: the number of quintic perpetuants is = 3: 
so that while it is conceivable that the 15 equations might be such that they would 
fail to determine the 3 perpetuants, it is primá facie very unlikely that this 
should be so. I have in fact ascertained that the equations are sufficient for the 
determination ; that is, that (weight 19) each of the three quintie perpetuants is 
a sextic syzygant. So in the case w= 23, the number of the sextic syzygies is 
— 28, and that of the quintic perpetuants is — 5; here also the 28 equations 
are sufficient to determine the 5 perpetuants, viz. (weight 23) each of the 5 
quintic perpetuants is a sextic syzygant. 

50. Supposing that for any given weight w — 6, each of the quintic perpet- 
uants is a sextic syzygant: this implies that the number of sextic syzygies (55) 
is at least equal to the number ((5)) of quintic perpetuants (for each expres- 
sion of a quintic perpetuant as a sextic syzygant is in fact a sextic syzygy) : and 
not only so, but it further implies that the number of the sextic syzygies which 
do not contain a quintic perpetuant, is precisely equal (6) — ((5)): for if besides 
the equations which serve to express the perpetuants as syzygants, we have any 
other sextic syzygy, then either this does not contain a quintic perpetuant, or it 
can (by substituting therein for every quintic perpetuant its ‘value as a sextic 
syzygant) be reduced to a syzygy which does not contain any quintie perpetuant. 

` 51. In the general case we have (Sj) sextic syzygies of the weight εὐ — 6, 
and ((5)) quintie perpetuants of this weight: but it may happen that certain of 
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the quintic perpetuante do not enter into any of the sextic syzygies; and those 
which enter, may do so in definite combinations: by elimination of these combi- 
nations of perpetuants we obtain (it may be) a sextic syzygies not containing 
any quintie perpetuant; and the remaining (JS) — œ equations will then serve 
to express each of them a quintic perpetuant, or combination of quintic perpet- 
uants, as a sextic syzygant. The number α is at most = ((6)), or taking it to be 
= ((5)y — ((8)y, the number of sextic syzygies not containing any quintic per- 
petuant will be = (654) — ((5)y + ((0)Y, that is the number of sextic syzygies not 
containing any quintie perpetuant will be equal to the whole number (58) of 
sextic syzygies diminished by some number ((8)) — ((0)), which is less than or at 
most equal to the whole number ((5)) of quintic perpetuants of the weight in 
question w—6,. But as already mentioned I have not been able to obtain the 
c (a) 


expression of the function (0), — 5.9.4.5" which is the G. F. of the number 
NY. 


CAMBRIDGE, ENGLAND, 17th March, 1884. 


Vou. VII. 


On Perpetuants. 


Bv Carram P. A. MacManon, R. A. 


. Professor Cayley has recently treated the subject of Perpetuants.in the 
- American Journal of Mathematics, and has largely developed the theory of the 
syzygies existing between them. I here make a few remarks upon the general 
subject, and then proceed to carry on ‘the theory from the point where it was left 
by Professor Cayley. ᾿ 
The particular result that I obtain is the T that ilis simplest gextic 
perpetuant is of weight thirty-one ; this result is, as will be seen, a somewhat 
remarkable one, since the prima facie probability was much against there being 
one of so low a weight. Postponing all explanations of the language made use 
of, the way in which this result comes out is as follows: for the M 31— 6, 


— 25, the number of exemplar quintie perpetuants (coeff. of a? in sea E is 


= 7, viz. these are 112; 114, 122, 194, 132, 213, 819, 


but it appears from the. discussion of the syzygies of the third kind, that these 
- are not each of them a sextic syzygant, bt but that t only the the combinations 


ΠΠ ΠΠ ΠΟΛΟ δα 


. 112, 114, 122, 132, 218 4- 2. 194, 319— 2. 124, ; 
are each of them a sextic syzygant, viz. the number of these is = 6. Hence for 
the weight.31 the number of sextic perpetuants is 7 — 6, = 1. 

Of a certain degree 4 and weight w, there exist in general perpetuant forms 
of two kinds, which may be called exemplar and non-exemplar ; certain: linear 
relations subsist between them, so that the non-exemplar forms are reducible by . 
aid of the exemplar forms; of the second, third and fourth degrees, every form 
is exemplar, the simplest forms being symbolized as is well known by the parti- 
tions 2, 3,43, respectively ; for the fifth degree, we have for the lowest weight 
fifteen, one exemplar form 543*, two non-exemplar 5?32, δὲ, the exemplar form 
. being the simplest of the three; but there is another reason for.choosing this 
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form as the representative, for it will be observed that the symbol 543° contains 
in itself the symbol 43.of the simplest quartic perpetuant, and it will be proved 
. that it is proper to take for the exemplar symbol of a perpetuant of any given 
degree, that one which contains the exemplar symbol of the degree next below, 
and that such forms are in fact the only ones that it is asc η to consider, me | 
remainder being certainly non-exemplar. . | 
For suppose the form Aux... of degree À to be not a — that 
is to be reducible by aid of compound forms and exemplar forms of lower 
degrees; then by the process, named by Prof. Cayley. ' capitation,’ it is at once 
obvious that x ZA, ' κλμνπ. 
is reducible, at the worst, by aid of x! rechne involving lower, we 
symbols; for instance consider the form 532; we have | 
532 = 338.2 — 43 — 2 (3:99), 
whence 5132 — 382, P — 543! — 2 (3*2. 2) + terms of lower degree; this equation 
may be operated upon in the same manner any number of times by a capitation 
of any degree < 5, proving that any form thus obtained on the left-hand side is 
reducible by means of exemplar forms, simply because 532 is not a perpetuant. 
It follows that every sextic exeinplar form must contain in itself the symbol” 
543° and that it is unnecessary to consider other forms. ` | 
Another useful principle is, that if a form Äuvrt.. | of degree A is reducible, 
` then, by.the reverse ‚process of decapitation, it follows that the form uvm. 
must be expressible as a sextic syzygant; note that we must have λ--μ- 1, as 
otherwise Auvz ... would be certainly reducible. 
Thus to Bye) perpetuant of degree u, that is not a (u + 1)" syzygant, will 
certainly correspond a (u + 1)* perpetuant, by simply capitating the-u'* symbol 
with the part E 1; ex. gr. we know that the generating function for quintie 


syzygies is m and that each Syzygy involves a quartic perpetuant 


whose symbol contains one and only one part 3, the number of syzygies being, 
exactly equal to the number of such quartic forms; consequently, no quartic 
form containing more than one part 3.can possibly be a quintic syzygant, and. 
therefore 543? must be the simplest exemplar form of the fifth degree. The 
question is then in reality, not to determine the total generating function for 
the syzygies, but rather to find it for those syzygies which involve the exemplar 
perpetuant forms of the degree next below; thus, a 1—ı* by μ 


for ΡΜ, the generating function for u'* perpetuants is z (a. F. for (uy — 1)" 
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perpetuants — G. F. for u^ syzygies which involve (u — 1)^ perpetuants} ; ex. gr. 
- for degree 5, we arrive at the generating function . 


a? a mi a gi 
B (2.3.4 24) = 3345 
the well-known result ; and for degree 6, it will be = Crew — o(z)), wherein 


w(x) is to be determined. There appears to be another MAY of regarding the 
question which it may be useful to mention. ; 
It is a remarkable fact that there is an exact correspondence between the 
‘reducible quartic forms and the quintic syzygies which involve quartic perpetu- 
ants (which are in this case the whole of the syzygies); and what is still more 
strange is that presuming this same correspondence to hold between the reducible 
quintic forms and the sextic syzygies, a result is reached which exactly accords | 
with that rigorously obtained in the sequel, This is not all, for the quintic syzy- ` 
gies can be derived from the reduced expressions of. the non-perpetuant quartic 
forms by a direct -operation. I have (Proc. L. M. 8. Vol. XV, p. 31) explained 
the laws of a series. of inverse operators, and it is by means of these that the 
derivation is effected ; if dẹ, d, ... d, be Mr: Hammond’s operators, Meu the 
type of ind operators referred to is 


V. (x)do— (x + 1) ἄι + (x«4-2)d4— ...(— y (x -- 2)d, +. 
(x +à) being symbolic of a symmetric function; consider now the ος of 
the quartic form (4), viz. (4) = (2) — 2 (25), 


and operating on both sides of this with V. ,, we get at once 
(43)4-(82)232.2—3.25, 

which is the simplest quintie syzygy ; in like manner the operator V. , gives the 

whole of the quintic syzygies, and each involves of necessity a quartic per- 

petuant; this follows of course from the occurrence of the number 3 in the 

operator Τμ. | 

τ E 


a g ; 
` [t follows that G. F. for quiatic Sese duo c T —. αλ. 2.8.4 — 4345 


Now, just as by superposing any quartic-form with the symbolic number 3 
(3 being the simplest cubic form which is not a quartic syzygant) we obtain a 
quartic perpetuant, so by superposing any quintic form with the symbolic num- : 
bers 43* (493 being the simplest quartic form which is not a quintic syzygant) 
we obtain a quintic perpetuant; consider the reduction of the simplest quintic 
form, viz. (5)= 3.2 — 32, 

and the operator Vas = (439) dj — (583) dy + (62) dj — ...; 
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operating we find 543? = 485,2 — 34.3 — 43*2 + 5 (83), 

that is 543° expressed as a sextic syzygant; now, assuming that this operator 
will have a similar effect in the case of every reducible quintic form, and not in 
the case of an irreducible form, it will follow that the generaüng function for 

2 "E EUN s at 
sextic perpetuants 1s 6 * 3345" 334.5. "E 
have obtained it rigorously, agrees with this. 

It seems worth observing that if this principle is sound, the G. F. for π΄ 
perpetuants is (n > 2) QE 

2.3.4...” : 

Before attacking the general subject of the sextic syzygies it is absolutely 
necessary to inquire more minutely into the theory of-the quintic perpetuants ; 
the main objeet is to discover the law of occurrence of the exemplar forms in the 
reduction of the non-exemplar forms. For weight 15, these latter forms are 

53 

532, 
which arise from the fact that the forms 5, 582 involve the form 48} 1η their 
reduction, 43* not being a quintic syzygant; in general, every μὴ form will be a 
non-exemplar perpetuant, which, being decapitated, requires for its reduction & 
(u — 1)! perpetuant which is not a μ'’ syzygant. 

The characteristic of the forms is that their symbols contain each three odd 
numbers, and it is obvious that every quintic form containing in itself either 6° 
or 532 will be a non-exemplar perpetuant, so long as it does not also contain 
48*, when of course it would be exemplar. 


Consider now the form of weight w, 
5" αλλ θεα μμ 8H), 





the actual result, so far as I 


and for brevity denote it by Au; xu is exemplar if Ad. land uk 2; the forms 
to be considered are th three, namely — 
x Ou (x > τ), xA (x 7 1), x0 (x > 2); 

Prof. Cayley has given the law for compounding two symmetric functions 
into a series of monomials and illustrated it by examples; by thus developing 
the quintic compounds, the non-exemplar forms we are considering are found to 
involve, in their reduction, the exemplar forms accor ding to very beautiful laws 
connected with: the binomial coefficients; it will have been observed in Prof. 
Cayley’s paper that he finds that, in the general case, the coefficient of a mono- 
mial arising in the expansion is the sum of a number of terms, each of which is 
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a binomial coefficient ; the simplicity which is found in the case of -perpetuants 
is therefore rather remarkable. I do not attempt the laborious proof of the 
following laws in the general case; every number however occurring in the 
tabulations has been verified for high values of x, A and μ. | 
. In what follows, those terms. involving forms of lower degree are omitted, 
so that such a result as 
411-2 184 — 144 + 293 — 233 — 329, 

will not be misunderstood. MEE 

All the forms are of the general weight, a number of two's bens always 
supposed present, so as to bring up the weight to w; all the forms of course will 
not be present when the weight is low, those terms pong absent in which the 
index of the number 2 becomes negative. 

The annexed table is formed 
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= 


E . . l - oe παρ i 
The law is obvious, the column headed 9.2.x-+ u — 0 involving the coeffi- 
‘cients in the expansion of («+ 1Yy, with signs alternately negative and positive. . 
Then x0u = Row 1 (0 — x — 1) + Row 2 (0 = x — 2) + . .. + Row x —1(0— 1), 
or more concisely .. | 


-ᾱἐ--ι 
=), Row t(0=x— 0). 


B i=x—1 ^C 
As an instance 504=— 415 4-316 —326 +2 227 — 237 — 1381-83 138 — 148. 


Again forming a table, viz., 
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the law being again clear, then uu 
f - t=1 | 
Aim» Row t(0--x —1). 


` é= Ál 


‚And again from the table 
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which is to be continued on the same principle as the foregoing one to which it 
is very similar, we have: i 


* 


t=] 
xAü0zz V^ Row (0 — x —1£— 1). 

Thus - | $ 420 = 232 + 143. ; E 
-This result may be verified from the previous table.by operating with Mr. Ham- 


mond's operator ds y Upon. the value of 421. 


Nee ees 


Thus ^ ` inc = — 332 + 233 — 243 +2 144 — 154 
Whence 420 = — 331 + 232 RES 242 +.2 143 τας 153 
and . 331 = — 249 + 143 — 168 

Therefore . ` 420= - 232 + 143, 


as we before found. 

It was absolutely necessary to obtain these theorems in order to form certain 
sextic syzygies of the general weight as will be done presently. 

The sextic syzygies of any weight ware of three kinds: firstly, those formed 
by capitation of simple identities, which will be alluded to hereafter as simple 
syzygies; secondly, those formed by capitating the quintic syzygies ; thirdly, 
those formed by capitating the capitatable syzygies of weight w — 6. 

The first kind, with which for the present we are mostly concerned, arise 
from any forms, simple or composite, that it is possible to submit to both a 4.2 

and a 3.3 capitation; such must be, it is clear, of the form 8323. 2*, where x, A 
and u may have any positive, including zero values, consistent with the pean 

3x + 2(A+ u) = w—6; 
thus from the identity 3525, 2A εαν à 
we get the syzygy 4832). ít 1— 311 2^ 820, 
wherein if x is zero, the resulting-quartic form is to be ‚expressed, as it can be at 5 
once, in terms:of quadric perpetuants. i 
- It will now be proved by considering these simple Byzygies in conjunotion 

with another special set of even weight, derived by a second capitation of certain 
of, them, that there can be no sextic perpetuant below weight 81. 

It wil be convenient to call those syzygies which are derived by a first, 
second, etc., capitation of simple identities, of the first, second, etc., class. 

The special set above referred to will then be of the second class; the syzy- 
gies of the first class naturally arrange themselves into groups according to the 
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number of threes occurring in the components of the identities from which they 
are derived ; as will be seen there is only one group in the second class syzygies 
here discussed. In what follows = 0 indicates that the dexter of the syzygy can 
be expressed in terms of perpetuants of a degree lower than 5, and — 112 
indicates = 112 + lower forms and so on. Thus the first of the following syzy- 
gies in its complete form is 432*.2 = δ42 
— 872,8 — 63!2*-! 

+ 2.(482—1) 

+ (x + 1) 48933 

— 8.(3?2*), 
where on the right-hand side everything is to be rejected. The following values 
have been thoroughly verified and I think may be relied upon; the syzygies are 
denoted by the capital letters with suffixes, the suffix denoting the greatest 
number of threes in any term of the syzygy. 


SEXTIO SYZYGIES. 
Class 1. Group 1. w=%+9. 
4,4322 — Pr 3ο, 
B, 432-2 — 33 971,39 =112, 
Cy 439 99 — 93 2 329 (x — 5) 112 + 122, 
D, 432—525 — 3! 9*7* 399— 1 (9 — 11x + 26) 112 + (x — 1) 122 + 132, 
E, 4324. 95— 3 2-4 3211 (x — 8)(x?— 15x + 50) 112 + 1 (3 — 15x + 52) 122 
+ («— 9) 132 + 142, 
etc. = etc, 
whence it is easy to infer that every form 1x2 is a sextic syzygant. 
Class 1. Group 2. ωξ-οκ-- 12. 
Ay 48°22 sr Ξο, 
B, 43* 9*1 98 — δὲ 2171. 89 = 118, 
C, 495 2773, 22 — 828 329 — (x — B) 113 n 2 123 + 212, 
D, 43 9*5, 94 — 339—539 25 1 G0 — 11x + 26) 113 13 + (2x — 18) 123 
+ 2 188 + (x — 6) 212 + 22 222, 
E, 43° 27 28— 39 27,32: 4 (x — 3) — 15x + 50) 113 13 + (x? — 14x + 45) 12 123 
+ (2x — 17) 133 + 2143 + 4x — 18x + 38) 212 + («— 8) 222 + 232, 
ete. = ete, 
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Class 1: Group 3. 30 = 2% + 9. 
A, 43528 2 — 319—953. = =112, 
B, 43° 2—4, 2? — 349*-4 39 = (x —3) 112 + 114 4 + 122, 
Os 43° 2—5, 2P — IT, gaat («— - 3) — -4pia4- + (x — 8) πο. (x — 5) 122 
+ 2 194 + 132 + 213, 
D, 43° 2—6, 94 3694 399 = $(x— 3)« — 4x — = 5) 112 + He 17x + + 68) 114 
Tr — B)(x — i 122 22 + 2 (x — 10) 124 + (x— 7) 132 2+ 3 134 + 142 
+ (x — 9) 218 +2 223 + 812, 
E; 43° 27,25 — 312r, 82S u(x — 3)(x — 4)(x — 5)(x — — 8) 112 
cB (x—6)(x—8)(x —13) 114 (x —5)(x— 6)(x— 7) 7) 122 -+ (x2 — 91x Le + 106)124 
4-3 (x— 7)(x — 8) 132 + (3x — 34) 184 + (x — 9) 9) 142 + 3 144 tE 12° 


++ (x — 19x au 86) 218 + + (2x — 21) 223 +2 233 + (x=— 10) 312 + 322 
etc. = etc, 


Class 1. Group 4. w= 2x + 12. 
A, a — 92-58 . = 118, 
B, 4319-4 9? — 3527-432 == 3) 118 + 116 + 2 123 + 212, 
Οι 48195, 99 — 359-5. 3235 (x —3Y«— 4) 1: 118 + (x.— 8) 1 115 + l- (2x— 9) 198. 
p 2 125 + 2 133 + (x — 4) 212 + 214 + 222, 
D, 431 2-8, 94— DRE $6 — ee — 5) 115 +4 1(9— Vix + 68) 115 
C d (x— 6) 128 + 3(x— 10) 125 + (2x — 18) 133 +3 135 + 2 143 
^ ie — 4)(x — 5) 212 + (x — 9) 214 +(x — 6) 222 + 2 ) 224 + 232 + 818, 
E, 433257. 28 — BF 27, 32 (x — 3) 3)(x — 4)(x — 5)(x — 6) 113 
+7@— θ)(α — 8)(x — 13) 115 Tres 5)(x — 6)( 2x — 11) 123 
+ (à — 21x + 106) 125 +(*— 7) 133 + 8(x— 12) 136 + (2x — 17) 148 143 
a 146 + 2 158 +4 — 4e — B)(x — 6) 212 +4 i(g— 19x + 86) 21 214 
+4 (ὁ--- 6)(x — 7) 222 + 2 (x — 11) 224 + (x — 8) 2323 234 + 242 


+ (x — 10) 313 + 2 3 323 + 412, 
etc. = etc. 


Class À Group 5. w= 2x+9. 
A, 43520, 2 323 =114, 
B, 499719 — 3797.32 z(x— 6)114 T 1164-2 124 $ 213, 
O, 4359*—9, 95 — 3591-9. 39% zi a (e— 6)(x— 7) T4 + (e— 11) 1 116 + 2(% — 8) 12 124 
| + 2 126 +3 134 + (x — 7) 218 + 215 + 2 223 + 312, 
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D, 435 98-9, 2 — 30 28-0, 398 Spa NEN — 23x +128) 116 


+ a — 8)(« — 9) 124 + 2 (x — 18) 126 + (3x — 28) 134 4-3 136 
t3 14 +4 (x — 7)(x — 8) 218 + (x — 12) 2) 215 + (2x — m 228 
+2 225 4- 2 233 + (x — 8)812 + 314 + 322, 5 


E, 4859-10 95 — 35 2—0, gig — - 6)(x — ία — 8)(« — 9) 114 


As 
B, 
^ 


D, 


E, 


ae 9)(x — 11)(x — 16) 116 3G — 8)(x — 9)(x — 10) 1 124 
+ (à — 27% + + 178) 126 Eire — 10) — 11) + 2x — 19] 184 
` + 3(x— 15) 136 + (3x — 84) 144 1-4 146 +3 154 - 
Tíx— 7)(« — 8)(x — 9) 213 3 + (x — 26x + 152) 215 + (x — 9} 228 
+ 2 (x — 14) ) 225 + (2x — 21) 23 233 --3 235 +2 2 24844 +(x — 8)— 9) 312 
+ (x — 18) 814 + (x — 10) 322 + 2 324 + 882 + 418, ΄ 
ete. = ete. 
Class 1. Group 6. w= 2 + 12. 
4819-19-85. = 116, 
43° 2—1, 2) — 31-7132 zz (x — 6) 115 +1 117 +2 196 + 214, 
49! 95-5. 98 — 31 5 39i $6— )e— 7) 18 + (e—1) LT 4 3 (s — 8) 138 
+ 2 127 + 3 136 196 + (x — 7) 214 + 216 +2 224 + 318, 


43°29, of — 3! 2*9 329251 (x — ο α--- 7) —8) 115 4- +e- 284-138) T17 
+ (x — 8)(x — 9) 126 + 2 (x — 13) 127 + 3 (x — 10) 136 +3 137 
Jed 145 + (e — T) — 8) 914 + (x — 12) 16 + 2 (x — 9) 224 224 
+ 2 226 + 3 334 + (x — 8) 515 + 316 + 2 323 + 412, 


485 9*—10, 95 — 379«—10 32i $ (x — - 8) — T)(x — 8)(x — 9) 115 . 
+ 5x — 9)(x — MY - — 16) 117 +(x — 8)(x — 9)(x— 10) 125. 
ms (P — 27x + + 178) 197 ET I*(x— — 10)(% — 11) — 1} 136 en 3 s 15) 137 
+ (4x — 45) 145 +4 147 +4 155 ++ (x — c — 8)(x — 9) 214 214 

T (à — 25x + + 152) 216 16 + (x — -ϑίκ-- 10) 294 +2 (x— 14) 226 
+ (3x — 31) 234 + 2 236 +3 2444} i(x— 8Xx — 9) 815 313 + N 13) 315 
+ (2x — 19) 323 +2 325 + 2 333 + (x — 9) 412 + 414 + 422, 
etc. = etc. 
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Class 1. Group 7. w= +9. 
"A, 489,9 921,3. = 116, | 
B, 437 279, 9 — 81211. 39 = (x — 9) 116 + 118 82 126 4- 235, 
0) A8! 93... got =} (x — 9)(x — 10) 116 + + (#— 14) 118 
or 2(«— 11) 126 +3 198 +3 136 + (x — 10) 215 +2 217 +2 225 + 314, 
D, A3! ya 91 — DR 32' 5 (x — 9)(x — 10) — 11) B^ 
+4(@— 29% + 206) 118 18 + (x = 11)@— 12) 126 + 2 (x — 16) 198 - 
+ 3(x — 18) 13 136 +3 188 + 4 1. 146 + $ (s— 10) — 11) 215 
+ (G— 15) 217 +2@- 12) 225 + 2 227 +3 935 + (x — 11) 814 
+ 316 + 2 324 + 418, +s 
FE, 49 8-8, B— DR 32 =h (x — 9) — 10) — 11) — 12) 116 - 
| +H — 12) — 14)(x — 19) 118 +4 — 11) — 12)(« — 13) 12: 136 
+ (— 38x + - 268) 128 Bae - 18) — 14) 136 + 3 (x — 18) 138 _ 
+4(@— 16) 146 + 4 14 148 +5 156 +4(x— 10)(% — 11)(« — 12) : 215 
| +4 — 81x + 236) 217 LT + (x — 12)(x — 13) 225 4- $6—1 17)927 Ἢ 
+ 3(x— 14) 23 235 + 3 2337 +4 4 245 +3@— 11) 12) 314 
+ (x — 16) 816 + 2 (x — 13) 324 + 2 326 +3 334 (4 — 19) 418 
+ 415 +2 298 + 519, 
etc. = etc. 
It will be observed that the A, B, C, D, E syzygies attain their final forms 
in groups 3, 4, 5, 6, 7 respectively, and generally the NV syzygies reach their 
final form in group n + 2; a general formula can be obtained for the N syzygies 


for group n + 2 and succeeding groups; it is evident on inspection that the num- 
ber of terms in & final form is a sum of odd numbers, proceeding regularly from 


unity ; thus : in the case o of the C syzygies there is one term of the form Su, 


three of Όλμ, five of Du, giving a total of nine terms; the numbers of terms 
in the final forms of the 4, B, C... syzygies are therefore the successive square 
numbers 1, 4, 9...... After the final forms have been ne the syzygies 
A,, Ba, On, D,, H,...are derived from the syzygies-A,_,, B, 5, C,~3; Ds, 
ire By sübalituling‘ therein x — 3 for x and increasing the third number 
under the symbol —— by unity. 

In Group 7 all the syzygies written down are in their final forms ; what is 
apparently the law of the coefficients in the 4, B, C, D, E syzygies may be 
shown by the following scheme. Consider a group A, of weight 34 +2u +6, 
anne with the syzygy » 
| Ars 49124. — 3t+19" 3 =: 1.1.1 — 1, 
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any number in the table represents the coefficient of the perpetuant in the same 
row and in the left-hand column, in the syzygy denoted by the capital letter 
with suffix, at the head of its column. 


Αλ Bags Cite Di? 7 Engs 
e ten) rw 1-2) da (1) (4 —8)(4— 8) 



















































3 (4 —3)( —8) αμ--θμ--θμ--) 
8 (4 — 4) 3 (—4)(— δ) 
04 4(u — 6) 
. 5 
+ —5)(u—8) —2| ἑίμ--δ)ίμ--δγμ--Τ)--8{μ---5) 
3 (u— 7) 1 (4—1)(6—8)—4 
8 - : .  8(a—9) 
4 
3.1.4—2 1 | »-1 | 46-162) ku —1)0—2)(0— 3) 
8.9.1—3 2 2(01—8) 4 (u—8)(u—4) 
6,81 ὃ 8 ^ δμ--5) 
A ST ee ee | 
2.4.2—9 4 
RE AERE NER 
2.1.2 : 1 y— 6 . 4 (4—6)(u—7) —9- 
9.9.2 9 2 (u—8) 


















































en 
5.1.4—5 
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From this it.appears that the coefficients in any block are derived from those 
in the preceding one, by shifting them one column to-the right and writing u — 1. 


. for u; further in any one block, the coefficients in the second part of the block ~ 


are derived from those in the first part by shifting them one column to the. right 
and writing u—5 for u; at the sanie time subtracting from them twice the ` 
column to the-left, next to it but one, with u — 5 written for u thérein. 

It only remains to examine the first part of the first block ; the law of the 
first row therein is evident; the ¢™ row is formed from the first row by multi- 
. plying it by ¢, writing μ-- 26e — 1) for u and shifting. it t — 1 columns to the 
right. 

The complete law thus appears to be defined, but I have μαμά Bo” 
proof of it. 

Passing now to the TE group of syzygies of Class 2, before referred to; 
they arise from the simple identity 213. 2' — 2*—7*.2^; a first capitation gives : the 
. Class 1 syzygies included in 32*7^.32^ — 494 2^*1zz .; in which the compo- 
nent 42°”* is to be at once expressed in terms of quadric perpetuants; the dexter 
of this syzygy cannot involve quintie perpetuants, because the sinister contains 
no term with three. odd symbolic numbers; the whole of these . .8yzygies can 
- therefore be at once again capitated as they are; and since the. dexter of the 
above written syzygy consists entirely of quintic compounds with two odd num- ` 
bers, quartic and cubic perpetuants with two odd numbers, togéther with terms 
consisting wholly of even numbers, and since the first three species of terms can 
be submitted to a 4.2 capitation, an operation which does not increase the num- 
ber of odd numbers which they contain, it easily follows that the only term 
which need be considered after the second capitation is 332*—^,3*2^; this i is part 
- of a theory of abbreviation which is more fully entered upon afterwards, We 
have then : g 

. Class 2. Special Group. v= 2x + 12. 

Uo or en —; 8 d 9 
Bi, 39-13'2—. -(—4i-s 128 — 2 213, 
Br... = — (F(a — dx — 6) — - 2]113 — 8 (x2 6) 123 — 3 133. 
au E — 2(x— 6) 212 — 2 222, 
DET αλλ... = = (i (x— 4)(x — 5)(x — 6) — 2 (x — 4)] 113 
d — 8{4 (@— 6)(x— 7) — 2} 123 — 8 (x —8) 183 —3 143 
— 2|$(— 6)«—7)— 2} 212 — 2 (x — 8). 222—9 232. 
eto. zz eic. 


N di 


i 
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Whence forming a scheme as before, 
A, B, ιν D 








128 | —8 
oo ar 


133 —8 - — 8 (x—8) 
Tas TI o > 


1 | -1 |= («—4)|—4 2 — 49x — 5) — 2 $ | 243 6—4)—8)(— 8) —2 (e—4) } 
—8 («— 6) —8{ 4 («—6)(«—7)— 2} | 





























282 : —3 








and the law is apparent. 
Proceeding to examine the groups of syzygies, it is seen that 11u is a sextic 
syzygant, and as remarked before, Group 1 shows that 142 is so also; from C, 


and B; we see that so are 123 and 218; from D, and Cj, 133 and. 222 are so 
also, and so on, combining the members of the second and special groups in pairs 
itisseen that every quintic perpetuant with four odd numbers is a sextic syzy- 
gant; those containing a lesser number have been shown to be so also. If the 


attempt is now made to express either of the forms 312, 213, 124 in a similar 
manner, it is found that the coincidence of the coefficients involved presents an 
insuperable obstruction; by making a list of the forms occurring for different 
weights, commencing with the weight 15, it will be seen to what point an advance 
has been made. We have 


o= 
15 112. 
17 112. { 
18 11 
19 112, 129. 

20 118, 212. 


21 112, 114, 199. 


_— 


22 118, 128, 212. 


ο, δ. ΠΟ N 


28 112, 114, 122, 132, 213. 


meee ee — 


24 113, 115, 123, 212, 222. 


Sn M M en om, 


25 112, 114, 122, 132, 124, 213, 312. 


em, is Γον. a as —— — 9 ám 


26 1183, 115, 128, 133, 212, 292, 914, 


a 


40 ' ΜΛΟΜΑΠΟΝ: On Perpetuants. 


80 that certainly every form of a lower weight than 23 is a sextic syzygant; 
` since the form 124 does not occur for weight 23, it is evident from B, or C; that 
for weight 23, 213 is a syzygant; all forms of weight 24 are certainly syzygants 
and from B, so are those of weight 26. 

The conclusion arrived at is that the only possible πο below weight 38, 
for which there can be a sextic perpetuant is 31. 
From the groups of simple syzygies of Class 1 are derivable two series of 
capitatable syzygies; thus for an odd weight: 
A=0, 
Bye 330, 
` 2B; + C, — B; + 4,250, 
3B, + 20, + D; — O- 24, +B, — 4=0, 
i bios 2D; E D; IEA — 2B, eS Tis B+ An=0, l 


These may also be written 

A,=0, 

B,— 4{Ξ 0 

2B,-- C,— (B,— 4)=0, 

3B,-- 20, -- D,-- (2B, + €, — (B, — A)}+ 2(B—4)=0, Ä 

4B, +30, + 2D,+ E, — [3B, + 20, + D, — 12.151 +0, — (B, dn) EEA] 
AT 4i Br ο... 


but the lis docs not seem ia be dies, E 

Making a unit increase of suffixes throughout, a similar series is obtained 
for each even weight. | 

It is now necessary to examine the remaining syzygies of weight 25, in 


order to discover if the forms 312, 213, 124 of that weight are separately 
expressible as sextic syzygants ; for this purpose, there is no need to attend to 
those syzygies which are derived by a sextic capitation of quintie syzygies; for 
consider the syzygy 32.2 — 3.2? — 43 + 3%; this is capable of 4.2 capitation 
throughout, and it is plain that it can be operated upon.an infinite number of 
times in & similar way, without there being any necessity to introduce another 
odd number into any term ; similarly the whole of the quintic syzygies admit of 
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infinite 4. 2 capitation and can-never involve a quintic perpetuant. It is only 
requisite to consider then those that are derived from the sextic syzygies of 
weight 19. We first require the syzygies of weight 13; these are 


332.32 4895. | 432,2 48.95 
— 3.39  —— 39,3 — 822.32 — 3,39 
— 433.9 — 32,9 — 2(89952)) — 398 98 
— $2.3 + 4(3242) +2(82.2) +4 4(3242) 
— 83, 95 ο + 352.2 + 4(324 2) + 35.2 
+39.2° 0 —432 + 2(35 2) + 352,2 
+ 893, 05 — 438 +382. 2 + 432 
— 9(895.9)  — 4(432) — 2 (4339) — 498 
+ 2(32°. 2) + 939} — 7(432°) — 2(432°) 
+ 2(4°32) — 10(325)=0 +24)  . —10(325)=0 
— 4(43?) + 2(3°2) =. 
+ 439? |» — 30 (958) = 0 
- — 885 — 0 


Capitating these, and placing the simple syzygies first, we have the following 
fifteen syzygies of weight 19; the x forms being those derived from quintic 


syzy gies. 


A = 432%, 2 B, = 43%, 2 . O; = 432.28 - D; = 432, % 
— 83953 — 839 89 — 3395 39} — 3*9? 398 
Eng = 112 = 122 Ξ — 2 112 — 9 199 

E, = 432.9 FQ—43.95 — í 
— 372,32 — 8.325 
= 199 ee | 

Ay = 4392, 9 B; = 4392.2? O; = 43°. 2° 
— 398 - 32.99 4 — 31,3% 
=112 ΕΙ 1132: <2 119 

x, = 4821, 2? x,- 439}, 95 
— 43.99 — 482.95 
— 43222 — 432.2 
— 4(4825, 2) — 2 (4?399. 9) 
=0 — 5 (43825. 2) 
=0 


Vou. VIL 
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dc 30. 99 B 32.2 O = 4832.2 D',— 43.24 
— 85 go — go ᾿ — 359: 392 — 38,9929 | 
— 433,9 — 4323, 28 — 2 (432. 99 — 432°, 28 
— 829, 9? + 4(4324 2) + 2(432°. 2) + 4(4324. 2) 
— 43°, 2° + 432.9 + 4(432*. 23) + 43%, 25 
+ 4939. 9} — 4532.2 + 2(435 2) + 4839, 95- 
+ 432%, 24 — 4238, 2 + 4999. 2 + 4532.2 
— 2(432°. 2°) — 4(4232°; 2) — 2(4°32. 2) — 4385 9 
+ 2(4394 93) ` + 49359» 2 — ' (49328, 9) — 2(432. 9). 
+ 2(4832. 2) — 10 (4325, 2) + 2(4852) — 10(4325. 2) 
— A (433.2) =3 112 + 2 (4392. 2) =3 112 
+ 232°. 2 — 20(4325.2) . 
| — 489,9 e. —3 122 +6 112 
= — 3 199 | 
which may be verified by the relations: $ 
4938, 2 = — 3°98. 325 — 32.3212: 122, 
4332.2 = 495) BE — NM 32 = PI3PZ 112, 


τα 


4382.2 = 9 119 + 122, 
319 395— 2 119 + 2 122, 
every other being a null form. - 
From the foregoing is obtained the REN series of thirteen ον viz: 


4=0, A—B=0, 2040, A +8300, 

D +20, F2B;=0, B,— 2B, — 0,2: 0, #1=0, B,—3B=0, 
E,— 0,220, 0,— By=0, Οἱ —30,— 6B,zz0 
F,—B,=0, Y D,—3B;=0. 


Before proceeding it is convenient io make, a few remarks in order to 
shorten the remaining work. 


Reflection will show that we can at this stage néglect a large number of 
terms as having no influence on the present investigation ; the capitatable syzy- 
gies above written down are more strictly what Prof. Cayley terms Congruences, 
which have to be completed into full syzygies prior to capitation; now it is clear 
that any term of the congruence, which contains -but one part three, will only 


-— 
2 e 
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give rise to such terms when it is completed, and that it and its dependent terms 
are capable of 4.2 capitation, which will produce no term that can give rise to a 
quintic perpetuant ; for the present: purpose therefore all terms containing but 
one three are at once neglected.. 


Bearing in mind that we are only concerned with the forms 312, 213, 124, 
which contain five odd numbers, it having been shown that the remainder are ` 
sextic syzygants, another great abbreviation may be employed; for any term 
containing three threes will give rise to terms containing three threes capable of 
4.2 capitation ; an operation which cannot produce perpetuants with five odd 
numbers; it follows therefore that every 4.2 form containing three threes may: 
be at once neglected, and that évery 3.3 form containing three threes, at rhost, 
may be capitated as it stands, 4. e. without completion. 


The only terms then that need completion a are the 3.3 terms ne five 
threes. We have 
842, 3 = 5342 + 6 (352%), 
352.2 = 5312 + 435+ 2(359%), 
thus | 3123, 3 = 352,2 — 435+ 3 (352%) ; 
and: 312.32 = 2 (35. 2) + 3(3°2.2) + 2 (43°), + 2(352?), 
| 35 DE 3 (35, 29) + 352.2 — 495, 
88,82 3 (35, 95). + 3(352. 9) — 3(43°) + 35257 
859, 979 = 6 (35.25) + 4(352.2) + 6(43*) + 6 (352), 
959’, B= 35. P + 3 (392.2) — 3(43*) + 3 (3525). 
x Üsing these results in completing and then capitating, we obtain the following 
thirteen syzygies, in which only those terms which are essential to our purpose 
are retained. 


No. 1. No.2 .' ^ No.3. No.4.  No.6. 
+ 81253 — 859}, 9398 — 332.9904 . ig — 359. 3? 
= < — 2(3828. 8523) + 3928.3928 Γσδ 482.97 
— 2(3°24, 92) = = — 423°. 2 
= + 8 (4352. 2) 


+ 939: 339 


4^ 


No. 6. 


— 359, 322 
4-2(43995) - 
+ 3(4352. 2) 
+ 2 (4335. 9) 
+ 9(4959}, 2) 

. + 2(3°2%. 959) 
+ 3998, 929 


— 


No. 11. 


— gigi, 98 

4+ 495, 95 

+ 3(4352. 2$) 
- — 8 (4335: 2) 

+ 3(43999. 2) 


+ 3 (8521 939) 
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No. 7. No. 8 No. 9. No. 10 
— 38. 3828 =0 =0 319.392 
+ 3(43*. 25) — 9(485, 2) 
+ 4859, 95. + 2(4352, 9) 
— 4335.9 — 124735, 2) 
+ 3824 372 — 2 (43929, 2) 
= — 3 (8828.322) 
No. 12, No. 13. 
— 812.392 — 34 3*2 
+ 6 (435. 25) + 3(435. 2) 
+ 4(48*2. 98) + 8(4359. 93) 
+ 6(435.2) — 3(4?3°, 2) 
+ 6(4352. 2) + 4359.2 


— 


+ 3(3998, 399%) 
+ 6 (324,392) - 


+ 3 (3521. 322) 


The end of this long investigation has now been nearly reached, and, by 
reason of the extreme peculiarity of the result presently obtained, great care 
has been taken to afford a means of checking the work at each stage. 


—, 


The following values are now required; only the terms 312, 218, 124, 


being retained. 


3898 37= 0, | 
995399 = — 9 213 — 3 124, 
745908 3399 = — 8 312 + 213 +4 124, 
9525. FS + 6 312 +32 213, 
2.99242 3 312 — 213, 
3.32 — — 918 — 124, 


"4835.9 = + 124. 


4852», 2 = 0, . 
4952.99 — + 213 + 2 124, 
43°. 99 + 319 + 218, 
8495 33 — 0, | 
312.92 = 0, 


οἱ 3*9? = 0, 
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Substituting these us in the above Seiten syzygies, we dni: 


No. 1 =0, 
No. 2 = — (213.+ 9 124), 
_ Νο. 836139 ; (213 + 2 124), 
No. 4 = — (213 + 2 124), 
‘No. 5 = — (315 + 2 124), 
No. 6 = — (812 — 2. 124) + 2(218 + 2 124), 
No. 7 = + 3(312 — 2 124) + 2 (213 + 2 124), ` 
No. 80, 
No. 9 =0, 


No. 10 = + 7(312 — 2 124) — 3(218 + 2 124), 
No. 11 = + (812 — 2 124) — 2(218 + 2 124), 
No, 12 =— 3(312— 2 124) + (213.+ 2. 124), 
No. 13 = + 3(812 — 2 194), 

from which it appears that, although we have 


>... 7 312 — 2 124 = = sextic syzygant, 
| ι 213 Fr 2 124 = = sextic syzygant, 


yet itis impossible to express 312; 213, 124 each separately as a sextic syzygant. 
This means that there is a sextic perpetuant of the weight. 31. 

= The extraordinary character of this result consists in the fact that there are 
altogether no fewer than sixteen syzygies involving two or all of the three forms, 
“and that yet they are so locked together that the elimination of two of them is ` 
impossible. . 

Interpreting the symbols, it is found that there are three sextic perpetuants, 
so far of weight 31, viz.: 6043*, 65°43°2, 654°34, of which the last is obviously 
the exemplar form, the first two being non-exemplar. ` 

The only other possible non-exemplar forms are 6°5°3°, 65319, 643%, 633523, 
the first three of which are not, when “ reducible without the aid of 
the form 54°34, The last is so. 

We have therefore for weight 31 _ 

1 exemplar form 654?3' 
63638} 
| 675342 
5 non-exemplar forms 4 6?435 
655435 ᾿ 
6594392 
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connected by the-five relations 


6635 = — 654334 
635342 = a 65434 
63435 = — 65434 
- 66848 + 2 (654734), 
6574352 = — 2 (654939). 
` So far therefore it has been proved that the generating function f for gextic 
perpetuants is E e+ 0x9 +. | 
2.3.4.5. σ᾽ 


and for sextie syzygies (vide Prof. Cayley’s paper) | 
af alt — 295 al Kae OS 
2.3.4.5.6 ~ 
There seems to be a very great probability that the true din of the numerator 
of the G. F. for perpetuants is monomial, i. e. simply a? but the way to show 
this does not seem clear; the question seems to be: ‘Do any quintic forms exist 
ore a weight superior to 25, which, not eontaining in their r symbols the symbol 


124, are not connected, by forms containing the d 124, ‚with sextic syzy- 
gies?’ i 
The possible forms are klu, (x71 μ”1), 
| | xS, (“> 1), . 
xA, (x 2), 
and it is easily seen from a consideration of the lettered syzygies ‘ante’ that 


| “> 2, the form xiu is impossible, but as regards the other forms there seem to 
be difficülties, and it is likely that the simple syzygies will have to be capitated, 
a work of great labor, in order to settle this point." 


ROYAL MILITARY ACADEMY, WOOLWIOH, March 18, 1884. 


Tables of the Symmetric Functions of the Roots, 
^ to e ‚Degree 10, for the form 
++ +. . . = (1 — aæ)(1 — Ba)(1 — yz) ... 


By Proressor CAYLEY. 


The tables are derived from the tables (6) of my “Memoir on the Symmetrie 
Functions of the Roots of an Equation," Phil. Trans., Vol. 147 (1857), pp. 489-496. 
These refer in effect to the form 1 + ba + ca? + ..., and we have consequently 





to change b, ο, d, . εν into : , i3 2 E κεν. respectively. Thus in the 
heading of the original table V(b), we must . "A 
instead of- f,- be, cd, Pd, be, Be, b5, 
- write ta be ed |. bd be? be N^ 
120° M 4 GS npo 2 1 


= ll 5e, 10cd, 3006, 8060, 808%e, 15004, 


ilo several columns of the opina table are then multiplied by 1, 5, 10, 20, 
30, 60, 120, and T thus obtain ihe new table vim the heading 


| i ios (C - be, cd, Pd, be, a Cy. 28). 


In the original tables, there is à remarkable property (very easily proved) 
in regard to the sums of the numbers in a column. Thus for the table V(b) 
these sums are : —1, +2, +2, —8,. —3, +4, — 1. 

where the sign is + or — according as the heading is the product of an even or . 
an odd number of letters; and the numerical value ne only on the indices 
in the heading: these doer are 


, 1 11 11. 21 ' 21 .91 b 
and they give the foregoing values à I" 
; ip Sx ud 3, 8, 4, 1, 


viz., be, = 81 gives the value II4 — II3.II1, = 4; bd, bc’, each = 21, give the . 
value II3 7 II2.II1, = 3; and so in other cases. 

In the new fables we have a property in regard to the sums of the numbers 
in a line: viz., except for the last line of each table, where there is only a single 
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number + 10r — 1, this sum is always — 0. Ihave given in the several tables 
on the right-hand of each line, the sums for the positive and negative coefficients 
‘separately: thus V(b), line 1, the number + 375 means that these sums are 
+ 375 and — 375 respectively, the sum of all the coefficients being of ‘course 
=0. The property is an important verification as well of the original tables (b) 
as of the new tables derived from them, and I had the pleasure of thus ascer- 
. taining that there was not a single inaccuracy in the original tables (δ). 

The symbols in the left-hand outside column of each table denote symmetric 
functions of the roots a, β, y,...; ὃξ Σα), 41 — Σαβ, etc.: and the tables 


are read according to the lines: thus in table V(5), 
(= Σα) =,(5/+ 26be + 50ed — 1000 d — 150be + 300 b'e — 12088), 


41(= Zab) = (5/— δὖε --- 50cd + 90b*d-- 9058 — 60219), etc. 





(b) . ZI) B II (b) 

i +9 7 +6 . Br 
—b : = α 0 f = d b b 
iaa 3|—2 {8|159 

© gat pa [et 





+ 24 
= oe bd ei bie bt 


4 —4 +16 +12 —48 +24 | +52 
81|-HM —4 —19 +19 | 4-16 
91] 18 —8 +6] +8 


213| —4 +4| +4 
dt] 41) + ᾿ 


v (b) 
--- 130 


f be cd Wd be? die BE | 
—5 +25 +50 —100 —150 +800 —120 | 2-876. 









4i [+5 5-50 +20 +90 — 00 | 15 
82 —25 +10 +40 — 90 | +55 
81: +5 420 — 2 [ =% | 


+5 
-ᾱ 
-ᾱ +15 —10| +15 
+5 —5| +5 







—i 











+8248 
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νι (b) 
. + 720 
l g bf ce b?e d? . bed bèd c? bte? b*c b* 
6 |— 6 +86 +90 —180 +60 —720 +720 —180 +1620 —2160 +720 
51 |+ 6 —6 —90 +30 —60 +420 —120 +180 — 720 + 860 | +996 
49 |-- 6 —86 +80 + 60 —60 +240 —240 —180 + 180 | 510 
81|-F8 —18 —45 + 90 +60 —180 0 + 00 | +243 
4121 — 6 +6 +80 — 30 +60 —180 190 | =216 
} 891 | —12 +42 +60 — 90 —co + 60 | +162 
a| — 9 +13 —80 0 +20 | +32 
315| +6 —6 —80 + 80 [+36 
2212| +9 —24 +15 | +15 
9141 — 6 το 8 
15| + 1| zt] 
VII (b) 
— 6040 
h bgy of. bf de bee be bd? ed bed‘ bid be bi Bee δ 
y |— 7 +49 +147 —204 +245 +1470 +1470 —980 —1470 +8820 —5880 -4410 —17640 +17640 5040 | --82781 
61 |+7 — 7 —147 +42 —245 + 840 — 210 +560 +1470 —3780 + 840 —3150 + 0800 — 2520 |=10059 
69 |J- T —49 +63 +84 —245 + 490 — 420 +980 — 630 —2520 +1680 +1890 — 1200 | +5124 
48 |-- 7 —49 —147 +204 +175 + 210 — 630 -—700 + 210 +1260 0 ind 
512! — 7 +7 +42 — 49 +245 — 815 + 210 —560 — 490 +1680 — 840 | +2134 
481 |—14 +50 + 84 —120 +70 — 840 + 080 +140 + 420 — 420 [21400 
931 |— 7 +28 +147 —108 —175 + 105 ο +280 — 210 | 2600 
39:| — 7 +49 — 08 — 84 + 85 + 210 0 —140 | x34 
41| 7 —7 —42 +49 —105 + 815 — 210 | #304 
8212| +21 —68 —126 +168 +105 — 105 | +29 
9:0 |+7°—-8 +63 0 — 85| +70 
g15| — T +7 +42 — 42 | +49 


























+1800 











δα. CAYLEY: Tables of the Symmetric Functions of the Roots, etc. 
+ 40820 - VIE (b) 
i .bh eg b'g df bef bf et bde c'e b'ce _-bie ed? 
8 —448 “+448 —2688 +2688 +280 —4480, —8860 +20160 —18440 —4480 
τι + 66 —448 +1512 — 886 —280 -2520 3360 — 8400 + 1080 -+4480 
62 +112 —448 + 673 — 672 —280 -+4480 —1680 — 5040 + 8960 +1120 
58 +448 999 + 168 —1008 —280 - 280 -+8860 — 7560 + 5040 —8920 
41 +224 —2M [1844 —1844 +420 —2240 —1680 + 8860 0 -2240 
61 — 56 +448 — 504 + 886 +280 —2520 — 840 -+ 8800 — 1080 —2800 
521 —168 + ὅθ —1854 +1008 +560 —2800 —1680 + 9240 — 5040 +2800 
481 —604 + 66 —1680 +1844 —560 +2800 0 — 840 0 — 560 
49: -113 +448 — 672 + 672 —280 0 +1680 — 1680 Ὁ 1120 
8:9 —B880 —892 + 840 0 +280 — 280 — 840 0 0 + 560 
51: - 56 —168 + 504 — 888. —280 -+1120 + 840 — 8860. + 1680 - [24208 
4912 +224 --δ04 +1848 -—1844 +280 — 280 — 840 + 840 EN 
811: +280 +168 — 168 0 +140 — 500 + 420 | =1020 
8371 +280 +886. — 504 0 —280 + 280 [=020 
at | #128 
4 
- gett 
9511 
815 l 
315 : 
„1° 
bed δὰ ο bo bier bo δ’ 
8 —107520 +58760 +5040 —80640 +201600 —161280 -+40820 | 077944 
τι + 96060 — 6720 --δ040 +45860 — 60480 + 20160 [116096 i 
63 | —10080 O + 26880 —18440 -+5040 —20160 + 10080 | --51804 
58 | + 8860 + 5040 | 28176 
4*| + 9240 
612| + 5600 
581 | — 1120 : 
481 | — 2240 
495] + 1120 
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CAYLEY: Tables of the Symmetric Functions of the Roots, etc. 


IX (b) l 
ch bh dg bo bg ed bdf ^ cf bie bif 








δὶ 





+ 81 +824 —648 + 756 —4586 +4586 +1184 —9072 --θ804 440624 ---7ε16 
9 —824 +72 — 756 +2520 — 504 —1184 +5040 +6804 ---16639 + 8094 
— 8i +180 +144 — 756 +1008 —1008 —1184- +9072 —8780 — 9073 + 6048 
— 81 —894 +648. + 756 0 —1618 —1184 0 +6804 —18608 + 9072 
— Bl 824 +4648 — 756 +4586 —4586 +1886 1008 — 758 —10584 -+12096 
+°9 +72 — T8 + 756 — 756 + 504 +1184 —5040 —1812 + 6048 — 8024 
+ 90 +14 —216 0 —2016 +1512 +2268 —5040 --8024 +16689 — 9072 
+90 +648 —720 0 —2520 +2016 — 259 —2520 —6048 '--22680 —12096 
“4 45 +824 —860 + 756 —B598 +2520 —1880 +9024 ++ 756 — 1512 0 
+ 81 —180 —144 + 756 —1008 +1008 — 126 —4088. 0 -+9073 — 6048 
+162 +144 —792 0 —1008 +2520 — 252 +1008 +4586 — 7560 0 
+ 87 +108 —216 — 504 + 756 0 + 878 +1513 —2208 0 0 
— 9 — + "79 — 958 + 756 — 504 —1124 +2016 +1513 — 6048 + 8024 
— 99 —216 +288 — 756 +2772 —2016 — 889 +7560 +4586 —22680 -12096 
— 99 —720 +798 — 756 +8276 —2520 +1088 —2520 0 + 1513 0 
—171 + 86 +860 .— 756 +8024.—2520 + 878 —1008 —4586° -+ 4586 0 
—171 —468 +864 ++1512° —1704 0 — 882 —2016 -+2268 0 0 
— 81 +180 +144 — 252 — 504 0 + 126 +1008 0 . ο 0 
+ 9 +78 — T8. + 258 — 756 + 504 + 504 —2016 —1513 + 8048 — 80% 
+108 +288 —800 +1008 —8528 +2520 — 504 + 504 +1512 — 1519 | +5940 
+ 54 4-806 --439 — 953 + 253 0 — 252 +1008 — 756 | tmo 

+270 +180 —648 — 756 -+1008 0 + 504 — 504 | +1968 

+68 —18 0 4-202 0 0 — = 


— 9 — 72 +72 — 252 +76 — 504 | +887 
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52 CAYLEY: Tables of the Symmetric Functions of the Roots, etc. 


IX (b) 
cde e?de bote bce bee a bed? b'a? cd ΌΣολά 
9 | —22630 -+-68040 -+102060 —272160 +1836080 — 5040 186080 —181440 +68040 —816480 
81 | +22680 —27720 — 71820 + 90720 — 15120 + 5040 — 95760 + 60480 -—68040 4.458600 
78 | + 5040 —50400 + 8780 + 60480 — 80240 + 5040 .— 65520 -++110880 +87800 -+ 75600 
68 0 —22680 — 84020 + «90720 — 45860 —10080 -- 90720 — 80240 —22680 —186080 
δά. | — 2520 +82760 + 11840 — 80240 0 + 5040 — 85280 — 20160 + 7500. + 60480 
T1*| —18860 +27720 + 18900 — 87800 -+ 15120 — 5040 + 60480 = 60480 +15120 .—186080 
621 | — 6040 +82760 + 45860 —105840 . + 45860 + 6040 — 85280 + 10080 —15120 + 60480 








.581 | + 2520 —12600 — 7560 + 7560 0 + 5040 — 20160 + 20160 +15120 — 15120 
4*1 | + 2520 —12600 + 8780 0 0 — 5040 + 15190 0 — 1560 | 281905 
592| + 7560 0 — 22680 -+ 15120 0 — 5040 + 15120 — 10080 Όσσα 

483 | —10080 + 2020 + 7500 7 0 0 + 5040 — 5040 | 424750 

85] + 8780 0 0 0 C0 — 1680| +6561 κ 





81° | + 6800 —12600 — 18900 + 37800 — 15120 | 264900. 
5212| — 6800 + 2520 + 11840 — 7560 | -c41180 
913] + 1900 + 5040 — 8780 
4951 | + 3590 — 2520 | ΞΕΗδΗ 


8:21 | — 1260 | +6561 


+1467 









40820 - . | . 
b*cd: bed bei - Do be b'o be 
9 | +1860800 —8544820 —204120 -1-1860800 —2449440 -1-1082900 802880 | 44912515 - 
81 | — 898120 -+ 60480 +158760 — 635040 + 085040 — 181440 [3-1007419 
72 | — 802400 +120960 —118400 + 220800 — 90720 | 3-608511 








68 | + 90720 0 + 68040 — 45860 | 2-868159 
54 0 0 — 22680 | 186855 | 

T12| + 181440 — 60480 | =827808 

691 | — 80240 | 2210726 Ξ 


+79164 


Ἔαραι Ῥθρτ]οπορ 
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53 
X (b). 
--- 8028800 | 
k Wj ci δ5ὲ dh beh bh eg.. big oig b*cg btg 

10 | —10 +100 + 480 — 900 +1200 — 7200 -7200 +3100 — 16800 —12600 -75600 —50400 
91 | +10 — 10 — 450 + 90 —1200 + 8960 — 720 —2100 + 9240 +12600 80240 -+ 5040 
89 | +10 —100 + 270 + 180 —1200 + 1440 —1440 —2100 + 16800 — 7560 —15120 -+10080 
78 | +10 —100 — 450 + 900 +1820 — 860 --9160 —2100 — 840 +12600° —22080 -L15120 
84 |-F10 —100 — 450 + 900 —1200 + 7200 T7900 +2940 — 3360 — 2520 —15120 -+20100 
»|+5 — 50 — 225 + 450 -- 800 + 8800 --3600 —1050 + 8400 -+ 6300 —87800 -+28200 
812 -ᾱ0 +10 + 90 — 90 +1200 — 1080 + 720 +2100 — 9240 — 2520 --10080 — 5040 
791 | —20 +110 + 180 — 270 — 120 — 2880 +2160 +4200 — 8400 — 5040 +27720 —15120 
631 | —20 +110 + 900 — 900 — 120 — 8600 +2880 — 840 — 3880 —10080 +87800 —20160 
641 | —20 +110 + 900 — 990 +2400 —11160 +7920 — 840 — 5880 —10080 -+45860 —25200 
892 | —10 +100 — 270 — 180 41200 — 1440 +1440 — 420 — 6790 +15120 —10080 
582 | —20 +200 + 180 —1080 — 120° — 1080 +8600 +4200 — 15980 — 5040 +87800 —25200 
419 | —10 +100 + 90 — 540 +1200 — 4820 +4820. 2040 + 8900 +12600 —15120 a 
48: | —10 +100 + 450 — 900 —1320 + 860 +2160 — 420 + 10020 — 5040 — 7560 

Ti | +10 — 10 — 90 + 90 — 800 + 1080 — 720 —2100 + 8860 + 2520 —10080 + 5040 
6217 | +80 —120 — 270 -F 360 —1080 + 3960 .—2880 —1260 + 12600 + 7660 —87800 -+20160 
5812 | +80 —120 — 990 +1080 - 1080 + 4680 —8600 —1260 + 12600 +12600 =-47880 +25200 
4313 +15 — 60 — 495 + 540 —1800 + 6120 —4820 +1890 — 2520 — 1260 + 2620 
5921 | +80 —210 + 90 + 450 —1080 + 4820 —8600 —8780 -+-15120 + 5040 —42840 -1-95200 
4821 | +60 —420 —1900 --8840 + 860 + 7560 8640 +2520 — 19800 —10080 +17640 

8*1 | +10 — 70 — 450 + 680 +1820 — 1440 + 420 — 5880 + 5040 

495 | +10 —100 + 270 + 180 —1200 + 1440 —1440 +2100 — 5040 + 5040. 

8293 | +15 —150 + 45 + 680 + 720 — 2520 —1890 + 2520 + 2520 

61*| —10 +10 + 90 — 90 + 860 — 1080 + 720 + 840 — 8860 — 2520 +10080 — 5040 
521s | —40 +180 + 360 — 450 +1440 — 5040 +8600 +8360 — 15900 —10080 +47880 —25200 
4815 | —40 +180 +1080 —1170° --1440 — 6780 +4820 —1680 + 4900 — 2520 
49312 | —60 -+880 + 180 — 810 +2160 — 8280 +8480 —2520- + -2520 10080 —10080 
82212 | —60 +830 +1260 —1890 2880 + 8940 + 6040 — 5040 
8931 | —40 +810 — 860 — 680 — 240 -+ 1800 - +1680 — 2520 

a | — 9 + 20 + 240 — 420 


Caxumv: Tables of the Symmetric Functions of the Roots, etc. 
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54 Cayıer: Tables of the Symmetric Functions of the Roots, etc. 


X (b). | 
f? . bef cdf «ο 007 bof obf ce? be? dte 

10 | +1280 —25200 50400 +151200 -+226800 —604800 -+802400. — 81500 + 94500 —42000 | 
91 | 1260 +18860 +50400 — 60480 —158760 -1986560 — 30240 + 31500 — 87800 --49000 
82 | —1260 +25200 +10080 — 110880 + 15120 +120960 :— 60480 + 6800 — 69800 “-49000 
78 | —1260 -+25200 — 2520 — 45860 — 68040 +181440 — 90720 + 31500 — 94500 —46200 
— 6040 --δ0400 — 80240 —136080 +241920 —120960 — 44100 + 56700 — 8400 
52 | 42520 —18900 —87800 -+ 50400 + 75000 — 76600 - + 15760 ++ 81500 -+21000 
813| +1260 —18860 —80240 + 60480 -+ 87800 — 75900 + 80240 — 18900 + 87800 —42000 

mat | +2520 —90060 — 7560 “+ 65620 -+ 90720 —811080 + 90790 — 87800 -+107100 + 4200 

esi | +2520 — 8820 —47880 + 75600 -186080 287380 -+120960 + 12600 — 18900 -+54600 
1 +-28980 +25200 — 60480 — 7560 + 15120 - + 19800 — 50400 — 88000 
11' 622|--1200 —10080 —10080 + 50400 + 80240 —120960 + 60480 + 
18 582 | —8780 -L19000 --ά9840 — 20180 — 98280 + 75600 —— 
18 439 | +1260 + 5040 80040 + 10080 + 15120 








oor Oo ae ο ο wu 
e 
T 
& 
© 


S 
E 
| 
5 
5 


81500 — 6800. —16800 
87800 + 6300 + 4200 


| 








+ 6800 — 18900 + 8400 
14 48° | +1260 —10080 + 2520 — 15120 + 22680 + 6800 + 18900 — 4200 
16 m | 1260 +18860 --19600 .— 25200 — 87800 + 75600 — 80240 + 18900 — 87800 +12600 
16 621° | —3780 -+22680 +87800 — 95760 —128020 +287280 - 190960 — 18900 + 6800 —12600 
17 581° | +2520 —15120 —10080 + 15120 + 16120 — 16120 - + 6800 + 12600 —12600 
18 4213131960 —10080 + 2520 + 10080 — 7500 ^ - (^ — 9450 + 18900 +12600 
(19 5971 | +2520 — 1260 —32780 + 10080 -- 68040 — 45900 ^ + -- 6800 — 6800 +12600 
20 4991 1960 + 19600 + 20160 — 99080 > > > + 12600 — 18000 —12600 
91 831 | —1980 -+ 6800 — 2520 ‘ ~ . -  — 6800 2. 4- 4200 
22 422 | 1900 «. 10080 — 10080 ΠΣ . - το 6800 + 6900 | 226420 
28 8391] +1280 — 1960 — 5040 — . TT 8160 | 210860 


94 614 | +1260 — 6800 —12600 -+ 25200 + 87800 — 75600 + 80240 | =+108600 
.25 521° | 1260 + 1260 +12600 — 5040 -— 22680 + 15120 | 286760 ᾿ 

26 481° | 1280 + 6800 — 2520 — 10080 + 500 | 226080 

97 42119 | +1260 — 1260 — 5040 + 5040 | 228060 — 

+ 2520 
£5050 
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5 


ο br © © ο --α ar tc Ὁ m 


10 
91 


4821 





bede 
-+758000 
— 629200 
— 859800 
+ 87800 


+151200 


— 68000 
+827600 
+264600 
—189000 


—100800 
+ 68000 
+ 60400 
— 87800 


— 87800 
+ 12600 


3511990 





Caxrm: Tables of the Symmetric Functions of the Roots, etc. 


b*de 


c?e 





— 1008000 
+ 827600 
-+ 604800 
+ 802400 
— 201600 
— 126000 
— 827600 
— 408200 
+ 126000 
+ 126000 


— 25200 
+ 151200 
— 25200 


— 50400 


+ 25200 


+189000 
—189000 
+118400 
—189000 
+189000 
— 94500 
+ 87800 
+. 15600 


— 75600 
+. 75600 
— 87800 


X (b). 

Diote bte bte ba? 
—2268000 +8780000 —1512000 --168000 
1247400 —1058400 + 151200 —117600 
+ 151200 — 756000 + 802400 —168000 
+ 680400 —1184000 -+ 453600 -+184800. 
— 458600 + 802400 > . -+ 88600 
4 189000 + . ‘+ 84000 
— 340200 + 453600 — 151900 117600 
— 860400 -+1285200 — 453600 — 67200 
+ 118400 — 45600 :. —117600 
— 37000} c + + 84000 
+ 802400. — 151200 + + 67200 
— 75600 - ^. — 16800 
| .— 88600 


— 87800 
+ 87800 
— 87800 
+ 18900 
--174990 


è 





+ 18800 | +82450 


b*od* 


55 








ord? btd? 
-+878000 —8024000 -+2520000 | Q 
—378000 --1068200 — 705600 É 
+ 95900 +1411200 — 1810400 2 
151900. —1209600 + 802400 R 
— 220800 + 201600 | 
4126000 + 252000 : 5 
+176400 —1058400 + ep 
—176400 + 458600 — 100800 

+ 75600 + 802400 — 201600 

— 25200 — 151200 

.+ 80400 — 201600 + 100800 

— 50400 + 50400 | 4-816520 

+ 25200 | 148470 


+ 840200 — 458600 + 151200 | 3-788200 


— 151200 + 75600 | +600880 


+ 87800 | +106050- 









« 


56 


bod 

1 10 | +8024000 
2 91 | +2848600 
8 82 | — 604800 
4 78 | — 151200 
5 64 | + 604800 
o δα] — 378000 


7 811] — 029200 
8 721 | + 878000 
9. 881 | — 226800 





10 541 | + 76600 3484100 


24712540 


Carrer: Tables of the Symmetric Functions of the Roots, etc. 


25614 
15120000 
— 6855200 


` 


X (b) 


bed b'a e^ biat bie? bee} bse | br? 





— 1814400 
+ 1814400 


804800 


+ 2116800 





766000 





— 18144000 -+6048000 —226800 -+5670000 — 22680000 81752000 — 18144000 :-c&98800 | 
+ 4580000 — 604800 +226800 — 8098800 + 9072000 — 7257600 — 1814400 |21747460 


+ 8628800 —1209600 —220800 +2041200 — 9191600 + 907200 | +9483840 
— 907200 > +226800 — 907200 + 458600 | +48754% 


— 226800 -+ 226800 | 2088680 


+118400 | 2-021195 
— 2116800 + 604800|2-4781980 — . 
+ 802400 | 28154550 | 

+ 151200 | 21912650 





bj ο c bi dh αι 
— 10 — 90 + 90 — 800 +1080 
—140 450. + 540. —1800 +6120 
— "0 --585 + 080 + 860 — 800 
—480 —540 +1260 +1440 —1800 
—100 +405 — 480 

+10 4-90 — 90. + 360 —1080 
+150 +540 — 680 — 860 + 860 
+200 —870 : + 120 | +820 
— 10 — 90 + 90| +100 

— 80 +45] +80 

+10 | +10 

+1 


bh eg big ο Dep dig 

— 720 -—840 +8860 -+2520 —10080 +5040 | 

—4820 +840 — 840 +2520 + 30840 3510010 
4420 —1680 +1260 | 2695 


—840 + 840 | +8640 


- δι | +640 
+ 720 | +1180 ; 


£10560 





Non-Unitary Partition Tables. 


- By Proressor CAYLEY. 


In the theory of Seminvariants we are concerned with the non-unitary 
partitions of a number, that is, the number of ways of making up'the number 
with the parts 2, 3, 4, ...; or what is the same writing, writing 9 = 1— d, 
3 = 1 —2?, etc. with the Generating Functions having in their denominators the 
factors 9, 9, Δ, etc. In the present short paper, I give the developments up to 
x” of the functions 1+2, 9.9, 2.3.4, 9.8.4.5, 9.3.4.5.6, respectively: - 
and also of the function + — 956 — x + x= 0.9.4. 5.0, which function 
is (there is strong reason to believe) the G. F. for the number of sextic syzygies 
of a given weight: the same function without the term αὖ occurs p. 115 in 
Professor Sylvester’s paper “On Subinvariants, i. e. Seminvariants to .Binary 
Quantics of an Unlimited Order," A. M. J. t. V (1882), pp. 79-136. 

In the tables X is. written to denote αὖ + x? — 95319 — g! + g. 


Vor. VH. 





















































i x- 15; 

Ind. 2|2.8|2.3.4/2.3.4.5|2.3.4.5.6 2.3.4.6.0]Ind.|2.3 [2.3.4 2.3.4.6/2.8:4. 5.0 
114.3 1 1 “50 | 9| 65 358 | 750 
1.170.170 0 0 δι | 9! 61 268 788 228 
spp 1 i i 52 | 9| 70 286 854 208° 
8|1| 1 1 1 58 | 9| 66 | 207 891 948 - 
i r4. 3 2 2 54 |10| 76 | 816 979 - 998 
5 |1 1 2 . 2 5 | 9| πο 898 | ' 1010 970 
elaj 8 8 4. 1']| 56 |10| 80 848 1098 249 
"|1| 2 8 8 0 δ: |10| 75 861 1144 294 
8 | 2 | 4 b 6 1 58 | 19 | 86 882 1986 262 
olal 8 5 6 1 59 |10| 80 896 1987 819 
10 | 2] 6 7 9 2 60 |11| οἱ | - 419 1891 984 
131 2. 4 7 9 2 61 |10| 85 488 1448 844 ` 
12 |8| 7| 10 14 4 62 |11| 90 | 457 1555 806 
18 |8 | 5 | 10 18 4 68 |11| 91 | 478 Γ 1007 371 
14181! 8 18 19 6 64 | 11 | 109 598 1784 828 
45 8| 7 14 20 7 65 | 11} 96 515 1809 899 
16 | 8 | 10 17 26 - 8 66 | 12 | 108 641 1989 858 
17 |8 | 8 18 27 τα 67 | 14 | 109 559 2002 497 
18 | 4 | 12 | 23 86 18 68 |12 | 114 587 2142 877 
19 | 8 | 10 28 ` 86 16 69° | 19 | 108 606 2298 | . 487 
20 | 4.14 | 28 47 17 70 |12 | 120 685 2869 409 
$1|4| 12 | 20 49 21 | 71 |12|i114 | θοῦ | 2457 |: 490 
22 | 4 | 16 84 60 99 72 | 18 | 197 696 2618 429 
28 | 4| 14 | 8 - 68 . 98 78 -| 12 |.120 | 707 | 2709 519 
a4 56 | 19 | 42 78 299 .| 74 |13| 188 789 2881 456 
25 |4 | 10 | 44 80 85 75 |18 197 768 | 2085 552 
38 |5| 21 50 97 36 76 |18 | 140 795 8164 488 
a7 | δ! 19 58 102 44 ΤΊ |18 | 188 819 8276 586 
28 | 5 | 94 60 |: 120 48 78 | 14 | 147 854 |" 8472 518 
39 | 6 | 21 63 126 54 79 | 18 |.140 879 8588 620 
8 | 6 | 27 | 71 149 58 80 {1411564 | 916 | 8797 542 
81 | 5 | 94 74 154 64 81 | 14 | 147 949 8927 656 
82 | 6 | 80 83 180 62 82 |14| 101 980 4144 572 
88 |6 | 27 87 189 78 88 |14| 154 | 1008 | 4284 698 
84 | 6 | 88 96 316 72 84 | 15 | 109 | 1048 4520 604 
85 | 6 | 80 | 101 227 89 85 |14|101 | 1077 | 4665 780 
.86 | 7| 87 | 111 | 260 84 86 {16116 | 1118 | 4915 686 
87 | 6 | 88 | 116 270 102 87 | 15 | 109 | 1149 6076 769 
88 | 7 | 40 | 127 '807 96 ΒΒ | 15 | 184 | 1192 5338 568 

η | 87 89 
7 | 44 90 
7 | 40 91 
8 | 48 99 
η | 44 98 
8 | 52 94 
8 | 48 95 
8 56 
8 91 
9 98 
8 99 























Seminvariant Tabies. 


By Prorzssor CAYLEY. 


The present tables are not, I think, superseded by the tables A, pp. 149—163, 
contained in Capt. MacMahon's paper, ‘“Seminvariants and Symmetric Functions,” 
A. M. J. t. VI (1883), pp. 131-163. His order of the terms, though a very 
ingenious one, and giving rise to a most remarkable symmetry in the form of 
the tables, seems to me too artificial—and I cannot satisfy myself that it ought 
to be adopted in preference to thé more simple one which I use: I attach also 
considerable importance to.the employment of the simple: letters 5, c, d, e, οἷο. 
. in place of the suffixed ones αι, a}, as, αι, etc. There is, moreover, the question 
of the identification of the seminvariants with their dd ue as non- unitar y 


symmetric functions of the roots of the le 1+ ba Ἔτη σε etc. = 0, which 


requires to be considered. 
As to the form in which the tables present themselves, I remark that every 
seminvariant 18 a rational and integral function of the fundamental seminvariants 
id b, οἷ-- b, 1) - 
= (1, b, ο, dj —b, 1}. 
e= (1, b, e, d, εἷ-- b, 1), ete, 
viz. up to g these are : ; ` 
c= d= | e= f= a= |οὓ-- 


c+ild+ile +1/f τις +i 
b3—1|be—8|bd —4| be — Bll bf — 6 






















δῦ -- | ο). . ed ce 
. bte +6 | b*d 4-10 |} dà +1 
0. bt —8| bei. be +15 
j bo — 10 || bed — 6 
dB + 4|| οἳ +1 


bd — 20 
b°o? 

bto + 16 
be — b 











60 > CAYLEY : Seminvariant Tables. 


and if to the value of g, which is of the weight 6, we join those of the products 
ce, d, οὗ of this same weight 6, we have as just written down, what is in effect a: 
` table of the assyzygetic seminvariants of the weight 6 and which I call the 
Crude Table. But we do not, in this way, obtain immediately the seminvariants 
. of the lowest degrees: in fact, the only seminvariant containing g is given by ` 
- the first column as a function g . .. — 52? of the degree 6, whereas, there is the 
seminvariant g — 6bf+ 16ce — 10d? of the degree 2: to obtain this, we have 
‘to form a linear combination of the columns: the proper combination is 
g + 15ce — 1043, giving rise to the column g of the table (g— 6). And similarly 
each other column. of the same table is a linear combination of columns of the 
: Crude Table: and so in every case. The process would be a very laborious one, 
and the tables were not, in fact, thus calculated; but we see very clearly in this 
manner, the origin and meaning of the tables. | 

The mere inspection of the: tables gives rise to several remarks. We see 
that each column begins with a non-unitary term (term without the letter b), 
and that it ends with a power-ending term (product wherein the last letter enters 
as a power)—thus, weight 8 E | 
initial terms are 4, og, df, ο, de, οὔ, ec 
finals are é, οὗ, DO, A Po, Ve, t, 
and it will be observed further that in this case the initial terms are all the non- 
unitary terms taken in order, and the corresponding final terms are all the 
power-ending terms taken also in order. The arrangement of the columns 
inter se is of course arbitrary, and they are, in fact, arranged so that the initial | 
- terms are the non-unitary terms taken in order—and this being so, then for each 
weight up to the weight 9, the final terms are the power-ending terms taken in ` 
. order: but for each of the weights 10 and 11, there is a single deviation from 
^ this order; and for the weight 12, there are a great many deviations from the 
order. 

The initial terms being in order, the broken line which bounds the tops of 
the columns forms a series of continually descending steps; and when the final 
terms are also in order, the case is the same with the broken line. bounding the 
. bottom of the columns: any deviation in the order of the final terms is.shown : 
by an ascending step or steps in the broken line bounding the bottom of the 
columns: thus-in the table. (k=10) the column cdf is longer than the next 
following one ce, and there is an ascending step accordingly. | 
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It is to be remarked that any ascending step gives rise to a certain indeter- 
minateness in & preceding column or columns : thus in the case just referred to, 
the column cdf might be replaced by any linear combination of itself with the 
column ce, it would still have the original initial and final terms cdf and bd? 
respectively. It would be possible to fix a standard form; we might, for instance, 
say that the column cdf should be that combination cdf + 2ce*, which does not 
contain the leading term ce of the ce?- column : but Ihave not.thought it worth 
. while to attend to this. | 

It will be observed that except in the case of an ascending step or steps, 
each column is completely determinate: we cannot with any column combine & 
preceding column, for this would give it & higher initial term: nor can we with 
it combine a succeeding column, for this would give it a lower final term. The 
numbers in the column may be taken to be without any common divisor, for any 
such divisor, if it existed, might be divided out: and the i coefficient of 
‘the column may be taken to be positive. 

I add certain subsidiary tables to enable the expression of any column in . 
terms of the κο symmetric functions of the roots of the equation 


0=1+bx Tus + etc. These consist of left-hand tables and right-hand tables: 


the left-hand on for any weight is the original table for that weight, writing 
- therein 6=0 and converting the columns into lines: thus weight = 6, we have 
col. g= g + 16ce — 10d?, 


col. ce= ce—- d— d, 
col d= - B+ 40), 
σοι, = e, 


viz. these are the values of the original columns writing therein b=0. EE 
The right-hand table is the table for the same weight taken from my paper 
“Tables of the Symmetrie Functions of the Roots, to the Degree 10, for the form 


I+ba+ +... = (1— amu — Bx (1 — ya) .. ” ante p. 41, writing therein 


b=0, and giving only those lines of the table which relate to the non- ἡ 
symmetric functions. Thus weight 6, we have ` 
l 6 (= 3a’) = 6g + 90ce + 604° — 1808), 
u Σα) =a, 6g + 3008 — 60d? — 18068), 
3? (= 35a 8) = *( 3g — 45ce + 608 + 9068) 
95 (= Za? B^?) — d (— 2g — 8000 + 20d"), 
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we thus have on.the one side col. g; col. ce, col. d? and col. οὗ, and on the other 
side the symmetric functions 6, 42, 3? and 2°, each of them expressed as a linear 
function of g, ce, P and c. It follows that each of the columns can be expressed 
as a linear function of the symmetric functions: and conversely each of the 
symmetric functions as a linear function of the columns: and this being done, 
each of the columns is to be regarded as having its complete value as a function 
of b and the other letters: for the columns quá seminvariants are linear functions 
of the symmetric functions: and assuming them -to be so, they can only be the 
linear functions determined by the foregoing process of writing b — 0. 

The left-hand tables are carried up to m — 12; the right-hand only up to 
k= 10, the limit of the tables in the memoir last referred to. 


SEMINVARIANT TABLES UP TO (m— 12). 


(0) (b —1) (c—2) c 


qu. EE) 
| : ps | —1 














be —1 

bed 43 --δ 

e? —1 +4 + : 
b*d 44 

bie? —8 —8 
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(h—"7) R cof de cd . ($—8) 1 ο df e ce ο ct 


Rh +i | 4 +1 
bg —" . bh — 8 




















bod — +10 
bo! | H —7 -ᾱ 
vd | — 4 
bte? +8 +6 
b*c — 
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(j29) 1 ch dg ef cf cde d* cd 
| 

cde +45 —17 482 —5 +1 

as —20 +8 —18 +3 —1 +1 

bg +2 

bof — 6 494 —4 

b2de +2 —2 +5 — 

bote +6 —51 +5 —8 

bed? — 4 +84 —7 +5 —9 

eid dps bd EL 

bif —19 +2 

b*ce +380 — 5 +5 

bd —20 —2 —2 +6 

b2c2d +8 —6 +15 —3 

det ES +8 —12 —8 

dee = c 

b*cd 44 —4 +8 

beet —9 +7 +1 

bd ἜΘ. 

be? IE 6 —15 

be |. +9 

b? — ἃ 












































+4 
— 8 +16 


+5 +1 +1l 








— 64 
+ δὲ 
+ 48 
— 60 


+ 20 


+144 


—185 


—108 
-+180 


— 80. 


+10 —84 


+15 


+24 
—9 








τ. 
+2-2 
+2 --6 
—1 +4 

p RES 
mop 
— 4 +16 
+3 -1 
i 
+2 —14 


— 1 +10 





[65] 








3 CAYLEY: Kou Tables. 


di eh fg ch cdg cf dx de ef ede cd etd 





T 








` coSed Ίχοα penumuoy 


+1 

1 +1 

Lx — 5 
+6 — 6 
-+8 —16 +98 


ὃ — 8 +58 —7 +1 
“36 +5 45 —8 +1 
+0 —100 ° +6 -541| . 
— 5 + 60 --4 +2 —1 +1 








—94 +282 +422 —80 +14 — 6 

+45 —205 —95 +97 —11 +8 —8 

—10 + 20 +3 —1 +8 —8 E 
+87 — 4 -9ῃ 47 —9 +4 --19 +2] | 
—45 +90 445 —45 +14 — 6 +36 —5 +1 
jem |. l +20 — 40 —3 +90 — 6 +2 —18 +8 —1 +i 
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+ 56 — 7 
—118 —22 


1-50 425. 





+27 
—45 
+20 


Tables. 
ds 

118 —8 +4 

—38 +9 —3 
—27 +6 —8 +88 
+51 —16 +6 —86 
—94 +8 —8 +34 
+8 —2 —48 
—2 +6 +18 
—1 +8 

—3 

+6 --86 
— 32 — 4 H4 
— 8 + 8 +72 
+ 4 +8 —78 
—10 +80 
+8 —9 
- Πα 
—80 
+20 


— 6 
+10 
— 8 
+5 
— 7 
+1 


+6 
— 6 
—10 
+5 


Er 


— 8 
— ἃ 
+5 
+3 
— 8 


+8 








—2 
+1 —1 
— 8 
+5 --θ 
πη 
+1 
+8 
— 7 +15 
— Db +11 — 4 
+8 —i2 —8 
— 17 
+2 —6 
+10 --89 +8 
— 5 +9 +414 
+ 3 
— 4 +82 — 4 
+ 3 —28 --28 
—8 +1 
+6 +4 
--11 











er 


ν 


. ei fh ’ ϱ) ci οι ceg of? dig def e^ og of ote? cde di cf 








40 —4 µε]. - = s 
xd + 25 | 
+8 —2 + 1 
a , $ 
+42 -195 | 
—8 +118 — 12 


+3 +1 
— 8 00-4 +4 


























---59 qd ed 44 | D 
+24 ML | 
+4 —1 +5 +i | | 
--86 +2 IH 
+15 —1 419 +2 —17 + 1 
E | 2 
+4 — 4 
-8 +8 —1 Ἢ DC 
+5 — 6 +1 —2 
+4 — 1 
—4 +4 +23 -0—6 . ^ 
+2 — 2 —2 +87 +9 — 54 
—2 +46 +6 — 3 c 
; +2 —49 —9 +114 — 12]. T 
eg —4 483 —1 +00 +4 xi] o 
ctdf +8 — 6 +2 —49 —9 +54 — 8 4 8| 
ote? —5.--40 +1 —88 —19 +163 — 18 +1 
cd*e --8 +01 +27 ea +04 +4 —9 +1] 
d^ +1 —82 —10 +195 —27 —8 —2 +1 —1 41} 
ph | +1 n E m rs 
boh. — 4 +9 | RS 
b'dg +4 — 4] [190 +4 ` 
bef —8 + 2 —18 — 6 + 86 
b?eig +4 — 60 --ἶδ —8 — 8 ΄ 
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--- 8 


+ 38 
— 56 
+ 85 

















e 
—12 
Fi 
+83 —1 +1 
+8 
| — 4 
+80 +8 — 8 
48 +2 — 6 
Spo] +4 +1 
+6 
—48 —8 +3 
+68 — 6 +22 
—24 +3 —15 —6 
— 4 
+16 —28 —1 
—94 +80 --80 
+9 —8 +21 +415 
E s 
+ 2 +14 —20 
—8 —9 
— 4 
+8 +15 
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SUBSIDIARY TABLES -b = 0. 


- 


Left-hand up to (m = 12). 


CoL] e . Gohl d ᾿ Coll e o` | | 


- 0 +i 


Col.| f ed 
s\+1 +2 
cd |, +1 





Col] 1 eg af  & ος cd? ct  Ool| j ch dg fe cf cde d* cd. 
l +1 +20 —38 +14 
+3 —7T +5 
+1 —1 
+1 
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Right-hand up to (k = 10). 
+9 -+6 - o —180 


à d 
»[-2| 8 -8| 4 |—4 +19 5 |-5 +60 


7 
52 

43 +175 
83? + 85 











-40820 
i eg df e? ee ed? ct 

8 - +448 4-280 —8360 
62 —448 —280 —1680 
58 +892 —280 +8860 
43 —224 +420 —1680 
493 +448 —280 -+1680 
822 —892 +280 — 840 
84 --113 +70 








--- 862880 
Ih dg ef ο. ode d! ^ ed 





9|—9 +824 +756 -+1184 —6804 -—22680 — 5040 +-68040 
72) +9 +180 —756 —1184 —8780 + 5040 + 5040 +87800 


68 | + 9 —824 +756 —1184 +6804 . —10080 — 22080 
54 | + 9 —824 —756 +1886 — "750 — 2520 + 5040 + 7560 
522 | — 9 —180 +756 — 126 G + 7560 — 6040 
482 | —18 +144 : — 952 +4586 —10080 + 5040 
85 | — 8 +108 —504 + 878 — 9968 + 8780 — 1680 





805 | + 9 +180 —252 + 126 . . 





z^ 
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Col | κ ei dh eg f? eg cdf cet die ce ο): οὔ : P 


Right-hand. 








= + +45 —120 +210 —126 
: Bx d opos 6 
3 Zei 
+16 — 16 
+1 
= 8628800 / 
k ci dh ` eg f? cig caf ce? d’e c?e eid? c5 
—10 +450 +1820 +2100 +1260 —12600 50400 —81500 —42000 -+189000 -+878000 —226800 
+10 +270 —1820 —2100 --1900 — 7560 +10080 + 6800 42000 +118400 + 25200 —226800 
+10 —450 41820 —2100 —1260 +12600 — 2520 481000 —46200 —188000 +151200 +-226800 
+10 —450 —1200 +2040 —1260 — 2520 «50400 -- 44100 — 8400 +189000 —226800 —226800 
+5 —285 — 600 —1050 +2520 + 6800 —87800 +15700 +21000 — 94500 +126000 -+118400 
—10 —270 +1200 — 420 +1260 10080 4381500 —18800 — 75800 + 50400 
—20 +180 — 120 +4200 —8780 — 5040 +-42840. —87800 + 4200 + 75600 — 50400 
—10 + 00 +1200 2940 +1260 +12600 --80240 + 6800 + 8400 — 87800 + 25200 
—10 +450 —1820 — 420 +1260 — 5040: + 2520 + 6300 — 4200 
+10 +270 —1200 +2100 —1260 — 5040 “10080 — 6800 | 
+15 +45 +120 —1890 +1260 + 2520 — 5040 + 8150 
— 2 — 90 +240 — 420 + 252 | | 





























Golf E d di eh fg ch cdg cef df de? of cde ed! cid 
Ε 1| +1 +85 -Ἴδ +90 —42 ; 
` ἃ oj +2 —9 +14 — 7 —80 +70 —21 — 56 +85 
H g +1 —2 +1 410 —8 +7 +24 —15 
7 7 eh +1 —1 +8 —9 —6 +10 —5 47 —45 +20 
8 fo +1 —16 458 +5 —100 +60 —54 +90 —40 
$ on +2 —7 +5 —27 +45 —20 
cdg +1 —8 od ved +27 2-45 +2% 
cef +i — 8 pe —9 +4 —6 
df + 1—1 doo 
de? +1 —12 +86 —18 +8 ; 
of +2 —5 +8 41 
ode | "oboe ρα 
cd? +1 H 
cd + 
ck dj ei Jh g ei  cdh ceg eof? dg def e cg edf c'e?  cd?e d* cte 
+66 —220 +495 —792 +462 | 
+8 — 15 +40 — 70 +2 — 15 + 40 — T0 +2 
+15 — 40 +70 — 42 +150 —400 +700 —420 
+ 1-4 + 8 + 8 — 8-2 +24 +2 — 86 +1 
+25 — 24 + 50 +680 —675 —570 “+925 —400 
+ 1 — 70 +100 + 80 —200 +100 — 4 +8 — 6 
pa edo ÀS — 4+8 — 5 
LAIEN +82 —64 + 40 
+1-1-1+2-1-1+3 +1-3 +1 
| + 2 + 5 — 19 +18 +20 —49 — 82 +91 — 82 
+1 -- 8 +2 +4 —9 —12 +27 —10 +6 
+18 — 17 +54 +162 —849 +185 —81 
+1 — 18 EM — 27 +81 
de od pä 
+3 — 2 +80 
+1i— 2 ἂν} 
+i — 1+4 
; +1 
+1 
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Note on Prof. Sylvester’s “Constructive Theory 
of Partitions.’’ 


By MORGAN JENKINS, M. A. 


x 


After reading Professor Sylvester's exposition (Act IIT, Vol. V, No. 3, p. 286, 
and No. 4 to p. 296) of the mode. of using the bends of a regularized graph for 
the construction of combined partitions, I thought it would be useful to show 
how to examine the.bends of a graph, having given large numbers as elements 
without the inconvenience of actually constructing the graph. In pursuing this 
course one additional result has been obtained giving a set of progressions having 
the common difference two, instead of a set of sequences. 


Let Mao + Me +... + may = P 

and µιαα + as) +... + way = P 

represent two conjugate partitions of a number P; aq), dg... αι) ‚being the 5 

different elements of one partition, arranged in descending order of magnitude ; 

Mı, Mm... et cetera, the numbers of times those. elements are taken; and let 

αι, dg; dg, . « b cetera, represent the elements of the same partition, taken in 
. order, une repetitions; that is αι, ἄν, ... a„,, each equal to am, and so on; 


also let the ws and the a’s represent corresponding quantities in the mmm. 
partition. Then we have : 


| Gg = Sms πι bm b. tm; αγ--Σπι αγ... em, 
Uy — 0o); Us = Ay 77 00; Us = 09-3 lg- -y= 09, Ae; 
and reciprocally Gy Xuj; M= dyp, and 80 on. 


The two partitions are of the same extent 7, as well as of the same content 
P; and any process which alters the extent of one partition will alter in like 
manner the extent of the conjugate partition. _ | 

The selection of suitable examples will be facilitated if we notice that, 
instead of supposing the coefficients and elements of one partition to be-given, 
we may take any j different numbers as the elemerits of one partition, and aly 


'. 
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other j different numbers (not necessarily differing from the first set) as the 

elements of the second: then the coefficients of either partition are equal to the 

differences of consecutive elements of the other partition, the coefficient of the 

highest element in one partition being equal to the lowest element in the other. 
The content of each partition is 


Ay Aq) + [ayy — a] ag + Lay- — aux] αρ +... [am — aa] ay 
which equals TORUM | 


fanan dinde +... + anag — fay ae + 45-999 +... αφγαιρ} 
a result which is unaltered when the a’s and a’s are interchanged. 

In.a regularized graph it will be seen that the different elements are the 
coordinates of the ‘out corners’ of the outline of the graph: thus at T, in Fig. 1, 
the number of nodes in the row and column passing through 7 may be denoted 
by ay, and a41_,, respectively, the sum of the subscripts being j +1. Atan 
' jn-corner,' as at S, the number of nodes in the row and column passing through 
. S, reckoned up to and including §, but not beyond, are the same as at the 
adjacent out-corners R and T respectively : hence the coordinates of an in-corner 
may be taken to be αμ γι and ayti, the sum of the subscripts being 7 + 2 
` instead of j + 1. | 

The diagonal of the Durfee-square terminates either at an ‘out-corner’ 
(Fig. 1) or at an ‘in-corner’ (Fig. 2), or it divides a column (Fig. 3) or a row 
(Fig. 4). If we use 4 to denote the number of bends in the graph, in each of the 
four cases ἡ is equal to one of the elements of the graph; either aq, or aq). 


Fre. 1. Fra. 2 

x * * 9 * * 8 = + * x s = * * & * * 
* xX o^ 8 2 . a 5 Χ & # s -. * “aa 
* t X t αυ € . 4 $ X * * E 

* a * X : * = ri xU a *y 

* * E 5 X Tan ο αι * $9 t * 

8 ag cT * * ty. *T 

2 * 3 * = 

+ * Q* = *n 

Q* *R M 

+ * 
p 
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. 7 Fig. 3. | | ^75 Fe. 


x. > * * * . x ο ^s * * * + * 
* x * * * * x » * * * + 

+ se xX * * * x * ο _* . 
E * * XU 8 . . x . ο * 

* * *& -s eo. CU αμ κ 49% 
κ. * * . * 8. 

. . + * . 2 

LA Αα 0 sS * LN 

SRB αμα. 44.1) 

. . 


Fia. 5 ico . : 
(- 9 © & € # * 5, + @ e * 8 + : æ 
3 a + e è 4:59 .. > e . € - 
5 > + 4 è + © 9 : + © © + » 
D ON + s-os ò ο è - e ο. : 
* ο 9, © + 5» > è 65 
s + * + © 9? ^? - & 
5 * + 4, 5: s 
. * * * + 
P * 8 # © 
* 


. In Fig. 1 Ωρ — € — ay =; a, a, i. 

In Fig. 2 ay, — αμ. κε = i, 
a = da. a, which is greater than à, 
Q4 = Gr, Which is greater than 7. 

In Fig. 3 ap is less than a 4,41 and greater than ag rpa; = aq — i, 

αι = αμ. ευ Which is greater than 4. ~ 

In Fig. 4 4 aq, is less than aj, and greater than 44.9 
| d, = 05 a pay which is greater than ὁ 4, 

a, = By) = i. 

"Thus in every case we can find an element of one partition, which is dc 
Ej or not outside the pair of consecutive elements of the other partition, which is 
formed of the corresponding element and the one next below it; and the first 
named element gives the number of bends in the graph which a the 


.. partition. i i 


Let us now consider ihe effect of adding two anne P together, 
row to row, in order. If we suppose them to be placed side by side (Fig. 5) 


L4 


ps à ° 
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and then all the nodes in every row to be pushed close to the left-hand side, the 
same effect is produced as if the columns were picked out and rearranged in 
order of magnitude. The number of different columns in the regularized graph 
so formed is unaltered by the rearrangement. 

Hence if j be the extent, that is the number of different elements in either 
set of conjugate elements, of one partition, the conjugate elements being denoted 
by a's and o/s, and k, b and β be corresponding letters for another partition, then 
the extent of the combined partition αι + bı, a + bẹ, et cetera, is equal to the 
number of different elements in a, à, . - . ἄγῃ, Pa Ba - - Ba, considered as 
a single series, that is, if Z be the number of a elements which are equal to 8 
elements, the extent of the combined partition 181 4- £& — /. This theorem may 
be applied to the bends of a graph. The numbers of nodes in these bends are 

αι Ἔαι-- 1, ἄν +93, +, — 6... αι +. — (20— 1). 

If we omit the negative terms we have a regularized graph which is the sum 
of two regularized graphs, and which exceeds the original graph in content by 
1+3+5+...+(2i—1) or by δ, which is the content of the Durfee-square. 
The second of the two partial graphs may be supposed to be turned through a 
right angle, so that αι is in a line with αι, a, with a,,... and αι with αι. The 
extent of the new graph, that is the number of different elements in either set 
of its conjugate elements will be found, in every case, to be ÿ — g, where g is 
the number of elements in either set of elements of the original graph which 
are less than the corresponding conjugate element, but equal to some other con- 
jugate element. κ 

Thus in the combined graph formed by the addition of the parts of graph 
(Fig. 1), if we cut off all the rows below the Durfee-square, the different columns 
in the remaining graph are a, à... .. 044.19: if we cut off all the columns 
to the right of the Durfee-square and turn the remaining graph round through a 
right angle, the different columns in this remaining graph are now ap, a... .. 
as. In these two series ay αι) 4.4.5, and is not included in the g equalities 
between the elements of the original graph, the remaining equalities are g in 
number according to the above-stated definition of g. Therefore the number 
of elements in the two series, including repetitions, is A -- (j — h+ 1) or j 4- 1, 
and the number excluding repetitions is (7 + 1) — (g 4-1) or j —g. In the 
case of Fig. 2, the columns of one graph are ἄρῃ, αἰ) 3... αμ. ων and the 
columns, formed out of rows, of the other graph are ay, &;_1... αρ; An) being 

Vor. VII. | 


a 
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equal to &,_,4,) and less than ay_;4,, is reckoned in the g equalities, There- 
fore the number of elements in the two series is, including repetitions, (A — 1) 
+ (j—h + 1) or j, and is, excluding repetitions, j — g. In the case of Fig. 8, 
the columns of one graph are a, αμ... G9 αρα, αρ taking the place of _ 
an a element at the end in consequence of the diagonal of the Durfee-square 
falling between two corners of the original graph; the columns, formed out of 
: rows, of the other partial graph are a,y,-@y_1)...@a@)- ag = ag is to be counted 
in the equalities of these two series, and’ is not one of the g equalities of the 
original graph. Therefore the number of elements in the two series is, including 
repetitions, J+ 1, and is, excluding repetitions, (j +1)— (g +1) or j — g. 
The case of Fig. 4 is exactly like that of Fig. 3, interchanging a’s and αὮ.- — 
If we subtract the terms of a single ascending progression having the common 
difference r from a constant quantity, the remainders will form a single descending ' 


' progression having the common difference r. If for the constant quantity we 


substitute the terms of a descending series, containing repetitions, every break 
in the repetitions produces a break in the progressions arising from the subtrac- 
tion. Hence the number of distinct progressions produced must be the same 88 
the number of different numbers in the series from which we subtract; also.the 
last number of one progression must exceed the first number of the next a 
gression by a number greater than r. 

^ In applying the theorem with regard to the subtraction of the. terms of & 
single progression from the terms of another series containing repetitions, we 
should have to notice whether any of the remainders were zero or negative. In 
this case all the remainders are positive, because they represent the bends of the : 
original graph, and the last term of the series is not zero. 
Tt follows that the numbers of nodes in the bends of a regularized graph 


when placed in descending order of magnitude contain j — g distinct progressions, . : 


having the common difference 2, where j is the number of different elements in 
either set of conjugate elements of the graph, and g is the number of elements 
in either set which are less than their corresponding element but equal to some 
other element of the conjugate set: also the excess of the last number of one 
progression over the first number of the next progression is greater than two. — 
^ Exampıue 1. Let 11 10 7 5 3 2. 
i 4 -5 7 9 12 18 | 
be the elements of two conjugate partitions written one underneath the other in 
contrary order of magnitude. The extent (7) is equal to 6, the content is equal 


U 
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to 89, and the coefficients are as given by the equations 
4.11 + 1,10 + 2.7 + 2.5 + 8.8 + 1.2 — 89 
2.13 + 1.12 + 2.9 + 2.1 + 3.5 + 1.4— 89 


The numbers of nodes in the bends of the graph which represents these conjugate 


partitions are found as follows: 
-1 is less than 4 in lower line, so we take 11 from upper line, 
E * $9 E H » wu der ss "t x 
and the number of nodes in the first bend is 11 + 13 — 1. 
2 is less than 4 in lower line, so we take 11 from upper line, 
2isequalto 2  * 7 5 13 “ b d 
and the number of nodes in the second bend is 11 + 13 — 3. 


3 is less than 4 in lower line, so we take 11 from upper line, 

3 18 equal to 3 [T u m ti 12 u u t 
and the number of nodes in the third bend is 11 + 12 — 5, and so on. Thus we 
have for the bends 


11 + 13— 1-23 „ Pince two corresponding elements 7 are equal to each 
der --ε other, 7 is the number of bends. There is one pair of 
κά τ. EIS non-corresponding equal elements which do not exceed 
11+ 9— 7—13 7, viz.5, 5; therefore g=1;j=6 and 6 — 1 or 5 is the 
10+ 9— 9-10 number of distinct progressions having the common 

7+ o7—11— 8 difference 2. The number of elements which appear in 


T+ 


3 
T—13— 1 the formation of the bends are ÿ + 1 or 7, viz. 11, 10 
9 


and 7 in one get and 13, 12, 9, 7 in the other set. 


In the next example only the distinctive points will be noticed. 


EXAMPLE 9, BENDS. 


16 13 12 9 4 3 1 


16 + 16— 1=31 


2 4 9 11 13 14 16 16+14— 3=27 
2.16 +2.13 +5.12 9.9 + 2.4 + 1.3 + 9.1 = 149 ^ 183+ 14— b= 22 
1.16 + 2.14 + 1.13 + 5.11 + 8.9 + 1.4 + 8.2 — 149 | .184-18— 7— 19 


j-—". Two conjugate elements, 9, which are only one 12 +11— 9-14 


12 + 11 — 11 = 12 


place removed from each other are equal, therefore 9.1s 


124+ 11 — 13 — 10 


the number of bends. ‘The number of pairs of non- 19--11--1δ-- 8 


corresponding equal elements which do not exceed 9 is 2, 124-11—17-— 6 


viz. 4, 4 and 9, 9. Therefore g= 2. 


149 


' . and there are 3 distinct progressions. 


80 JENKINS: Note on Prof. Sylvester's ‘Constructive Theory of. Partitions.” 


is 7 — 2 or 5 is the number of distinet progressions having ne common 
difference 2. 

In this case the number of elements from the two sets appearing in the 
-formation of the bends is j or 7 and not 7 + 1, viz. 16, 13, 12 from one set and 
16, 14, 13, 11 from the other set. 


BENDs. 
EXAMPLE 3. f . 13 + 10— 1=22 
13.12 11 6 8 8 5 ^ αμ. 
2 3 b5 7 8 9 10 : 12+ 9— 5=16 
213+112+211+26 +15 + 1.8 + 1.2 — 82 11+ 8— 7=12 


11+ 8— 9=10 


2.10 + 1.9 4- 2.8 +17+55+13+12=82 — 
» : 6+ 7—11— 2 


J= 7; g= 3 from the equal pairs 2, 2; 3, 3 and 5, 5. l 82 - 
m | BENDS. 
EXAMPLE 4. 12 10 9 . 124-6 — 1-17 

9 5 6 : > 12+6— 3=15 
2.12 + 3.10 + 1.9 = 63 104-6— ὅξ 11 

9.6 +15 +22= 68 OE M = 

j=3; 9=0. Number of bends=6, because 6 is = 
S , 9+6—11—= 4 

between the corresponding element 9and0. j—g=3, . E^ 


The method here applied to the bends of the "€ graph may ihe used to 
establish the theorem enuneiated and proved by Professor Sylvester, namely, 
that if we interpolate with the bends of the original graph the bends of the 
graph óbtained by cutting off the highest column from the original grapi the 
series so obtained will contain j sequences. 

The series is a tm — 1, αι o4 — 2, +, — 8, cu Πα 
a, + 04 — (24 — 1), d, — ὁ. 

The last term is a, — ? (as stated in Vol. yV, ‘Number 3, p. 28 8), and it may 
be written a, +i i— 2i. If we omit the negative terms we have the sum of two 
partial graphs which are formed thus: Double the number of terms of every 
element from a, to a, inclusive; also double the number of terms of every 
element from αι to αι inclusive, but cut off the first element αι from the begin- 
ning and attach an element i at the end. 
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For each of the three cases (Fig. 1, Fig. 2 and Fig. 4) where à is equal to an 
a element, say a), the conjugate elements, whose differences give the number 
of times a, aq, et cetera, are taken, are βαρ), 204, .,.. . 2a), all even numbers. 

The conjugate elements whose differences give the number of times αρ), ἄρ 
„.., et cetera, are taken, are 2a, — 1, 9α͵, — 1, ... 205. γω” 1, 294, all 
odd numbers except the last. The cutting off of the first element to form the 
second partial graph explains why all the conjugate elements but the last are 
odd: the reason why the last is even is that one element, i, has been added to 
the 2 fam — aà4.,.,4.51 elements, each equal to αμ; and i being equal to ay, in 
the three cases of Fig. 1, Fig. 2 and Fig. 4, the conjugate element becomes 2a, 
instead of 2αω-- 1. The number of different elements in the two sets of con- 
jugate elements taken as a single series is 7 — h + 1-- Àh — 1 or J, the element 
204, Which is the only element common to the two series being only counted. 
once. When we subtract the terms'of the single sequence 1, 2, 3,... 2i, we 
shall have the remainders forming j distinct sequences. In the case of Fig. 1, 
and Example 1, the last term is 0, a, —7 being equal to 0; but it can be shown 
that this 0 is preceded by 1, a, being also equal to à in this case. Therefore if 
we cut off this 0 we shall have j sequences left. If we examine the case. of 
Fig. 3 and Example 3, we shall find there are 7 + 1 sequences, including the final 
term, which is 0; but the penultimate term must be greater than 1. 

Hence if we cut off the final zero term we have 7 sequences left. 


Third, Note on Weierstrass’ Theory of Elliptic 
Functions. 


By A. L. Damms, Johns Hopkins University. 


Tux Stems-Quorrents. 
As. long as the argument and the quasi-periods 20, 20', remain the same, we 
may omit them, and write 6, Gi, ©, Era 2 , etc. The functions 6,, 6,, 6, are 
then thus defined, 


το 67*6(o +) | eo —u). 
ou Gw T Gw 
_ ET) 6) 
eyes G ^. Gu! 
dye eo tu - m kl QU seu 
δω δω 


which are seen to be even functions. These apparently arbitrary definitions 
. flow naturally trous considerations connected with the “ pocket edition, 4 
| 6(ω--9)6(1---.). 


μα Gu Gw 
Since pa=¢,, p(o -- o) =a, go! =e, we have, using the general mark a, and 
. writing v = o, . ° - _ G{u+ e) 6 (u — ως). 
ur qu Ou. δω, 


But pu is a truly periodic function: it remains therefore to examine the period- 
icity of Gu. In the second note, p. 261, I have shown that li 


ou = ull’, (usce. im 


w= πι. 2ω 4 gm! 2o) . 
degenerates into the sine when m = 0, or 


1 (ur)? 
lim (60) = 2e es GS) „sin 5 
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It was also shown that 


sinne _ A EC) 


The following definitions are introduced as bp RA 


à eere) ij^ = Ον» Gat = 


n=—o 


d : 
e Y =, 


in which last series the value n = 0 isincluded. One sees that 8j (z + 1)= ϑε(ω), 
and 6,” is periodic. Incidentally it may be remarked that on comparing the 
ee for sin xx and e(«), 








^ 





ne IG χι) 
mene tat)? 


or, —À ον TE pt 





mal n=? ml n=}? ρ--8 
m<n m<n<p 
whence ; p.a 1. 4 
| X sr Xx gp' ete 
à E. u l u? 
We can now in . éu (1 — Sestri, 


give to m’ a constant value. and carry out the multiplication with respect to m. 
For m = 0, we have 


w ΔΣ 


Gu = ull! (1 — ee 
m2w 


= ull’ (1 κος =) jaw. Ile as). 





- 1,1 s! Im u? 
But TIe 8 mic ai — =e 8 6 wi i 
and 2 ur 


ull’ | [1— σος τᾶς] = o us t, 
π 2o 
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ee two factors furnish that part of. Gu corresponding to those values of m. 


^ 


and πι represented in the plane of complex number by ‘points on the real axis. 
distant from each other by 2a; in other words to the numbers 
0, + 1.2%, + 2.2%, +3.20, 



































Employing again ` | 84 = ull! nb — lie er, 
we have - m s(u—a) _ : = 
8(—a) gO ee) 
Remarking now the identity 
: | u u u % 
l aoo με 
'and also P #(— a) _ ; | 
XN Cd = = ο 
there appears s(u— a) _ = (1- w tt πας 
| , — e(—a) 
. But - s(—a 
: i , | =F "η 
therefore sw—a) _/,__ "Ντη = HT et 
ee a oes om τα ΘΙ 15 
or, BER up (1— e$ into the product as the value of 1— era for 
g up P FEE = o 


n= 0, we can drop the accent of the product sign and write 


8(u—a) κ 
sa) — -n(- 


. 





je Τα gun Ta) 


| whereby the only restriction as to a is that it a not be an integer. Transposing, 








(pert nu 


sa)“ 


We are now ready to N the sigma- 
u(1— aruis) EAE Tec d 
. m.20 + m 2ω! 
m0, 1, +2,... 8 00, 


m= x1, +2, + ©, 
where m' — 0 is omitted, as already accounted for, iid consequently the accent 


. on the product sign is dropped. Dividing by Ζωι πο formula becomes : 


. u = = 2 
II 1— ‚20 geb Vi Em 
Ed 
m+ m — 
. ω 


004 
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"riti re - d 1 
Wane as before ge) 2 € > 
the second exponential factor becomes 


ο, iG ον 
6 6 


for each particular value of m’, the summation being taken with respect to m 
alone. The rest of the product is 





1 
mes) = 





U το σπα u f 7) 
— T 8(5-— m — T 
Π 1 Lo 2w 5 ent = _ 2« (u w PS (7m =) 
6 
m + m! — ρα L5 
ο 


by the formula above deduced. Collecting the four factors, we have 








mm ϱ8 ϐ 
ποσα 2w Vue a 
(m) 


This formula can however be simplified in form by multiplying de the 
factors in pairs and taking the product from 1-to c, instead of from — œ to 


Inn +» æ 
+ œ,. Tor we had = (1 — 2e 


&(— 2) -—i SE Cs i a l 


2 By y GT Ei σα m =) P. *n( wey $ (um > = 





+ © 
8 (— x) = 2 TRA 
whence it appears that s, (— 2) = € 4 or is an odd function, consequently 
ps 
; "M 
Σ s(— iym, Ps AT m) E AC = 0, 


m=—o 


and one exponential factor le and the Sonde now reads 








p: 
l.x (i) [ss ( (—m' 2) πε ΠΠ (Zn DE (+m =) 
ig s(— m sm) 
— m! — J.s( m’ — 
aay Ec Rez) 
adis ASHE en s nim 
υ E m'=1l / / 
5 ra ey 
ω 
2.6) [3 5 +2 (m Vom . PL Get e Z) 
( rj COME 
S| — M — 181 Mm —— 
w w 














Vor VIL 
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and, on passing from the s and δὲ to the sine, 





s | Ay sin 7: (2m/o' — u) sin g mat + u) (Ey. 
Gu = — sin τ; acs ‘TI Qum RSF 





in? mar 

Fo. Schwarz writes - 
^ gd 1 AE. 

Dye 9o ++ x, ein mor, Ze 
m - au 


whereupon the sigma-function is thus represented as a singly infinite product of 





sines : | sip? ur 
πω Oo 7 un $ ; J 
ee | 
΄ 4 
; ER sin? C5 
w 


On substituting u + 20 for u the expression becomes 
G(u + Ζω) = — &"*t?6y, 


from which by logarithmie differentiation and writing u — — o, we find 
Gu 
UST 


Recurring now to the pocket edition 
_ G(u-- 0,)6(u—a.). 


Ld Mere Gu Ow, 
` From the definitions at the beginning of this paper 
gu me FES, 
' 80 that ig Br 


which is the simplest form of a ne N function. .In. the second note . 
was deduced the equation (Pu) = 4(pu — ει(ρω — en — 6), 
and on comparison with the above 
- E . i p 
The sigma-quotients have not the same pair of fundamental periods as the 


sigma-function itself. But while 
Gu has the quasi-periods 20, 20! 


ὅν has the periods |^. 9o, 40! 
ὃν mn u 4a, 20 | 


Gu — 


+ 


. l ‘ 
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This is shown in the following manner. It will be-noticed that aside from 
exponential and constant factors, the function 6,, 6,, 6,, are formed from Gu by 
increasing the argument u by the half-periods o, o" — o + a’, o’, respectively. 
If we write v=ro+tro, Vom + ry 
instead of | w = πιδω + mW, 
-it is evident that w and w will only then be equivalent when both v dud 7 are 
even. We have then 

6(ω + 2w) = eGu. C+D). 

G(u + w) = e6 (u — ο) ον" = —e6(w — ue, 
and, writing u = 0, GW = — G (w), or e = — 1 when either r or 7’ is odd. If 
both are even, then w=wand 6w — 0. To determine the value of e in this 
case, OPE both sides according to powers of u 

us +H êt... = ew. στο +. 

and s= + 1 UR both 7 and η’ are even. Now the formula 

EDU HAH 1S +r47 
is only even when both » and 7’ are even; we can write therefore, 

6 (u + 210) = — (— σπα Gu. ert) 

6 (w+ a, + 20) = (— AST ****.6(u + ω er teat) ; 

| but, from the definition G (u + w,) = e". 6,u. O0, , l 
whence, writing for u, uw + 2w 

G(u + o, + 20) = erate, (u + 2). Φω,, 
and, equating the right-hand members, 

6, (u + 910) Ga, = (— 1)7 tPF 6 (τι + ως) P" t vet ms (o + t0) 
or, writing u — w for u .. | 
6, (u + w) Ga, = (— 1) ÉTÉ G (u — 10) e Taia) + Fiu, 
a = (— IT rr Ce Ein, | 
and for u= 0, since 6,(— w)=6,(+ τὸ) we have for the determination of v and 1”, 
1—68 (ba Ng) + Gr er hr) 








For the case a= 1, we shall have % = rn + 1^5/, T= vo + rd, Ma 5, 9,77 0, 
and ] — e rene) + rr Hrer det 


But dom = + À 
whence €, (u + 216) = (— 1) +", Gu. (u+ το). 
For the ease a = 3, we shall have 

M= N, o, — 9', 2 (xo, — qw) = ν(πω' — y/o), 
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‘and f &(u + 918) = (— 1) +r Gu „ut, 
and likewise .. G(u + 910) = (— 1)7 Guen 9 ; 
so that ` G(u+ 2) _ το. 
- δία }-2υ) — ο zu 
Gu 2) ος σι δν, i 
τ; O(u--2w) : Su | - 
. Gut 98) ^ Ge . 
- O(u-J-2w) Gu 


In order therefore that 2415 = 2(ro + γω) may be a period of = we must have 
(— 1yr*ri-1, or or +r+1=even, r (7 + 1) — odd, that is » — odd, r— even, 
so that 20 = 2mo + ἀπύω', where m and m’ are integers. In like manner, for 
a=3 we shall have 210 = di πιω, and for a = 2, 20 = 4mo + Am'o 

. " The relation will now be shown between the sigma-quotients on the one 
hand, and the notation of Jacobi and Abel on the other. The Jacobian differ- 


+. equation is _ (Z= =(1— æ#)(1 — Fa). 


“ . In the second note, p. 267, we had 
(guy = 4(pu — en — e)(pu— a): 


Oyu 
or, since ma (a ο η ο 3, 
= o 9. 0,u.6,u 
Fa: Gu.Gu.Óu ` . 
6 : 
Writing now for convenience — Sum E = = £,,, etc., the last equation becomes 


2 «di, 


= Ex Ea Be — — (s — &)£,. E de — ἔμοξιο- 
For u = 0 ie functions £ satisfy the conditions 
| £o = Ἔα 0, E, M 1, Ew = =o. 
From ο pumas (δα), ami 2,8, mh m 
‚we obtain m Giu— Gu + (e, — 6)) ys = 0, 
Gu— Ou + (e, — οι) *u = 0, 
-Giu — Gu + (e, — e,)G'u — 0, 
(e, — e) Gu + (e — €) 6,u + (ex — e,)6,u = 0. 
‘The differential equations are then thus transformed 


(5 a) = e a= ha: 6-28 
_ [A+ (ει--- ἐμ) PG (6 —6)6] 
22 --ϱ) οἳ | 
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or . es fu) = [1 S eX) 1 = oe AET 
and similarly -- E ar [1 — £, Jle. — e, + (e — e)£,], 


be) = [E — &— «d + €,— ^ 


and, in general, the "Ek functions 

- Gu 1 Sm . 1 G,u 1 Gau 
Gu' Van Ga’ Maca Gu πμ; ὅν | 

satisfy the same differential equation 


(G)=a- oda QE) 
In order to compare these.with the Jacobian differential equation, we havé only 
to write | 
























































Ve — = Va eu, el 

Cu — Ελ 

whereupon 3 ane enu __ sSn(Ve—e,.u, k) 
VET NT Cu Va ο, - N'a — ἐμ | 
and in a similar manner all the iiie sigma-quotients are produced, 
Ou 1 Om ps (Wa— eu, k) 
Im re um (We — οι CUT 1) | cu Nas ^m (Vaa. ES 
Gu | Gu dn (Va — e.u, k) 
gu en (Va 65. y ks) BE quo VA aU Tiu i) 
Gu | Osu ot 
Gn = dn (V4 — 6. u, ke) pu MA T ασ b) 
u ‘ — 6 

eu sn coam (We, — &.u, k) Gu er ztn (Ve — e.u, k) 
Gu -- 1 d οκ a $ Gyu > 1 
Gm 7 Va 08 coam (Me — ez. w, k) Ou nd eut 
G Ste 1 
εν „A coam (Ve — vw, k) ELE 


Oy — A &— & a Gu  en(Ve—œu, k) | 
coam (Ve — e.u, k) = am (K — Ya — e.u, k). 
Abel writes (Oeuvres, t. I, p. 265, nouvelle édition), l 


oa (1 — ey FA) + EP)’ 
r= ĝu, Μ1-- er -fu, Μ1- x = Fu, 





i 
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comparing which with the Weierstrassian nótation, 


| nin fae aS, 
if only ; ae, —(&O-—«)-—e. 


As regards the MCN of Jacobi’s K and Κ', it is to be noticed ais as 
' usually defined by. the equations 
K= h > rn K= dr E 

° VISSENT SREE?’ 0 VIS 
the valués are only unambiguous when the path of integration is fixed, it being 
generally understood that the path of integration is the straight line from Ὁ to 1. ' 
Corresponding to this we have, e. g., 

K —^/e — εε(ω + Apo + 300), - 
where the determination of the pàth of integration corresponds to the ολο 
of choice of p and g. Commonly we have p=q = 0, and 
Κτωνέι--ό, Ki=oNa—%, 
‚and then 2a, 2o! form a primitive BE: for the function p(w, 91, Js), and, 
if we write as before © + & = o", or SL a, then is dore €, $$ = 6, 
Pig = 6. 
| The functions Gu, Gtt, ὅμι, càn be €— as an infinite product of the 
. same form as that for Gu by writing | 
. w= (2u+1)o+ Ἅμω, w= (Qu 4- 1)o + (30 - 1)o!, w= 2uo + (Qu + 1)w?, 

where u, μζ-θ, +1, 2: 2,... +œ; namely, | 


c 
Gu = e^t To (1 = ~) gut 





lut 
3 ολ 


But these functions are also representible in the form of singly infinite products, 
As an aid in transforming, Professor Schwarz makes use of the following table. 


When the argument u assumes the values u +o, u + o,- u + a", then the magni- 
npn : | ; | ee: vl 
tudes v = zo z= ec", 2yov, "| assume the values in the table, where c =- , 
h= e” | | ἊΝ | | 
ud o ~ ute" 











u 

adi M 
κ std vog 
z d h.z ihig 

















err? | free? que ο" ges? ett πι gie quu obo” Si hg 





i 

91 

With the help of this table the infinite product for Gu on page 261, Vol. VI of 
this Journal, can be transformed as follows: Developing 
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(1 — Ar) — Hg) = 1 — 2K^ cos = + 1" 
one 1—cos— = 2 sin? — 
i 2w 
1— W2)(1— Aa?) = 1— 299 + Ah sint EE + 1 
ω 


— (3 __ pny In gig UT 
= (1 — Ar) + 477". sin 25 


9 
= a iy 114+ Ges) . ο un 
uk EE v! 


R—h"/" 
. > πί , 
= 1 sin.n — : consequently 

w 





"m sin? II | 
(1 e (1 — Ie) = (1 — jy | m 


A0 


sin*n ee | 
w 
Spr ul lcs Le ?, 
. π 2i ™1—h*™ 1--}7 
which is the desired expression for Gu. Since further 


and 





— m , Oluto) 

| E RUE UE | 

we Obtain by the assistance of the table the analogous expressions for 6,, ©, Θα; 
namely Guo". con unl, cos (nz — v) x 





gi II cos (nt + e) z eri 
COS ATT ᾿ . οβητπ 
1e ns Pep 1+ 127? 1+ N^ 
- 9 IL, 14 A?» 14h” 
2n in 
=e" COR on. πο πα 





(1+ y | 
Gyu = eo TI, (mnt 


— vri cos ((n—4$)t+)z uni 
eos (n — 4) ex EL 
— amo qp μα 











cos (n — 1) cz p 
1-W-12 
1— ket Or Τρ 
Z ges gy l + 2A- cos Qua + hin—? 





(1-4 My : f . 
D arr sin((n—4$)r—v)z κ; τς sin((n—43)cz--v)x gri 
Gum mts Ts ae. 6 | mer 
1— krr TRE 
]— Am-1 TL, 1— A" 
— gpt qy L— 287 7. cos 207 + hir? 
eg LE A Ami : 








et IL, 








i HO 
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Analogous to the-expression for Gu at the bottom of p. 261, we have 


IET. 
me un Sn 2w 
Gu = e*.cos-> . Il, Bc A 
: ; cog? n — 
x . g UT 
ra EE) 
Gu = e®.IL,| 1— 
1, on 
cog! (n — 5) — 
. g UT 
7 gin? — 
zu 2w 
Gu = εἲν TI, | 1— 7 
2; a, on 
sin? (n E 


In the normal casé we shall have o real and S 2 imaginary, ε and therefore 
none of the quotients under the product: sign can ii the en unity. ne 


functions’ Gu and Gu disappear accordingly, only when sin x and cos x 


respectively vanish. The Jacobian functions CS a a are analogous, the first 


to the sine, the second to the cosine, while the third remains positive for real 
values of u. The Abelian forms LA 2) Ὅς, are analogous, the first to the 


— | 
tangent, the second and third to the ees 2 
The expressions for the root- differences and the connection with the S-func- 
tions are obtained in the following manner. Defining as above A = ον ™ =e 
and writing 


ls Ti (1 — 99), hia +), h= Ñ (1 me), h= Aa», 


3 


thenis —— h= ho. fu f; Thy dy lg =A. 
For . h= (1— P1 — a — hy. . 
= = (FALH RUHM), 


.(1—24)1—2)1—).. | 
and the proof is apparent. With the aid of these facts the relation between the 
periods and the root-differences is easily discovered. Starting again from the 





"E pocket-edition A pu— gu 6 (u +2 ce, u) 
` and writing u=o, v=o, o'— o--o', the equation becomes 
Gu. Θ(ω'---ω) - 


LOL μα Go Ow 


F 
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But noticing that © — o = o — 20, o'— o =a’, and that 











6 (a! — 20) = — 6 (— a" + 20) = — te, 
6 (a — o) = 6 (o" — > = 0g, d e 
the equation becomes | 
Gow" 
i e Go Go! 
And in a similar manner, writing τω, v=a+a’, we have, 
_ Θ(ω ἠ- Ζω) 6 (v) _ Gal N? oy 
| CER an (0 Fo Ow = Gw a) ! 
and for u = o", v=, Ἵν i | 
w 6 ω 6 A 
aom ζω] Gu! = Gw a) ee. 


But these formule can be still further simplified. From 
; 20 τὸ ur 1— h"? 1— her? 
I po . ) 
ou zo De H 1—A9 1q1—W^ 





we have for u = o 
2w œ „14A 1-17» 20 m hi 





= — ¢ ? J] ——- = . 
oe RC CRIE x cM 
And similarly Go! = LR ad DA ËL hi h 

SER . a hy 


Gol = PE 2 
The expressions for the root-differences become then | 
()6-9- = FUR 
Een jus 
πώς. 14.4, 


where % = gs. and hy, Ai, ha, hg, are defined above. In accordance also with 
previous definitions for the k and # of Jacobi, 











| à (LER AIL A9. .]* 

aot = aeh EEE | 

pie a A n — hy — Ry — M). . à 
&$—6 CHANT δα 3)... 


The four sigma-functions are now expressed through the functions 9 and ©, as 

follows. The infinite product F(z) =T, (1 — A*")(1 + 19"—!2-7*)(14- A?^—!z*?) can 

be expressed as a power series of z? which converges for all values of z except 
Vor. VII. 


À 
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z — 0, so long ash<l. This is plain from the following identity, 
H, (1 — KP + Ra) (1 + A712) | 
zi À(g- IS) +A (e+ 2%) ) 1 (95 κε πον 
The development of the sigma-function follows at once, since 
| hj. ho. Giu = e. F(z) and A / Va ο 
^ We have then 


δω y = a : 
VT N'a— es. Gu =e F(z) — et Eh" p 





δω, προς m AIL = "nr in 
VE ya a Gu m À Pe = & σε) ην) 

20 «ταις y ο πε. 

= See. Gu = οἷς BF (cht) =e® XR a 


af fa PN, ae. A 88. Su = 3 οἳν Ts. F (jah). 
It will be remembered that Cry ὃν & are the roots of the equation 
| 4a? — g2z — 9 — 0. 
The discriminant of which, squared 
279 
EEE α, 


ΒΟ that JE 2w HA = τον 3o ht ϱ F (hz) = — du Σί-- 1) jore gui 
n=0, zl, + 2. . +, 


uri 
à Y 3 rt 
g=e™, A= ον 
The expression for Fz becomes, since’ 


NUN di 


gi" + ar 2 cos — 


Fe) =1+ 2h cos + 2h‘ cos ΤΩΝ 2A? cos a+ BER 
which is the 9 series of Jacobi (Werke, Bd. I, p. dir Weierstrass defines the | 
ὁ functions as follows: | 
FE 1y ont am +1 — tib ein vn — 2M sin 30n + on* sin bua... = ìà (v), | 

a tees 2A cos on + 2À* cos Son + 24% cos vx + ... = 3, (v), 
Xv 1+ 2h cos 2vzt + 2hicos Au + 2h? cos 6vze +... AU f 
26 1)" An^ = 1— 2h cos 2n + 2h* cos Avr — 2h? cos bon +... = 3 (v), 


᾿ ) 
4 £ i ri z 5 
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which agree with Jacobi's notation when vm = a; h=q. Hermite writes 
Σ F 1)™e ir [am + Dee (im +) - — = b, (©) 


=0, +1, + 2, .+ 0. 
If now we define the ας © by the equation 


9, (u) = rl); u= 2ωυ, 
then the four sigma-functions are thus expressed through Θ, 
2w à eo? zm 
Eros meth (n 2) 20.0.0) 
δω .,—— À CER. 
VEN Gu= e 3 (v, 2) = Q (ù, o, a’), 
Ζω 647 ϱ a ω 
| VV e,. 0, u = pe Sv, —) = SNO, a’), 
CES | | 
VE N'e— δι. 6, wu — em 3 (v, =) = Gu, o, v), 
where again Ὁ = = By developing according to powers of v, and comparing 


we have . Co 8 1 ) 
Ve VE uS (0) = SM (1 3h + SM TRE LL). 


δω yu ^ LEE MIR ME.) 





EIN en 3,0) 14 oh + 985 4- 229-4... 





| Je (0) -—1—2 2h — 2M + . 
From these spring the following equations which become useful in computation : 
© $,(0) = 23,(0).3,(0).3,(0), (0) + 9$(0) = 34(0), | 


ο ο 
| E +34(0)), ο. 














Qo 2A -- ont oe... 9 "e 
Ve= . NM 6, — 6, το Vat (2h + 210 + 229 +...) 
a 1-4-2h4-2M --2M 4-... 2 
VET Ne — 6, Vet Αν € — 6, a t anne us U J 

a! 
Ve—e, ο (0, 2. 24 LAE WEL . 





ΓΙ 


ecc (ο 2 MILD 


t i | m | | 
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αν Sy M wy | 1—2h4+ 2h! ο... 
ay US oe ων 1+ 9h+ 2+ 215 +. 
ϑι(ο, 7 | 











` We define - : | of 
pa μμ Sex —6,— N eae = 2h-- DWP +... 3 (0, fa 
TIFE Nast ee  i-2h--9Nt-4.... 7 

| "e 47) 


which i is identically satisfied by writing 


l DI +2) HG) HG y. i 


These expressions for | and À make the toimputafon of the period 20 or of 
Jacobi's K very easy. 

Th explaining more at length the. methods employed for ne I cannot: 
do better than to give them with scarcely any variation from the’ words of that 
most genial expounder of Weierstrass’ theories, Prof. Schwarz. When the three 
roots ¢, &, &, are once known, we can, by the aid of the formule just given, 
not only compute with the greatest. ease the two periods 2o, 20’, but we can. 
also express the sigma-quotients through such 3 series that the argument A shall 
have the smallest possible value, and the series converge most rapidly. This 
last end is br ought about by so choosing the order of magnitude of à, &, e, that 

i I= Α/ on — 6, — N 6. — ἐμ 
T A à. — 6, + N'a — 6μ 
which is used in the computation of A shall be as small as possible. Of the 
several cases which present themselves according as the invariants 4, js and 


τν the roots εἰ, €, ej, are real or imaginary, I shall discuss here but one, where all 


are real. The roots will be real when the discriminant G = (g8 — 927g) of 
the cubic equation 4° — gs — g, — 0 is positive and g, and g, real. We then 
assume 62626, and all the radicals positive ; farther 4 — 1, u= 2, v — 8, 
whereupon | | 











ν — t 6, — € K Kn 
A^, gn 0 ὡς “πε 
&—6 &4—6 NVa—e δ Μα--ᾱ 
Ga, 1 G! ws . i (0g δν : 1 μαι. 
δω Gog Fy" EE u 
_ υ EE o τ ca 
v= 2 n= pu where à; Ἔν ee hıh, are positive. . 


For the computation of the periods the following system-of equations is used: 


"EAE ο ο ο 


| Ù 
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E 2 _ 4 18 | mi. Vs d . 
PES r (1 + 2A -989--...), e,— — log. nat. —, 
ν ee pes h 
πὶ O1— 8L δῆλα. PE... 
6 ISLE SN TPL. 


ο rS E REN 











2510; = 





— Ll 4 
1 mO — UN — 3 70, 





Ne er 142+ t+ ot... 
VETT peers 1— 2h + 2h'— MH... 


ν᾿ AG =. M(1— 835 + BA T+...) 
7 toy 


For the calculation of the sigma-functions we shall have 





2 YG. Gu = em S, (v, τ) 
κά. A G— 65. On be ner? ES (v, T) 


Dh See. Gu = Pr S. (v, T) 





N'a — &. Gu = e? ἃ (υ, τ) 
(v, v) = 1— 2h cos wr + 94 cos 4un— 33} cos bua +. 
S; (v, τ) = 214 sin on — 2h? sin 80x + 913 sin bon — . .. 
(v, v) = 2À* cos υπ + 2h* cos Ben + 2h * cos bum d... 
Ss(v, v) — 1 + 2^ cos wr + 2À* cos 4vzt + 2h? cos 60π + . . | 
If, however, we have to choose A=3, w= 2, v= 1, the equations become 


p αμα, Tr x) +160(7) +. 


Uu d 2A (1 + 14 -Γ M+ AP +...) 








NJ ee em 1+ 92h, + 223 4- a+... 


2g 


A66 = 1 — 2h, + A — 911 +. 





APTE = T (1 — Bl 6M — TAP +...) 
m Wg CR i 


| | 
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/ E 1 .—À1N 
208 YT Gu — Lp ΜΉΝ D (os, =), 
πε -4 T 
204 4 RER o . —1 
N D c newt Sy (vi, E). 
+ Nn 2 
E à va 6. Gu = = gri 13s (οὐ, —) ’ : 
Ὅως. 4 — 9: . —1 
vu Se — a. Ou = d^ Pm ὃ, (οὐ, —). 


T 
ὃν (oi, =) = 1 — (enr + g7?n7) + AE et) Mer 4- 67907) + 
3 (ni, =) = Men — em) ht (one em) p em etm) Ls 


T: 

ὃν (οὐ, = = κ (er + =) + A (eme Te" x3 ert στόν") +, 
| Is (ms, =) = = 1 + hy (dir + du Lo pier Sy + m (mk e tir) i 
When & — E 36 — e, that i is, ὥς <0, thenis | Fa; 
>W2— rt « /2—1 
rn hZ oc and ἐς LT 


τον When gs is positive, that is &<0, it is advisable to use the formule for A and J, 
` otherwise those for ἦι, 4 will be found best, because in the first case we have 
h< h, in the second AR. _ | 
= For the calculation of the elliptic integral of the first kind i in the Me 
form, Professor Schwarz throws the necessary formule into the following shape 
i Among the values of u for which pu=s, there are, in consequence of the 


«s uncis 
h=e* 
» 











equation, - . Glu + Ζω) _ Osu 
Glut 2) ^ Gu 
always such for which the real component of Vach 1— is not negative and conse: 


quently the modulüs of i - 
N 8 — 6. ER στη ο. δ OAM 86$ —- A 6&6 O,(2u, w, 4) 
A/ 6 — o. O416 + We — by. Gu A e — e + Va— ὁ, G(2u, w, 4!) 
is not greater than unity. The value of »/s—e, can be chosen at pleasure, after 
which the value of Vee can be so taken that the real component of 
l Met Wie : $ 
Vase .. | 
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shall not be negative. We then write 





Vaza Naa] NV &4 — 4.18 — 6 — A — ἐς. Ns— 6 








= lt 











N a— & + Va—a ' ' Mie — e. 8 — + V 6 — 6. M 8— e jn. 
LL TN 
rere 
uM CN E 
iij e tie 
when the equation 
= es 2 — M di 

= (V &— es + Ve— -- — Pl -- ΠΕ] 

2 - = 


in zb a. 24. Tu iie. 7 


determines such a value for u as satisfies the equation gu — s, when to /1—@ is 
given either one of its two -values, and to the log. nat. any one of its infinite 
values.” 

It is to be hoped that notwithstanding a few gaps in the demonstrations, 
this sketch has been elaborate enough to give mathematical students a clear idea 


of these theories in themselves and in relation to the older nomenclature of 
Jacobi. : 


A Memoir on the Abelian and, Theta, Functions. 


By PROFESSOR CAYLEY. 


CONTINUED FROM VOL. V. (1882), pp. 187-179. 


CHAPTER IV. Tee Mayor FUNCTION (x, y, 2) ^, CONTINUED. 


The Conversion, Fixed Curve a Quartic, Continued. Art. Nos. 74 to 82. 


74. I resume the question considered ante Nos. 66 to 73. ' The general 
problem where the fixed curve is any given curve whatever, has recently been 
solved in a very complete and elegant form by Dr. Nöther, in the two notes 
“Zur Reduction algebraischer Differentialausdrücke auf der Normalförmen ” 
and “Ueber die algebraischen Differentialausdrücke, 2° Note," Sitzungsb. der 
phys-med. Soc. zu Erlangen, 10. Dec. 1883 and 14 Jan. 1884. I consider here 
the case of the quartic curve, n= 4, and connect his result with my former 
investigations. 

We have the differential 

(£, y, 2 ^de _ Qude 


1 


012 ~ 012 


where Q4, or as I also write it Q (0; 1, 2; 3, 4, δ), is a rational and integral 
function of the degree (n — 2 =) 2 in the current coordinates (x, y, 2): it depends 
also on the parametric points 1, 2, which are points on the quartic, coordinates 
(αι, Yi: 51), (Se, Ys, %) respectively ; and on (p=) 3 other points 3, 4, 5 on the 
quartic, coordinates (zs, ys, 2), (αι, Yas 24), (Ts: Ys» %) respectively. The curve 
Q=0 is a conic which is taken to pass through the dps (none in the present case) 
and through the (n — 2 —) 2 residues of the parametrie points, and the function 
Q is such that on writing therein (αι, y, 4) for (a, y, 2) it becomes = (n. 11 193 =) 
4.192 (viz. we have Q (1; 1, 2; 8, 4, δ) — «.139, which implies also Q(2; 1, 2; 8, 4, 5) 











* d d d 
(trat) en y m) mnt. Bee No. 2 
Vor. VII. ` 


102 CAYLEY: A Memoir on the Abelian and Theta Functions. 


= 4.12%) 18ο defined, the function would contain (p=) 3 arbitrary constants, 
but these are determined so that the curve Q — 0 passes through the 3 points 
3,4, b on the quartic: and the function Q, = Q(0: 1, 2: 3, 4, 5) is thus a com- 
pletely determinate function, rational and integral of the degree 2 in the coordi- 


nates (x, y, z) of the current point, and rational in the coordinates of the other . 


five points respectively. I call to mind that 012 denotes the determinant formed 
with the coordinates (x, y, 2), etc., of the points 0, 1, 2 respectively: the like 
notation is used throughout. 

75. The function Q(0; 1, 3: 3, 4, 5) is in fact the function o of No. 43 
with only the further condition in regard to the points 3, 4, 5 of the quartic; 
viz., Ω is the function determined by the equation 





(ον, z’ oQ =0: 
l(m,y a , 4.139 
2 (©: Yi Aa, Yas 2); 6.139} 
1 (25, ya; 25) ; 4. 128 
(25, Js: 2) ; 0 
(αι, Yar 24) = : 0 
(ας, ys: zy) ΠΝ 0 
this is of the form ο MO+0=0, 


and as appears in No. 46, Mis = 123.124.125.345. Hence writing 
U(0;1, 2; 3, 4, 6) for ΓΙ, we have 
nee __—"1(0; 1, 2; 3, 4, 6) 
-,, ο cas OTD ge ae 
Hence further writing Q, —Q(0; 1, 2; 3, 4, δ), = 071» 25 3, 4, 8) 


012 

the differential is Qdo, = Q(0; 1, 2; 8, 4, 5) do, we have 
— (ΟΙ 1, 2; 8, 4, 5) 
em = 913.198.194.135.345 ' 


whieh is of the form 0124345? i 
; Q= ——.1 = 0112345, 





‚so that 





01121345? 

viz, Q is a rational fraction where the numerator.is of the degree 2, and the 
denominator of the degree 1 as regards the coordinates (x, y, z) of the current 
point: but the numerator and denominator are each of the degree 4 as regards 
the coordinates of the points 1, 2 separately, and of the degree 2 as regards the 
coordinates of the points 3, 4, 5 separately: that is Q is of the degree 1 as 
regards the coordinates (x, y, z), but of the degree 0 as regards the coordinates 
of the points 1, 2, 3, 4, 5 ET 
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76. The ου μα of the € of quasi.differentiation 9 (applicable 
only to a function of the degree 0 in the coordinates to which the differentiations 
have reference) is explained ante No. 60, the function Q just mentioned is of 
the degree 0 in regard to the coordinates of each of the points 1, 2, 3, 4, 5; 


' andit can thus be operated upon by the symbols δι, 2, ds, Οι, Θε respectively. 


Observe in particular that we have 0,Q (0; 1, 2; 8, 4, 5) = 011 2345", viz., it is of 
the degree 1 in the coordinates of the points 0 and 1 respectively, but of the 
degree 0 in regard to the coordinates of the points 2, 3, 4, 5 respectively. 
77. This being so we may consider the function 
H(0;1,2,3,4,5;6, 7, 8) —0,Q(0; 1, 2; 3, 4, 5) 


" N τ 045 
+ 32(; 3, 2; 6, 4, δ) i5 
lh : ` 053 
+ dQ (1; 4, 2; 3, 7, b). 353 


| ο *ÀQ( 5, 258, 4, 8.25 
where 6, 7, 8 are arbitrary points on the quartic; the functions 
| 0,0(1;83,2;6,4, δ), 0,0(1,;4, 9,8, 7, δ), 0,0 (15 5, 3; 8, 4, 8) 
are functions of the same form as 0,Q(0; 1, 2; 3, 4, 5), and derived from it by 
changing in each case the current point 0 into the parametric point 1, and by 
further changing in the three cases this parametric point into the points 3, 4, 5 
respectively, and replacing the corresponding point 3, 4 or 5 by the new 
arbitrary point 6, 7 or 8. Further 045, etc., denote determinants as above ; 80 
that in H each of the last three terms is in fact as regards the point 0 a mere 
- linear function of the coordinates (x, y, z) of this point. ` 


We have 9,0 (1; 8, 2; 6, 4, 5) = 13'2645", and hence this function into E 


is = 01'23456°; and so for the third and fourth terms of A: thus each of the 
' four terms of H is = 01! 2345678", of the degree 1 in the coordinates of the 
points 0° and 1 respectively, but of the degree 0 in the coordinates of the other 
points 2, 3, 4, 5, 6, 7, 8 respectively. 
Nóther's conversion-theorem consists herein, that the function 
i H(0; 1, 2,3, 4, 5; 6,.7, 8) 
is unaltered by the interchange of the two points 0, 1; or putting for shortness 
* | H(0; 1,253, 4, 5;6, 7, 8)= Æ (0), 
the theorem is : . #,(0)= F,(1). 
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78. We have No. 59, 





ἐθα or: 02 -|-0172.012*-1-012. B3. oc 
Da. 012.17 | UT 
or as for greater simplicity I write it = 0°12, 


viz. 0712 is now written instead of {0°12} to denote the function just given as the - 


value of = s : Oy is thus = 2.012.0°12, viz. this is a particular form of Qu 


satisfying the conditions that Q,=0 is a conic passing through the residues of 
the points 1, 2, and such that Qu on writing therein (αι, ji, %) for (v, y, z) 
becomes — 4.12: hence the general form of the function satisfying these con- 
ditions is = 5.012 10712 + arbitrary linear function of (x, y, z)}. The before- 
“mentioned function Q(0;1, 2; 8, 4, 5) is a function satisfying these conditions 
and the further conditions that the conic Q — 0 shall pass through the three 
points 3, 4, 6 on the quartic: these further conditions serve > to determine the 
linear function : and we at once obtain 
2(0; 1,2; 3, 4,5 045 . 053 084 
pM om ) 2 012 — 3123 ae — #12 5 — 92. 
viz. the value of Ω given by this equation, on writing therein 0 — 3, 4 or 5, 
becomes as it should do — 0. 
79. We thus have ὟΝ ne "T 
Q(0; 1, 2; 3, 4, 5) = 012 — 3125/5 — 41275 — 2 


and Nóther' s conversion-equation becomes 


045 053 - 034 
3 2 $ 
ιν g— 412 mu 
164) 045 
399 — B? ο 2 — K3 m. 
+a 1°32 6351 23255 T4 $45 
κα 1349 — 3342 — πο EN NE > 


375 753 537 
= 183 134 
2 3 3 3 
1752 3923 4°52 83 oes Baaj 


53 — 


+, 





453 53 saat | 

" 056 064) 145 
9 3 2 2 

+ δι] 0°32 — 6°32 075 — 12325 -- 531 πη]; 


en -053 037 
8 3 i 
9,1 0°42 — 378 μας cO |. l 


048 034 
3 3 3 3 | 
9,1 0365 — ~ 3162 sig 4527 ENDAR 


| 
[ 
| 
=al 102 — 90277 4021 
| 
+ad 
+30 
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an equation where the functions operated on with the ðs are only, functions 
such as 0°12; for there is not any determinant operated upon which contains the 
number which is the suffix of the 9 which operates upon it. 

80. Taking all the terms over to the left-hand side there are in all 32 terms: 
but of these 3 + 3 destroy each other, and 6+6 unite in pairs into 6 terms: 
_ there are thus in all 7 + 7 + 6, = 20 terms: viz. multiplying the whole equation 
by 345, it is found that the equation becomes 


or as this may 


be written where 
345( ð, 0°12— 9, 1°02) 345 1012| . [012 | = 0, 012 — 9, 1309, etc., 


—045(—0,1?32--0, 3912) | — 045 312} 
—053(— 0, 1°42 + 0, 4*12) — — 305 


—034(— δι 1359 -+ 0, 512) — 340 


—146( 0, 0°%32—0, 3702) | — 145 | 032 
—153( 3, 042— 0,402) — 315 
—134( 0, 0?52— 0, 5°02) | — 341 | 052 
+013(— ð; 5°42 + ð, 452) + 301 | 452| 


+014(— 0, 3352 + 0, 5°32) + 140 | 532 


+015 (—0, 4339 +3, 342) + 015 
= 0, | = 0, 


viz. the equation is SE 345 = 0, - 


‘the nine terms which follow the first term 345 of the sum being obtained 


by the interchanges of 0, 1 (one ór each) with the 3, 4, 5, each interchange 
giving rise to a sign —. ts 


΄ 
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81. In obtaining tlie foregoing result, we have, for instance, a pair of terms 





à, 5°42 ΞΡ, —Q, 5742 OE = 0, 542 (— 013); 


537 z 537 
viz. this depends on the equation | ; 
137.053 — 037.153 — 537.013 = ο, 


or say — 137.035 + 037.135 + 013.357 = 0, T 
an identity which, in a form which will be readily understood, may be written : 
0187 [ο 
det. 13786 | 








Similarly the two terms which contain ὃς 452 combine into the single term | 
‚ Oy #62(013): and the two new terms taken together are 


013(— 9, 543 +2, 452). = 301 [452]. E 
82. The proof of the identity, l E er 


sc 345 [012] =o, 


ΠΝ on ili property of the function - 


, = à, 012 — 8, 102, 


enuntiated No. 67, and zr à posteriori by the tedious calculation Nos. 70 to 73, 
viz. in No. 67, writing 2 in place of 3, this is:—0, 0312 — 9, 103.16 equal to 
the difference of two functions, the first of them linear in the coordinates (x,.7, z) 
of the point 0, but depending also on the coordinates of the points 1 and 2; 
the second of them linear in the coordinates (m. 3 yi, 4) of the point 1 but 
depending also on the coordinates of the points 0 and 2.. Or what is the same | 
.thing the property is | 


012 | = Agr + Bay + Cie — T + Bay) + Ca) 


where Ap, By, Cy, are functions of (αι, γι, 4); (ts, ys; %), and Ag, Ba, On are 
the. like furictions of (x, y, 2), (£a, Yas 2). 


Substituting such values in the sum 5 + 345 , but writing down only 


the terms which contain x, these are 


AA) :. :.᾿ ΙΙ 
— 045 (Απ — Ag) — 146 (45% — Αμα. + 301 (Agr, — μαι) 


— 305 (At, — Αμα) . — 315 (Age — Αμα}: + 140 (Agas — Agra) 
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This is = Anl m345 + 25145 + 24315 + 2,341). 

+ Αμ( 2345 — 2,045 — 2,305 — 23340) 

+ Ag( 0045 — w 145 + 25140 — 2,015) 

+ Ag (— x 315 + 25015 + 2,305 — 2,301) 

s As (= w341 + 24301 + 23340 — 2,140) 
where the coefficient of each of the 4” is identically = 0: and similarly a 
terms in y and the terms in z are each = 0. We have thus the proof of the . 


identity - X 345 =o, | 2 


that is, of the conversion-equation H,(0)— B. 


The Syzygy— Fixed Curve a Quartic. Art. No. 83. 


I revert to the theory of the Syzygy, ante No. 59. 
83. We have. 


, 045 053 034. 
. 4 m — 98 3 2 
Q(0; 1, 2; 8, 4, 5) = 012 MISE — #12 Fes δ 12 η 


‘or if for convenience we take instead of 1, 2, the parametric points to be a, B 
coordinates (Sa, Yas Za) and (αρ, ya, Ze) ΤΙ then this equation is _ 
== 034 
9 Ἔα —— — Haß -— 
Qua — Q (0; a, 858, 4, δ) = 0a — -3'a8 € 4 ag 3 5a ab isg 
Considering a new parametrio point y, and forming the is ως, Qe, and 
Q,. itis to be shown that we have identically : 


Qag + Qs, T Qu = = 0. 1 
To prove this observe that in the equation at the end of No. 59, A,p,0, Τ᾽ 
denote 123, 023, 031, 012 respectively. Hence writing therein a, 8, y in place - 
of 1, 2, 3 respectively, & and putting A, B, O for the coefficients (including therein 


the faetor =) of p, σ,τ respectively, the equation is 


0*8y + ya + Las = A. 08y + B. Oya + C. 0a, 
where A, B, C are absolute constants (functions; that is, of the coefficients of 
the quartic) each divided by (αβγγ. We hence obtain 


(Osr + Qua Qu).345 = 345 (4.087 + B.0ya + 6.0αβ) . 
: '— 046 (4. 38y.4- B. Sya + C. 3a) 

— 053 (A.4By + B.4ya + C.4af) 

— 084 (A.58y + Β.ὄγα + C. δαβ) 
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and on the left-hand side the whole coefficient of A is = 0; viz. this coefficient 


0345 © 
has the value det. 0345By |? 


B is = 0, and the whole coefficient of C is = 0: and we have thus the required 
result | Qs, + ya + Qs = zm 0. 

The syzygy is thus obtained in a more perfect form than in No. 59; viz. by con- 
sidering (instead of 0’a@) the new form Qg, then instead of a sum which is a 
linear function of the coordinates (x, y; z) we.obtain a sum = 0. 


which is — 0. Similarly the whole coefficient of | 








The Fixed Curve a Cubio— S, yzygy and Conversion. Art. Nos. 84, 85. 
84. In the case fixed curve a cubic (see Nos. 58 and 64) the analogous 
formule are 
139.098 + 153.051 
3 Q(0; 1, „nungen, 


that is ` |. 012 123 

5 Q(0; 1, 2; a) =i, = 55 i5 10125 — 11231, 
where 1, 2 are the parametrie points: 3 any other point on the cubic: the 
brackets $f} are of course here necessary in order to distinguish {012} from the 
determinant 012. It will be remembered that {012} is an alternate function 

{019}, =— {102}, = 11201, etc. 

If instead of 1,2 we take the parametric points to be a, β, coordinates 
(Bas Yar Za) and (αρ, D %) respectively, then the formula is 
! --Q(0; a, 8; 8) = {008} — {3a}. 

Hence taking on us MR a new point y, coordinates (ay, Yy 2 z) and forming 
the functions Q,, and Q,. we have | 
Qu Qu + Qu = Oy} Eyed [098] 

Ä — {38y} — i3yai — }3aß}. 
But by the formula No. 58, {0βγὰ + f0yai--10a81 = taby}; hence also 
$38y} + $3ya} + f 3aß} = faßy}: and we have thus : i; 
Qo, Q,. + Ves 0, 


= 012 — 15012 ο. Νο. 40), 


the syzygy for the cubic. 
85. For the conversion, the definition of H is 
H(0; 1, 2; 8, 6)=0, Q(0; 1, 2; 3) - 
| ` : +9 Q(1;3, 2; 6). 
viz. this is H,(1) — H(0; 1, 2; 3, 6) —0,($0121 — {128 2) 
| +a(f132}— §3262), | 
= 9,5012} — (9, + 9,)$ 123] — 9,1326]. 
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which in virtue of (0, + 0, + 05){123}= 0 (see No. 63) becomes 
H,(1) = 9,1012] + 3 {123} — 9,3326}. 
Interchanging the 0 and 1 we thence have | 
H,(0) = 9,1102] + 0, {023} — δι § 8361. 
Hence the difference H,(1) — H,(0) is i | 
= 9, {012} — 9,5102? + 9,1123] — 3 $023}, 


viz. this is = (0, +9)$012} + 3 ($123} — 12301), 
where the first term is = — 9,0121 and the whole therefore is 
= 0, ($ 128} — {230} — 10121) 
Us — ð, $301}, 
in virtue of 11231 — 12301 + {301} — {012} = 0, and is consequently = 0. 
We have thus H,(1) — H (0) — c, 


the conversion-equation in the case of the cubic. 


CHAPTER V. MISCELLANEOUS INVESTIGATIONS. 
The Differential Symbol do. Art. Nos. 86 and 87. 
86. The definition is | 
yde—zdy _ dm — xdz | zdy — ydz CP 





dcm pe ας 
da dy dz 
and it hence follows that we have 
dz, dy, dz 
D, Y, 
do = À, Hy, ν 


d d df ' 
deiet 


where (A, u, v) are arbitrary constants, or if we please arbitrary functions of 
(x, y, z): viz. the expression just written down is altogether independent of the 
values of A, u, ν: and is consequently equal to the value obtained by writing . 
any two of these symbols — 0, that is, the expression is equal to any one of the 
foregoing three equal values of do. The expression was first given by Aronhold 
(1863), in the mémoir presently referred to. 

It is to be remarked that considering (A, u, v) as the coordinates of a point 





the denominator 2, af d; + y +v d j; equated to 0 is the polar Co 1) thic of 
the point A, u, v in pito to the fad curve. 


Vor. VII. 
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If instead of ^, u, v we write bc — be, ed — da, ab — αὖ, where (a, b, c) 
(d^, U, ο) are constants, then the numerator is. = (az + by + cz)(a'da: + δ! dyy + c dz) 
— (ax + by + ez )(ada + bdy + cdz), or introducing p, σ to denote the arbitrary 
linear functions ax + by + cz and «x + by + σα respectively, the numerator is 
= pda — odp: moreover, observing that a, b, c and a’, Y, d are the differential 
coefficients of p, σ in regard to the coordinates (x, y, z), the denominator is 

— J(f, p, σ); and the value of do is 
| doa pda — adp ; 
| J(f, p, o) 
where in accordance with a previous remark, the denominator equäted to 0 is 
the polar (n — 1)thic of the intersection of the lines p — 0, 0 — 0 in regard to 
the fixed curve. 

Obviously by taking for p, o any two of the three coordinates x, 9 2, We 
reproduce the original three forms of do. 

87. The last mentioned form of do suggests the expression for this symbol 
in the case where the fixed curve, instéad.of being a plane curve, is a curve of 
double curvature defined by two equations f= 0, g — 0 between the four: 
a (x, Y: 5) w): viz. p, σ being now arbitrary linear functions: 

ac + by + ez + dw, and ax + b'y + σα + dw 
of the four coordinates, the expression is 
dau pdo— odp | 

JTF, 9s Ps a) ` 
and by taking for p, c any two of the four coordinates x, y, z, w, we have for 
. do six values which must of course be equal to each other; it is easy to verify 

à posteriori that this is so. . i 
In the case where the curve of double curvature is not the complete inter- 
section of two surfaces, the denominator (regarded as the Jacobian of the curve 
and of the arbitrary planes p, σ) will have a definite meaning, but what this is I 
do not at present consider. 

The last mentioned expression for do will be applied further, on to the case 
of the uL -quadric curve y} +e = 1, 2+ 3? — 1. 


— Integral Formule. Art. Nos. | 88 to 90. 


88. In what precedes do has been used as a single symbol to denote: any 
one of the equal differential expressions 
+ ydz—zdy _ zde—ady _ «dy — yde 
ου Ημ "NC 


d 
dz dy ; dz 


? 


Cue: A Manor ou the Abelan and Thea Puntom: C d 


there is no quantity o. These expressions are of the order — (n — 3) in the . 
coordinates (x, y, 2), and since (x, y, z) are as to their absolute magnitudes 
altogether US (only their ratios being determinate), a symbol such as 


fe =f" "E i 
would, erii in the case n = 3, be altogether ERE m fact the integral 
would be od i d 
| EN AT 
00 Te.» «659 


where = is by the equation of the fixed curve zen as a function of z, but 


the other factor 2*~* is an absolutely indeterminate variable value, μιά the 
expression is meaningless. . 


But we have integrals f Qdo, where Q is a homogeneous function of the 
order n — 3 in the coordinates (x, y; z); and in particular we have such integrals 
where (corresponding to the forms which present themselves in the differential 
pure and affected theorems respectively) Q is either a rational and integral 
function (x, y; 2)*"°, or a rational ‘and integral function (x, y, z)*? divided by . 
a linear function (x, y, z)': for in every such case the form of integral is 


d oe | 
soc | 


where = is a given function of a and the factor of a(+) is thus a mere function 
of z. More definitely, in the integrals f Qdo which are considered, Q is either 


a minor function (x, y, z)" ^, or it is the-quotient of a major function (a, y, z)is ” 
by the linear function 012. 

. In the case n — 2 there is no rational and hiesa function (x, y, z)^-?, but 

- the function may be of the form belonging to the affected ed unity divided 


by a linear function. (x, y, 2) ; or gay the integral i is fz Erz where the 


(v, y, z) are connected by a quadric equation (α,.. .ἴα, y, z} = 0: it will be 
shown presently that this integral is obtainable as a logarithmic function. 


+ 
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| In the case n = 3, we have the rational and integral funetion (α, y, 2), 
= a constant, or say = — 1, so that there is here an integral do: we do not call 


this o, but introducing a new letter, say u, and fixing at pleasure the inferior 


we 


limit of the integral, we write u = Sa do. 


89. In the foregoing form of Qdo, so long as we retain the symbol do, there 


is nothing to show what is the variable in regard. to which the integration is to 


be performed ; we. may for instance writing 
3d | — 
vay) 
= 
a € 


make it to be 2, or in like manner to be any other of the six quotients. We 


thus cannot Ber a value to the inferior or superior limit of such an integral, 


but we may take the limits to be each of them a point on the fixed curve: for. 


. instance if 1, 0 be points on the fixed curve. then the integral 1 Qdo, means the 


integral taken from the value at the point 0 to the value at the - point 1, of the 
‚variable in regard to which the integration is performed; or when there is no 
expressed superior limit, then the integral is to be taken from the value for the 
expressed or known inferior limit to the value at the current point (x, y, 2) of 
the variable in regard to which the integration is performed. The actual value 
of the integral will of course depend upon the path of the variable ; but this is 
a question which is not here entered upon. | 
If using Cartesian Coordinates x, y, we write for instance 


— de Qdz 
do — df : then SE - 
Qo, 8088 dy . 
will denote an integral S φαἆω in regard to the variable x, and the inferior and 


. superior limits will be as usual values of x, or if there: is no expressed superior: 


` limit.then the integral J φα ἆα will be "He integral taken from the inferior limit 


x, to the current value x. 
We may, if we please, consider the coordinates (x, y, 2) as depending upon 
a parameter s, viz. the ratios x: y: z may be regarded as given -functions of s, 


and the integral S Qdo, is then an integral J Qds, which taken from a constant 
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inferior limit up to the value s, which belongs to a given point 1 of the curve, 
is a given function of s,,.or say of the point 1. But except in the case of the 
cubic (or generally if p — 1), we do not have the coordinates actually given as 
known functions of a parameter s (say they are potentially known functions 
of &), and it is further to be noticed the functions which present themselves are 
functions not of a single point, but of p or more points: thus in the case of the 


1 1 1 $ Ρ 
quartic, n= 4, p= 3; we have f edo, f ydo, S zdo, each standing for a given 
function of the parameter sı, but these integrals do not present themselves 


singly, but in combinations such as( S d S E f uw S N (edo, ydo, zdo), say 
these sums of integrals are u, v, w: each of the functions u, v, w is a potentially 
known function of the parameters δι, &, 8g, 8 Which belong to the points 
1, 2, 3, £ respectively, and is Re regarded as a given function of these 
four points. 


90. Consider as before, in the case of a cubic curve, the integral u = J do: 
it will presently be seen that for the general curve as given by a cubic equation 
f=0 of any form whatever, we arrive at a form of elliptic function: but the _ 


ordinary elliptic functions sn, cn, dn connect themselves most ray with the 
cubic curve Y=x.1—x.1—Arx. We have here 


dz 1 
- ὁ. jd ᾿ 
dare y ^ ^z.l—z.l— Ez 


or, in the equation u = S do, taking the inferior limit to be 0, say 


- ` jde 
w= dA z ] 
an equation which. determines w as a function of x, or conversely, + as a function 
ofu. We might thence by means of Abel’s theorem as applied to the curve in 
question investigate the properties of the function z — A(w) thus arising, and 
so establish the- theory of elliptic functions: but it is more convenient, treating 
the elliptic functions as known functions, to write for Au its value; viz. to take : 
for x as given by this equation, the value œ= snu: we thence have y= 
snu en u dn u; viz. these values x = sn*u, y = sn u cn v dn u, satisfy the equation 


y! — $.1— z.1— kx of the curve, and give, moreover, do = du Li. and we 


: y 
can with these values, and the formule for elliptic functions, verify any results 
given by Abel’s theorem. This will be done in considerable detail: but at 
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present I wish only to remark that the formule give the coordinates x, y ofa Ἢ 


point on the cubie curve expressed as one-valued functions of & parameter or 
argument u: but that this argument u is not a one-valued function of the 
coordinate x, or even of the coordinates x, of the given point on the curve: 
say the argument u has not a unique value for a given point (x, y) of the curve. 
` There are in fact an infinity of values u = u, + 2m K + 2m' iK", where m, m’ 
are any positive or negative integers: that this is so, depends on the multiplicity 
of values, according to the different paths of the variable, of the integral 





uf TÉ —E ; or, regarding the elliptic functions as known functions, 
it depends upon the double periodicity of these functions. 


Aronhold's Quadric Integral. Art. Nos. 91 to 93. 


91. I reproduce the investigation contained in Aronhold's paper “Ueber eine 
neue algebraische Behandlungsweise u. s. w., Crelle, t. lxi, 1863, pp. 95-146. 
We take f the general quadric function (a, b, ο, f, g, λα, y, z}; ax + By + ya 
an arbitrary linear function of z,.y, z: the theorem is ο ο differential 


as + fy +72 
of logarithm of an algebraic function of (x, y, 2); viz. taking (E, n, &) for the 


coordinates of either of the points of intersection of the line ax + By + yz = 0 
with Pu quadrie (a, . . . æ, y, zy = 0, and writing also 

= — (be— f’, va — gf ab — I, gh — af, hf — bg, Ja — οἷα, B, y}, 
then τ theorem is 














do fe, yy XE, m €) 
d.l 
as Py +r gd © con 
or, what is the same thing, 
do. _ 1 BO Y>- PT ζ) 
στο a log © cesis c be 


It is to be observed in regard to this equation that the two sides respectively 
are in regard to (a, 8, y) homogeneous functions of the degree — 1, and in 
regard to (£, η, {) homogeneous of the degree 0; viz. on the right-hand side the 
effect of a change in thé absolute magnitudes of ἕ, η, ζ, say the change into 
LE, kn, kg, is merely to change by log k the constant of integration. 

It is to be remarked also that the equation (a,...{&, n, Co, y, 2) — 0, 
_ represents the tangent to the-conic at the point (E, η, ἕ) of intersection with the 
line az + By + yes 0; calling the linear function in, question T, the value of 
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the integral is log ste if (1, m, 1), (Es, Ἵν, Ča) are the coordinates 


of the two points of intersection respectively, then in passing from one of these 
to the other we change the sign of the radical ©, and the two values thus are 











: g nn and — 2 log wiht these must differ by a constant: 
only ; viz. we should have log ainsi = a const. Andin fact 7, T; being 


the tangents to the conic f at its intersections with the line az + By + yz = 0, 
we have it is clear f=AaZyt+ u (aw + By + γα), that is, (x, y, 2) referring to 


ih = a constant, which is right. 


- 92. We require the coordinates (Ë, η, ©) of an intersection : these are deter- . 
mined by the equations a£ F £» ty% — ο, ία, .. ἕξι n, P — 0, or as these 
may be written 


a point of the conic f= 0, we have 


a£ + Bn +yê=0, 
(aE + An +g) ἕ + (AE + bn + FD) n+ (gE + fn + ο) ζΞ-ο, 
: we have thence £, η, ¢ proportional to the determinants 
a£ + hyn + gt, η g£ Γη + & 
α . ; $ x y 
say these determinants are QE, Qn, OZ, where Ω is a value as yet undetermined. 
. The equations are y (AE + bz + fl) — B (gE + fn + e?) — QE — 0, ete., viz. these 
are (yh — 8g — Q) E + (yb —Bf = )nt (f —8e )o=0 
(ag —ya — )E c (af — yh — Q)n + (ae —yg .)č=0 
(Ba—ah — )E--(Bh—ob )n+(Bg—af—Q)E=0, 


v eliminating (£, n, {) we have an equation which may be written 








A—Q, B ν. 1 =0. 
A, B'—Q, 0 
Al , B" ; C"—Q 
thatis | A, B, 0 |—Q(BO"—B'C'+ Q"A — CA" 4- AB'— A'B) 
A, B, ο 4- QA -- B+ 0") — Q3— 0. 
A", Br, ο" 








We find very easily that the determinant, and À + B' + O" are each = 0; and 
the equation thus reduces itself to 
Y= B'C"— ΒΟ" Q"A— CA" + AB— AB, 
or substituting for A, B, etc. their values 
= — (be —f?, .. a, B, yy, 
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and this being so, the ratios of E, ,7,6 are determined by means of any two of 
the foregoing linear'equations. 

93. We may now verify the theorem; in the MR expression for do - 
writing for A, u, v the values £, η, Ÿ, the equation to be verified becomes 


*. 








do, dy, de eo 
T, Ἢ s 8 | = les &, η, C(de, dy, dz) a 
ἔξ, č 2 (ας... 65,0, C T, y; z azt fytyre ) 
GB. Ts y; αἴξ, m C) m 
viz. this is 
Qj de, dy, de} =(a,.. XE, n, ζχάα, di. de). (ax + By + γα) 
€, Y, 8|, 
E, n E| —(n. JEn dm, y, 2). (ada: + Bdy + yde). 








Here on the right- hand side the coefficient of da i is 
(a£ + Λη + φδ)(αα + By + γε) 
— af (a£ + Am + gh) a + (RE + bn HS) y + (gE + fn +h) 2} 
which is 


E = 1B (ab + An + 98) — a (M + En + f0)} 
—2{a (gE +fn + ο) e + hn gt) 
= γ.Ωζ —2.Qn, 
= Q (y — zn), τν. 
which is right; and similarly the coefficients of dy and dz have the same values 
on the two sides of the equation respectively. 


Aronhold’s Quadric Integral deduced from the Affected Theorem. l a 
| Art. Nos. 94 to 98. Ἢ 
94. Let the fixed curve be a conic, say f= Σία, b, ο, f, g, hie, y, 2, = 
-and let the variable curve be a line meeting the conic in the points 3 and 4. 


' The affected theorem is 
de _ _ 2134 0234 ` 

Tua 7 — Tea 234" 3 

where Te Yrs a à) and (αρ, Ys, %) being the coordinates of the points land 2 

respectively, 12 denotes the constant (a, ...{a1, ψι, Al, γι, %): and 012, ete, - 


denote determinants as usual. " x 
The left-hand side is here à 
- dwg do, 
191519 As ai 


‘on the right-hand side refers to the variation of the constants of $, that is to 


x 
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the variations of the points 3 and 4; or we may write ô= d+ d,; the points 
3, 4 are independent, and the equation, being satisfied at all, must; be satisfied 
separately in regard to the variations of 3, and in regard to the variations of 4: 
we must therefore have ιο. 

"NEM NP -'. 
312 134 234 ? 
and the like equation obtained herefrom by. the interchange of the numbers 
3 and 4. . 
95. The equation just written down relates to any four points 1, 2, 3, 4 of 

the conie; and if for 3, 4 we write 0, 3 respectively, it becomes 
do d.031 d.023 
or — “oar t ws. 

which relates to the pointe 0, 1, 2, 3 of the conic: writing as before 023, 031, 


012 — p, a, 7, this equation is 


which may be verified as follows: the equation of the conie is f= 238.07 +31.7p 


ser 12. 
+ 12.p0, — 0: we have do = TR, whore Z= 28. σ + 31p, =_ er, 
dr - 
‚that is, do =~" Dar — + de 2) the equation i in question: 
96. We have as a property of any four points 0, 1, 2, 3 of a conic 
23 -01’ crai 2 OL, 2% ΟἹ. 
123.023 — 012.081' °° 93 πρ or’ ug 
hence considering 0 as a variable dee and dMIerenuadue the logarithms, - 
Be 
EN p 
‘and the foregoing equation 12 Μάι meu Ere " thus becomes 12 a= —d 


log 2 » or restoring for + its value 012, 
do _ 01 
Yo eh 08 gig 
Taking now ax + By +yz — 0 for the equation of the line 012; this meets the 
conic in the points 1, 2, coordinates (x, 71, Σι) and (ας, ys, 5) respectively: and 
we have . ᾱ, B, y = Vut — Vets au am, fi — MY) 


12 = (a, est ST yi Z2, ys: 25); 
Vor. VII, : | 
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` 


and from this last value 


12 = ((a, . .. αι, yo s Yar 8) — (a. 2o go οι) (e s Νε, 5) 
(the second term being of course — 0), viz. this is 





1g = — (be — f^. ge — ya, thy am, MY — BI) 
= — (be — f’, Xa, B, yy. 
_or say 12— — Q, if (P = — πω. cm B, y) as es and the equation 
thus i8 mE dw —4l pe Bie y alo; | Yy, 2 
az + By +r az + By +72 


or finally, writing (£, n, ©) instead of (αι, γι, z) to denote the coordinates of one 
or other of the intersections of the line aw+ By + yz=0 with the conic, the 
equation becomes 9de eg lee (a, ...f6 η, ζἴα, Y, 2) 
az + βψ + γα ax + By + 72 
ia i Aronhold’s quadric integral. _ 
Tou Bs foregoing property, which may also be written 
23 ο 
023.123 ^. 201.301' 
is verified very simply in the case of four points 0, 1, 2, 3 of a circle: in fact 
Ud cm tite + Jae — 1, συ m a — 2 sin’; 23, 
023 = 2 sin 4 23 sin 4 30 sin 3 +02; 
. and so for the other like ώς. gu side of the equation is thus reduced 
to 1--sin £02 sing 03.sin 12 sin 5-13). 


98. In particular if the conic is taken to be the circle e+ ÿ— 1=0, then 
for the coordinates (5. +) of the intersections with the line az + By+y=0, 








wahrer Ωξ +9n + BC — 0, giving — à! 4- β' -- y 
yé — Qn + af -- 0, 
BE—an + Ωζ--ο, 


and then Ein: $=—P ἘΦ :a8—yQ: a+ BQ 
— —eB—yQ0:d —y : By + oQ 
= ay+BQ:67—aQ à — B. 
and the formula then becomes | 
f dz E 1 lod να σας: C, 
(av +BNI— Hi Vat Pr? δ ae tp/i—e+y 














or, retaining ©, y for the values Va + #— 7, and /1— 2, as this may also be - : 
written — 1 log Τ(αο + By +7) + 2(Bx— ay 1-9) - - 
£ az + Py +7 | 
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The form of the integral is still such that the value is not very readily obtainable 


by ordinary methods: the value just written down can of course be verified, but 
the verification is scarcely easier than for the original more general form. 

In the very particular case a=0, 8=0, y= 1, we have Q= i; &::¢ 
= 1:—7:0 and the formula becomes 


dz - F 
Ji P log (æ — iy) : viz. this is 
sin !g-—im- + log (x — i/1— 2), 
which is right; for putting sin's = u, and therefore œ= sin u, the equation 


becomes $(u — 3 π) = log. (sin u — i cosu): that is cos (u — $ zt) + isin (u — $ 7) 
= sin u — T COS U. 


Fixed Curve a Cubic : the Parametric Points 1, 2 consecutive points 
‘on the Curve. Art. Nos. 99 to 106. 
ki 3 R μμ | . 
99. The major function. (z, y, z) is taken to be — Eee 
. that calling the differential Qdo we have l | 
Q= 112.023 — 12.013 
7 123.019 — ' : 


and it is required to find what this becomes when 1, 2 are consecutive points on 


the curve, or what is the same thing when the line 012 is a tangent at the point 1. 

I take for convenience the cubic to be f, =4(® + y*-- 2), =0. The coordi- 
nates of 1 are (αι, γι, 5), those of 2 are (αι + dm, yı+ ὃψι, zm + da), or as for 
shortness I write them (+ a, Vi + B, z, +y), where a, 8, y are considered as 
infinitesimals of the first order: this being so, the denominator of. Q is at once 
seen to be of the second order; it will appear that the numerator is of the third 
order; whence, Q is of the first order. 

















100. We have do =, DUM er and in analogy 
herewith we may write do, = EISE, = = ΙΙ this being so 
5 Ν 1 
we have O12=| a, y, z | (mi yy}, + 24) da, = 01.00, 
a γι A 
® Y 
and similarly 312 = 31°. da. : 
Moreover 083=|x, y, z|+|x, y, z |—013 + 0818, 
v Ψι 5ι a, B, y 
Ts Ys, 58 














Va Ys % 
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as the second term may be written ; moreover 
, P3 Aata) yi - B) t3 (ny), = adt Bir ya. | 
12 = ax (zi α) Fic 8) En Qs ys = Aa - Bit) tait Pate, 
and hence . - 
. 112.023 — 12.013 = (at + Byi + y) (013 + 0813) 
— [2 (oz + BR + γιὰ) + (az, + Byn + y) 013 
=— [(aat + Bi + γα) + (αϑαι + By, + Ya)] 018 | 
(ck (edic Bri +ya).0018, 
or reducing by να ont) + 3 (aba + By + Ve) + (a? + 89 -E55) -Ξ 0, ᾿ 
this is = 4- i (o? one μη 
which i is of the third order. 
101. We may show that each of the terms pom the factor Ga) : we 
have in fact na (Ba = αβ — m ον ya, 
aa (δω) = By Z " -pya É + op 4, 


ng o) ya Ë — 9 — ab À 3 S 
and henco first multiplying by a, 8. y and adding v we d 


(agis. + βειαι- ym a) o) = (yt + yd) + FE yet ααἲ) 1-25 É (aa + By) 


a 
aby Gr aT TT 93A 
—(@+B+P). 
But in virtue of ad + Byi + yyi = 0, the first line becomes = the "T ind 
= Αν À = ine: 
or the two together are = — 2aBy (e "p + z which i is = 0 in virtue of 


αἲ + y+ A = 0; hence the equation is 
(enat lamt yai) (93)! = — (a+ B +7’), 


the required expression for the first term. 
102. Again, ο. by αι, 1, 4, and adding we have 


sana (Bo) = FC + à — αἲ) + + Done A) 


AA 
hast in virtue of dui the first line is 


=— au (Byat + yayi + dois 
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and this again is = — 2 (oz, + By, -+7%): (in fact we have identically 


myz (ar + Bn + Pa) = (ααἲ + Bi + ya)layın + βαιαι + yny) 
- — (Byz + yay + αβει)(αἳ + φὲ +2) 
+ (By + γαμὶ + ab) Ἢ 


which in virtue of axi + Byi + γα = 0, and ej + yi + A= 0 becomes 
apalan + y + pe) = (Bad + yayi + aa): 
Hence the equation is 32, 4,2, (fa) = — 3 (az + By + Ya), or finally 
mya. (δω) — — (mt Py, + ya) 
the required expression for the second term. 
103. Writing for shortness ay + 2,2, + yoga Ò (ay gia) we have 


| 19.028 — 19.018 = {— 18 (a, γιοι) 013 + 1124. 0913] (Say), 
and hence dividing by 012.123, —015 81} (da), 

















we have ' 172.023 — 12. 018 _ — +0 (οι, y 21) «015 + ayn. 0013. 
| m 012.123 017.314 
But this can be further reduced: the numerator multiplied by 3, is 
= — (aa + Bam ym) |s, y, z |t 3mpa| m yos |, 

i Lis Yir A, Y 
| Vs, Ya % Ws, Ys, % 
which is’ = c x y ; g | do, 

a (yi — 3). aa) ει(αῖ -- 13) |. 
25 2 Vs D Z3 





where 9η (yi— A) la a), m (αἳ — υῇ) are the coordinates of the €— 
of the point 1 in regard to the cubic, viz. the point of intersection of the tangent 
. at 1 with the cubic. The determinant may for shortness be called 0113; and we ` 
thus have ' ) q=" .023 — 12. 013 _ 49e, 18 is 
012.123 .9D 013 ᾽ 
where observe that 01? = 0 is the équation of the tangent àt the pini 0: and 
0413 = 0, is the u of the line j joining the > tangential of 1 with the arbitrary 
point 3. ' 
104. The identity just referred to is proved very Suiv. comparing on each 
side the coefficient of yz, — yz, the factor a, divides out and we ought to have 
ds ? — (ayia + bam + ymy) + 3yına = (yi — A) δωι, 
that is (Yi 4)90, = Άαγιαι — Bum — yay, 
and in fact from yiio — za — ny, ado, = 2; — ya, we have . 
| (yi — À) δωι = y (au — my) — 4 (n8 — ya), = 
which is the value in question: similarly the coefficients of zx,— 2,2, Ys — mY 
are equal on the two sides; and the equation is thus verified. 
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105. The proof has been given in regard to the particular cubic + 7?+ 2— 0; 
but it might have been given for the canonical form 3 + γα + ος + 6læyz = 0: 
and from the invariantive form it is clear that the result in fact applies to any 
cubic whatever. The result is an important one: we see by it that-when the 
points 1 and 2 are consecutive points on the curve we a in place of the differ-. 


ential Qdo, which is evanescent, consider a new S das where, as already 


D 
remarked, the denominator represents the tangent at the point 1, and the 


numerator the line joining the tangential of this point with the point 3. 
106. We have 1023] 4- 1031] 4-1012] — [123], 
or writing this in the form 
{012}—{312}+ 10231 —1013]— 0, 

suppose 2 is here the consecutive point 14-81, 1012] --{819}, = 
becomes = /0έ18δωι, we have also 1023] —1013] -- 0,013] δωι, 
and the result is — 013} + 0,013 = 0, 
that is 011013] — 10413], | (in case of cubic A-+y’+2°+ 6layz = 0) is = 


122.023 — 12.013 
012.312 


la ee le 


%g ’ Ys , Z3 
: (det yiy + Aare Vist its) ’ 
i.e. the differential coefficient of {013} in regard to the parametric point 1, is 
= {0113} the symbol for the case where the parametric line is the tangent at 1. 


Fixed Curve a Cubic: the Parametric Points corresponding pointe. 
' Art. Nos. 107 to 110. 


107. The parametric points 1, 2 are taken to be’ corresponding points, that 
is such that the tangents at these points meet ät a point, say 3, on the cubic. 
We may from 3 draw two other tangents, touching the cubic, say at the points . 
1’ and 2. The four points 1, 2, 1', 2’ are then. such that the lines 12, 1'2' meet 
in a point, say 4, of the cubie; and moreover 3, 4 are corresponding points. - 

We may take (x, y, z), — (1, 0, 0), (0,.1, 0), (0, 0, 1) for the coordinates 
of the points 1, 2; 3 respectively: s= 0, y — 0 are thus the equations of the 
lines 32, 31 respectively, and 2 — 0 is the equation of the line 12, viz. we have 
424—012. Taking x — M, y —0, x — M,y = 0, for the equations of the tangents 
31’, 32 respectively, and (— 0 for the equation of the line 1/2 joining their 
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points of contact ({ a properly determined linear function of (x, y, z)), it is to 


be shown that the differential Qdo may be taken to be em and that this is 


=i (= — =) : the affected theorem thus assumes a special form, which will 


be noticed. 

108. The cubic passes through the points (æ = 0, z = 0) and (y='0,2= 0), 
the tangents at these points being z = 0, and y —0 σος, also through 
the point z = 0, y = 0: its equation thus is 

dum gea + ray + ify + hæy + ka, = 0, 


and writing do = aye 
. f 
l dz 
d. . 
we have = = 2 (ger + ley + day), 


which from the equation of the curve written in the form 


2 (gz + ley + izy) + ay (hæ + ky + ἴα) = 0, 





or say z (gex + lay + izy) + ayo = 0, 
becomes inm 2eyl 
2 
and we thus have _ τ-5 "m "T L : ds ' dy 
do = gz; (dy — yda), = A) 


where G=hoa+hy+lz. To find the meaning ps z din that the line 
x — My — 0, meets the curve in the point (x— 0, y — 0), and in two other 
points determined by the equation 

2 (gm + à) + 22y LM 4- P (hM? + KM) = 0; 
this line will be a tangent if 

(gM'4- (AM 4- £) — P M= 0, 

and we then have at the point of contact (A.M + b) y + g= 0; and writing this 
in the form ha + ky + lz = 0, we see that the equation {= 0 is satisfied at the 
point of contact of each of the two tangents x — My — 0, x — My —0; viz. 
č = 0 is the equation of the line joining the two points of contact. Moreover, 
` from the equation of the curve written in the foregoing form 


a (gem + lay + izy) +agè = 0, 
it appears that the lines z = 0, č = 0, meet on the curve; or what is the same 
thing, that the line č = 0 passes through the residue of the parametric points 1, 2. 
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109. The function č at 1 becomes =, and this is the value of 8.179; in fact 
: 
sta (ag ogy t (m, Yas a) = (0, 1, 0), 


= =}, . 
. We have thus ὅ, satisfying the required conditions for the major function: and ` 


the differential Qdo may therefore be taken to be = rum that is we have 


The affected theorem thus bedomes 


CPET 


110. The meaning of this will be better understood from the integral form. 
Integrating each side, and assuming that the superior limits are given by a line $ 
which cuts the cubic in the points 4, 5, 6, and the inferior limits by a line + 
which cuts the cubic in the points 7, 8, 9, we find 


; by 
“Jog HB jog HY o Jog δὲ δὲ 
DEF E mn E ayet BA p” 
that is CR. Vas o _ a 
S58 Tg Yn Ys Yo da 91 


where $i, ψι, $3, % denote the values of the linear functions $, at the points 
‘1 and 2 respectively. We have a cubic. cut by the lines 9, 4, α, y in the points 
4, 5,6; 7,8, 9; 2, 2,3 and 1, 1’, 3 respectively: where for the moment 1’, 2 
are written to denote the points on the curve consecutive to 1 and 2 respectively 
Hence by a known theorem in transversals 


z ; z Ber i . 
Dee | 
Ease thysyo _ Pid Vs: Pa Par Φε 
Gq tye YYsys Yat a PPr Ps 
which dividing o out the $53, and writing 1, 2 in place of 1’, 2’, becomes 
| τι» _ (ah) 
= (25), 
agreeing with the result Just obtained. 
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Aronhold’s Cubic Transformation, Art. Nos. 111 to 119. ° 
111. This was obtained in the paper "Álgebraische Reduction des. Inte- 
grals f Ρία, y) do, u. s. w.,” Berl. Monatab., April, 1861, pp. 462-468. Igivein 


the first place the analytical results, independently of the general theory, with 
the values for the canonical form IS: + + + θίαψα), = 0, of the cubic. 


T  gextic invariant, . = 1 — 200 — 815, 
S - quartic „ (Aronhold’s)= — 4(1 — 1%), 
R discriminant =(1+3%, 
P= 3ha?0 = {— 3i*o? + (1 + 21°) dila + ete, 
Q = fo?0 | = (a? + 21By)z + ete., 
B= νο ο zm (a+ 9be)x + etc., 
J [a Ὁ, e a (f — y), BG*—a), γώ --β)] 
C-—fa Ὃ.. . = a(2? + 2lyz) + ete., 
D = f = ot yt 8lys. 


Then we have — 27Q*4- 685P @ + 8P*Q = — Ri(60*— 8BD), 
viz. this equation, where each side is a quartic function (x, y, α)', is an identity 
when (a, B, y) are connected by the equation, fa’, = αἳ + -- 74+ 6laBy, =0; 
and further | u 

QdP — PdQ — — RHa(yde— ady) + b (zde — ade) + c (dy — γάα)). 
Hence writing à _ 6ha'0 2P 2({— 3a? + (1 -}- 279) Pre + ete). 





| feo’ qu (a? + 2/8) x + eto. 
we have ` QUAS— 382 — 27) = Ri (60*— 8BD), 
and Pda, = 2(QdP — PdQ) = — 2Ri(a(yde — zdy) + eto.]. 


112. Supposing now that (x, y, 2) are the coordinates of a point on the 
cubic, then D — 0; and taking the square root of each side of the first equation, 


we may write - QA/3—8381—3T = — Riy/6.0, `- 
{ E QdA . = — 92R 1a (ψάα — zdy) + ete.]. 
We have das yds— zdy _ ‘zdz — zdz _ zdy — yds yde 
| SAF lye C yir Pf Olay’ 
whence ee (ydz — zdy) + ete. | 
. irem C B 
and we consequently have dà 2 





NAS IT A6 
or as this may also be written 


A/ 43 — 1281 — 5] = 7300 
which, if 128, 8T are put = σε, σι respectively, Ἅμα the Weierstrassian form 
dà 


NV 48 À — gs en do 
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The conclusion is that for the cubic curve, taking 4 a quotient of two linear 
functions of (x, y, z), the differential do is transformed into da + square root of 

. '& cubic function of A: viz. we have thus a form of differential, not the same, but 
such as that which belongs to the ordinary theory of elliptic functions, and which 
has been adopted by Weierstrass as a canonical form. 

113. The transformation depends on the arbitrary point (a, B, y) of the 
‘cubic: the point (a, b, c) is the tangential of this point, viz. the point of inter- 
section öf.the tangent at (a, 8, y) with the cubic: we can from (a, b, ο) draw 
four tangents to the cubic, viz. the tangent at (a, B; y) and three other tangents : 





the equations of the four tangents being — οἱ Ξ ο ; = œ, Ay, Ag, As respectively ; 
where Άι, À, As are the roots of the equation A? — 38a — 2T= 0. | 
Suppose for a moment that (a, 8, y) is a point not on the cubic curve, and 
write A — a? + 8? + 5? -- 6laBy, we have 
A* D? + 440°+ 4BD — 3B C —6ABCD = 0, 
for the equation of the six tangents which can be drawn from the point (a, 8, y) 
to the cubic: when (a, B, y) is on the cubic A = 0, and the equation becomes 
B (4BD — 30?) =0, where B —0 is the equation of the tangent at the point 
(a, B, y): throwing out the factor B? we have 4BD —30?—0, for the 
equation of the four tangents from (a, B, y) to the curve; viz. the ae 
of the four tangents is — 27Q* + 6SPQ? 4- 8P*Q — 0, 
or as this may be written 
QP — 1, Q(2P — AQ(2P — 1) —0, . 
viz. the equations of the four tangents are as is mentioned above; it was in fact 
‘by these geometrical considerations that Aronhold obtained his results. 
114. The foregoing expression for QAP — PdQ,say ` 
QAP — PdQ = (14 81) a (ydz — zdy) + b (zde — ada) + c (zdy — ye, 
may be verified without difficulty. Writing for a moment 
` QdP — PdQ- (Ax + By + Cz) (Ede + Mdy + Ndz) 
| — (Adz + Bdy + Cdz)(La + My + Nz), ο 
= (BN— CM)(yde — zdy) — ete; | | | 
we have BN— OM-—  |— 3P8*-F (1 + 20) ya (9? + 2ἶαβ) 
—{— 3I? (1 -- 209) a8} (B9 + 2lya) 
— θἰϑαβξ + (1 + 219) αγ) + ϐ)ϑαγ”--- (14+ 213) aB*, | 
— (1 -sl))a(f— y) ` | 
— (1 4- 8/5)a, 
which proves the theorem. 


I dH di 
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115. I content myself with a partial verification of the identity 
27Q' + 6SP@ —8P*Q9 = — (1 + 815)? (60* —8BD); 
writing herein c, y, s = 1, — 1, 0, we have D = 0, and the equation becomes 
2TQ* + 685PQ' — 8P*Q + 6(1 + SUP 0? — 0, 
m now 
= (a — βία + B — 2%), P = (a — B)|— 82(α + B) — (1 + αἰϑγ], 
Cid ale = (a— af —atB — 74 — Aly (a + αβ + PN) 
which putting therein 
— y = a+ B+ 6laßy becomes = (a — BY (a + 8 — 2ly). 
Hence writing 
X=atB—%W, Y= — 8i*(a + 8) — (1+ 229y, 
we have Q, P, C= (a — ML, (a — BY, (a — 8y-X: 
substituting these values the factor (a — 8) X divides out, and the equation 
becomes 2TX5-r 68X?Y —8Y?-- 6(1 + 8/?y (a — 8)* X —0. 
To complete the verification observe that we have Y + 3/* X = — (1 = 818}, 
"whence 
— Y?- (14-8155? + 9 (1 + 85915? X + 2 (1 + 873) i5y X + ix 
and herein — 5? — a? + (9 + 6laBy, whence " 
— + ag.X = (a+ 8 —— (X + 2yf — X? + 6ly X? + 1202 + 8133, 
that is — (1+ 8/9)? = X* + 677 X? + (1279? — in 
Hence the equation to be verified becomes 
2TX*--68X?Y—8 ( (1-+82°P([ X + A+ (1209) —3a8)X] 
J) — (1 + 82 Pa? x? 
— (1 + 829) 270 X 
— 271° X? 
+ 6(1+ 87%) (a — 8y.X —0; 
. viz. throwing out the factor X, this is 
12T—8(1+ 81%) + 216/*LX* + 6SXY— 48 (1 + 8)’ X + 216 a + 815) ly 4 
— (1+ 8159196752 — 2408 — 7215? — 6 (a — By 1 0, 
where the last term is = + 6(1 + 8D i(a + 8y — δρ 
viz. this is | = 6(1 + 81%) + 8 + 2y)X, 
and there is again the factor X which can be thrown out: the equation thus 
becomes 
[27— 8(1 + 8/5 + 21601, + 65Y — 48 (1 + 81913 + 216 (1 + 819) 4 
+ 6(1 + 8/5 (a + B+ 21y) — 0. 
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This may be written 
[2T — 8(1 + 815) + 21679] X + 6S[— στα. (1 + 8/)y] — 48 (1. ES 8)ϑγ]γ 
+ 216 (1 + 81914 + 6 (1 4- 815} CX + 477) = 0. 
or finally it is 
[2 T— 8 (1 + 813) + 91615... 1878 + 6(1 + 82°] X 
+ [— 61-18 — 48 (1 + 818) + 21675 + 24(1 + 871 + 81%) ly = 0; 

‘and substituting for T, S their values 1— 20/*— 8/* and — 47+ 4l* petrole 
‘the coefficients of X and (1 + 8/5) /y are separately = 0, and the equation is thus 
verified. 


2, 
116. The foregoing equation = δ regarding therein A as an arbitrary 


parameter and (x, y, z) as current coordinates is the equation of an arbitrary 
line through the point (a, b, c) of the cubie: it meets the cubie in two other 
points depending, of course, on the value of 2; and the coordinates of either of 
these is thus expressible, irrationally, in terms of A, the expressions involving 
the radical 4/25 — 38; — 27: from the ΓΕ of æ, y, z in rd of 4 we should 


. be able to deduce the foregoing equation Ze λες πη the expres- 


sions assume a peculiarly simple form 4 Un 8, y) instead of being an arbit- 
rary point of the cubic is a point of inflexion of the cubic; and it is easy to see 
à priori why this is so: in fact if we assume w:y:z = uta/d: v+ BVA: 
w + y WA, where u, v, ὦ are linear functions and A a cubic function of A; then 
the locus is a cubic curve, and corresponding to the value à= œ, we have 
. ποιγ:͵Ξ-α:β:γ, viz. the curve passes through the point (a, B, y): moreover, it 
can be shown that this point is an inflexion of the curve; expressions of the 
foregoing simple form thus only exist in the case where the point (a, 8, y) is an 
inflexion, and the formule referring to an arbitrary point (a, 8, y) of the curve 
are necessarily of a more complex form. 
117. To work this out we start from the foregoing equation 
P — Shai) 2{{--- WPa + (1+ 2") βγ]α -+ ete.) 
a YS fe 7 (a? +21) x + etc. 
which putting therein L= 4, + 67, M= A — (1 + 218), and 
A, B, C= Lo? + 2MBy, LÉ + 2Mya, Ly? + 2Maß, 
becomes Az + By + Cz== 0, the equation of a line through the point (a, b, e)» 
= (a(8* — 7°), Bf? — αἲ), y (af — 8*)) as before: and we have to find the inter- 


- sections of this line with the cubic αὖ +? + #-+ 6lxyz — 0. We have 


O(a? + 9) — (Aa + By) — 610 (Az + By) ey = 0: 
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the cubic. function contains as we know the factor bz — ay, and in the remaining 
quadric factor it is easy to calculate the coefficients of 2? and y: we thus obtain 
the identity C? (à? + y) — (Ax + By)? — 61C* (Ax + By) vy 
= (be—ay){[(— 9 γα) IP + Gay LAM — SM] 
+2H æy 
+ [(— à — 618) L + 68y LM — 80?M?] ^], 
from which the as yet unknown coefficient 2H is to be obtained. This is most- 
easily effected by assuming x, y =a, --β; values which give 
ρω αρα κ ων sca 
the whole equation becomes divisible by à? — 9? and omitting this factor we have 
Οἱ — I? (a? — BF + 610. La8 
= aß} [208 + 677 (a? + BJL — 67 (a? + 89 72M. + 16990 M*| -- 2Ho? ^, 
where for C is to be substituted its value Lj? + 2Maß, and we may also reduce 
by αὖ + 8* 4- 5? + 6la9y — 0. The left-hand side is 
! — I? (a? + Bey — 4083818 + 610° La, 
which after reduction is found to contain the factor aß ; and omitting this factor 
and reducing also the right-hand side the whole equation becomes 


L(— 6ἰγ'--- 361408 + 49899) = L (— 644 — 86ἴ2γ]αβ + 20°68) 


+ DPM (6) -945aB) ᾿ + DPM (64+ 361a) 
+ LM? (19529 + 241036?) 
+ M* (893 B*) + M* (163g?) 

+ 2Ηαβ; 


omitting here the terms which destroy each other, the equation again divides by 
aß, and we thus obtain the value of H; and the required identity is 
O(a + γϑ) — (4α + By) — 610* (4x + By) ay 
= (bz — ay)([(— 8? — bya) L + bay DM — 80 M*] αὖ 
+ [bL — 60? I M + (65? + 19]αβ) LM? — 4aßM?] 2ay 
+ [(— a — 61βγ) L + 68y.1*M — δα) M? | y. 
Hence putting for shortness 


A = (a? + 618y) L' — 68y DM + δα M*, 
B= (8? + blya) LD — bay DM + 88:38, 
= . aD — 65? I M + (65? + 12148) LM? — 448M?°, 
the equation in (x, y) is 
Bat — 2ᾶ]αν + Ay = 0, 
giving Be— By να Ἀη, 


or say $:y = ΞΕ» 
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We find without difficulty, reducing always by αἱ + gr γ᾽ T ze ex. 
| ı#—- AB) = A τ . 
+ (at + 4087) Tun 
+( 62% 4— 4089 + Al?) IAM? .- 
+ (— 4ly* + 24l*a 85? — 408°) IM? 
+(— 2% — 16lay? + 24la? *) I^ M* 


TC — Say? — 16/06?) LM® 
+ = βώβὴ MN 
- whichis ` -ᾱ.. M Y + elLM? + 2M SL + 228 M F. > 
But we have iL—M-—1-r8l, 


I? + eLL M? + 2M? — (1 + 80) (093 — 882, — 2T), 
and the equation thus is 


$ (8) — AB) = (1 + 875) (24— 88λ.-- — 2T) (P+ lap) a+ {6—21 +08}, 


showing that the solution involves the radical 4/23 — 381 — 2T. 


118. If (a, B, y) is the inflexion (1, — 1, 0), the expression for A is here 


— 602 —6Py—9(1 4-215); 


aty— 2k j 
‘the equation in (a, y) is 
(L 4- 8Λ3)α} + (215+ 241LM?— 8M?)ay + (D + 8M) y= 0, 
or as this may be written 
(D? + 6LM° + 2M*y(z + y + (— 6LLM? + 6M*)(x — w= 0, 
say (L + LM? + 2M°)(x + y} = 6 MP (IL — MY(x — y», 
viz. we thus have /23— 38; — 2T (x + y= = MA/6(x— y), 
or substituting for M its value 
‘w= 6 (D. — (1 + 219) + A/7—381— 2T, 
y = A610, — (1 + 219) ΞΕΝΗ PPT 
whence also | z= 4/6(2 + 61°), 


A 


these values satisfying identically (A+ ela T y) — 2 [7 — da a aia = 


. and 2+ y? +H + 6lzys = 0: 
. 119. Starting from these values we in fact easily obtain 
—/6dà 
dy — yde = ns — gp 
+ {AP (— 3 — GPA (— 120 + 1219) + c 81 — 9a — αὐ], 
2 + key = — 2{Do.}. ος | 
and hence τς dy — yde __ vd | 
| ~ Pf ley ^ X—8801—2T 





0, 
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The same result might of course have been obtained from the values of æ, g or 
y, z, the factor which divides out being in each of these cases irrational. 


The Cubic ÿ —x(1—x)(1— Ka). Art. Nos. 120 to 130 (several sub-headings). 

120. The curve is a semi-cubical parabola, symmetrical in regard to the axis 
of x; and if as usual # is taken to be real, 
positive and less than 1, then the curve consists 
of an oval, and an infinite portion which may 
be called the anguis. See Figure. 

The equation is satisfied by 

" s= any, 

y=snucnudnu. 

Observe that the periods for these combi- 
nations of the elliptic functions are 2K, 27K’; 
in fact 








sn(ud-2K)-— — smu, sn(u+ 24) Ξ snu, 

en ‘4 =~—cnu; cn À =— Cu, 

dn H = dnu, dn ti =— dnu, 
whence the sn?, and sn.cn.dn are each unaltered by the change of u into u + 2K 
or u + %iK'. Hence to a given point (x, y) on the curve, the argument u is not = 
a determinate value w, for it may be equally well taken to be = u, + 2mK . 
+ 2m'ik', where m, m’ are any positive or negative integers whatever: we 
express this by w= w, or say u is congruent to up. But when u is thus given 
by a congruence w= u where u, has a determinate value, the point on the curve 
is uniquely determined. It is, however, to be noticed that a congruence 2u = w 
does not uniquely determine the point on the curve: there are in fact four incon- 
gruent values of u, viz. $t, + uy +K, }um+ik', $uH+H+ LIC, and the point 
on the curve is thus- one of the four points belonging to these values of w 
respectively. | 
121. If to fix the ideas we select for each point of the curve one of the 
congruent values of the argument, we may assume for the oval, u real: at A, 
u=0; from A to B above the axis u positive and at B, =K; below the axis u 
negative and at B, = — K; there is thus a discontinuity, X, — K at B, but the 
two values are congruent. For the anguis, u = iK'-F real value v: above the 
axis v positive, viz. at infinity v = 0, and at C, = K; below the axis v negative, 
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viz. at infinity v = 0 and at C, = — K: there thus is a discontinuity iK’+ K, 
iK'— K at C, but the two values are congruent. Observe that for points 
opposite to each other in regard to the axis, the arguments are, for pointe on the 
oval u,— u; for points on the anguis 4K'-- v, 4K'— v: but that we have 
iK!— v = — (iK! — v). | 
122. The pyre theorem gives for three points αἱ, %, 1 in a line 
du, + du, + du, = 05. 

and thence w, + uv + u = C. The constant C cannot have a determinate value 
(for if it had, then assuming the values of u, and w at pleasure us would have 
the determinate value = O — u, — u), but must be given by a congruence: or 
what is the same thing, assigning to C any admissible value, we must instead of 
Uy + ty + u C, write wtutu=O. Taking any particular line, for 
instance the tangent at A, we have wm, %, = 0, 0, ik’; whence C= 1A’; and 
we have w + u + u,=iK’, viz. this is the relation between the arguments 
U, Uy, Us belonging to the points of intersection of the cubic with a line: in 
particular for & line at right angles to the axis we have th, Uy, Ug =a, — a, LAC 
or = iK'+ B, iK'— β, iK' (according as the line cuts the oval or the anguis) 
and the congruence is in each case satisfied. But I shall in general instead of 
‘= use the sign =, understanding it as in general meaning =, and only HAE 
it by this sign when for clearness it seems necessary to do so. 

Writing sn ù, cn w, dn uw, = δι, οι, d,, and so in other cases, the condition 
in order that the three points may be in a line is 


&, διοιάι, 1 |5-0, 
8, 8 Cy dy 1 

δὲ, 83343, 1 

' a relation which must be satisfied when the arguments are connected by the _ 
foregoing relation 1η + uw, + u = 1K". | | : 

We can show from this equation alone that « and s,c,d, are expressible 

rationally in terms of #, δι à, 8), 8¢,d,; in fact, writing therein x, γι in place 

of 6, θιοιζι, etc, we thence have ay, y;, 1 = Amt um, Ayıt uys, At u, and 

substituting in y$ = aX (1 — ;)(1 — kd), we obtain an equation Au (Fà 4- Gu) — 0, 

that is FA + Gu = 0, or say A, u = G, — F, and thence 


l = . Q 
adc Gp n= aud = ET 
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the values of PF, Οἱ are easily found to be 

P= Yt yy — (1 —ay)(1 — Pay) — ay (1 — Au) 2$) — (1m) Pay) as, 
G= 2y ys Ys αν (1 —a4)(1 — Po) — 2 (1 — Pu m) (1— 2) — Pay) am, 
or as these may also be written 

F=— (gi — y) + (2 — m+ P+ Bat αὐ)) + PG a, 

G. — — (yi — νο) + (m — m H P pP s t as)) FP (m a) a, 
where of course αι, yi, Xa, % should be replaced by their values sj, s,¢,d,, 
83, 6,09 ds. This is in fact the ordinary process of finding the third point of inter- 
section of a cubic by a line which meets it in two given points. 

Writing £K'—w,- wv, and s, c, d for the sn, cn, dn of u, we have 


83, Cg, dg = — = =, =, whence s = ae 83 C3 ds = and the determinant 
equation becomes δὶ 50d, 1 
| &, add 1 

1, — , Pè 


8 


i | | ed 
thatis Gand (1— Pes) ad,— (d —4) “=, 


corresponding to the relation u = u+ u of the arguments. This is easily 
verified: we have " 
&5d,— sed  _ 80d, — sed 8 — 8 


ı 87 


u TE UU ado ad 
the equation thus becomes 
ed 
(ad — 80d) οι d, — (sad — ed) 05 d, — (i — 8) Ξ-θ. 


that is 





οὐ | — «ed sad, So, 
which is right. 
| The Four Tangents from a Point of the Cubic. 

123. Suppose that the line is a tangent to the cubic, say the line touches 
the cubic at the point u, and again meets it at thé point w: then instead of 
U, Uy, Ug We have u, u, w: and the relation becomes 2u + w= iK". 

Here u being given, w is uniquely determined: viz. given the argument u of 
the point of contact, we have a unique value for the argument w of the tangential. 
But given w, we have 2u = iK'— w, and we have thus for u the four values 
. 3 (€ — w), Do. +K, Do. +iK', Do. + K+iK, corresponding to the four 


tangents which can be drawn from the point w to the cubic. 
Vor. VIL 
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The tangents are real for a point of the anguis, and for such a point we may 
write w — iK -- v, where v is real and included between the values + K; the 
corresponding values of u are 

y= —ie, y= —le-d- K, mete tik, ας ---ᾱυ -- K+iE: 
the first and second of these belong to tangents to the oval, the third and fourth 
to tangents to the anguis, We may further distinguish a tangent according as it 
passes between or does not pass between the vertices B and C: say in the 
former ease it is intermediate, and in the latter case extramediate: and we then 
see that for the tangents from point iK'+ v of anguis, 


u=—4v for intermediate to oval, 
u=—4v+K ' * extramediate to oval, 

u= — zv + iK " extramediate to anguis, 
u= — 4v + K-+iK’ “ intermediate to anguis. 


124. We may make a corresponding division of the real lines which meet 
the, curve in three real points: any such line meets the oval twice (and then of 
course the anguis once), or else it meets the anguis three times: and taking the 
arguments to be th, %, wu, we have | 


ilat wtu 4E for intermediate line meeting oval twice, 
“u = giE'+K “ extramediate line, Do., 
“ = — tik! “ extramediate line meeting anguis three times, 


i =—;iK’+KE “ intermediate line, Do. 

125. Returning to the tangents, the point iK'+ v may be an inflexion: we 
‘have then the point of contact of the intermediate tangent to the anguis coinciding 
with the point LK" -- v; viz. iK'+ vzz— $v +K +iK', or say =—Fot K+ik': 
that is v = +4 K; or ik'’+4K and 4K' — $.K are the arguments for the real 
points of inflexion, above and bélow the axis respectively. 

. 126. Write for a moment the equation in the form y= Ba + Ca? + Dz’, 
then if (a, 8) be a point on the curve (8*— Ba + Co? + Da), and we consider 
the intersections of the curve with the line y — 8 = m(x — a) we find for the 
remaining two intersections | 

B + C(@+a)+ D(à? +ax +a) = 2m8 + m (x — o). 
If the line be a tangent, this will be satisfied by z — «a; the condition for this is 
2m8 = B + 20a + 3Da?, and supposing this satisfied, then throwing out the 
factor «—a we obtain C+ D(z--2a) — m, giving Dx — m! — 0 — 2Da for 
the coordinate w of the tangential of the point (x, 8). 


Carrier: A Monsiron the Abelan and Thea Functions. 135 


In the case of an inflexion x =a, and we have 
2 
m= Q + Da, = (B t 208 3D?) 


— 4(Ba + Ca?-+ Da?) 
giving for α the equation 
δα + 4C Do? + 6BDa — B*— 0, 
or for B, C, D writing their values 1, — (1 + A°), # this is 
3 at — Ae (1 -- ρα) + 6a — 1 —0 
for the a-coordinate of the inflexion. There is one negative root, and one or 
three positive roots; but only one positive root giving a real value of β, and 
corresponding hereto we have the two real inflexions on the anguis. 
It should be possible, from the formule of No. 122, writing therein 
(23, Y) = (οι, γι) to arrive at the foregoing result, say Du, = m?— 0 — 2Da;, 
but the functions F and G' present themselves in vanishing forms, and the 
reduction is not immediate. 
_127. The general condition for an inflexion is 3uzziK': the nine inflexions 
thus are wu — iK", inflexion at infinity, w=iK'+4K, the two real inflexions, 
and besides u = + 4 4E", u= + 4iK' 4$ K, six imaginary inflexions. 





The Sextactic Points. 


128. The vertices A, B, C are each of them a sextactic point: in fact 
writing the. equation in the form y? — x — (1+)? + x}, we see at once that 
the conie y? — x— (1 + 15) αἳ meets the curve in the point A counting six times: 
and there is obviously a like proof for the vertices B and C respectively. Hence 
for the six intersections with any conie whatever we have the condition 

Uy F s + Ug + Uy + Us + um 0: 
and for the sextactic points we have the condition 64-0. This gives the 36 
points u = t (2m.K + 2m iK") or say = $ (mK + m' iK"), m=0, £1, +2, 8, 
m'=0, +1, 23:2, 3: but among these are included the 9 inflexions (each of 
these being an improper sextactic point, the conic becoming the tangent taken 
twice) and there remain 27 points: among these are included the three vertices 
(u — 0, K, iK'+K) points of contact. with the tangents from the inflexion at 
infinity ; and of the remaining 24 points 6 are real, viz. these are the points 
w-dgK,-Kon the oval, and the points iK'+4K on the anguis: these 
are in fact the pointe of contact of the tangents from the real inflexions; viz. the 
three tangents from the inflexion {Κ' 4- 5 Κ΄ touch the oval in the points + K, 
— K, and the anguis in the point 4K'— LK; the three tangents from the 
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inflexion 4K' — ? K touch the oval in the pointe —1K, 1K, and the vage in 
the point iK’++K. | 
Formule Relating to the Tangents from the Vertices. 

. 129. I annex some formule relating to the tangents to the curve from the 
vertices A, B, O respectively. We have from each vertex four tangents say 
ϱΞ0, σ--0, symmetrically situate in regard to the axis, and g'— 0, d= 0, 
symmetrically situate in regard to the axis: the line joining the points of contact 
of p, c is a line v = 0 at right angles to the axis, and that joining the points of 
contact of ', σ' is a line 7 = 0 at right angles to the axis. 


Varmar A, TANGENTS IMAGINARY. : in OF POINT ΟΞ COoNTAOT. 


P, σ, t—y—ill+ke,ytilli+ke, ke+1; s=—+Ł, y=F EHA 


A , | 1 (1 — 
pl, o, T= y —4(1—E)o, y --$(1— ks, — ke +1; ey y= L5, 
equation of curve is, f, = y*— e(1— z)(1— E), =po— am, = po — av, Ξ- 0 
VERTEX B, TANGENTS IMAGINARY. | CoNTAOTS. 


Ρ, d, ey), y + BEL), ko — (tH); ot, ye Ebi) 


p, πι ο S E Y y -+ (&— $E )(1— 2), ke — (k++ th’); α--1-|- τ ya UA) ; 
equation is f= po + (1 — æ), = po’ + (1— s)’, — 0, 





VERTEX C, TANGENTS REAL. . CONTAOTS, 
à 1 1 1 1 Ey 
Ps A pg LE 2 II var 
A “σι “1 K 
P d r=y— UP) y+ Lu Ba), x —1—]5 c= Tp y= =a) 


equation. is f, = po — (1 — Hx), = po — (1— ἴδω)τ', =0. 

130. These linear functions p, σ, etc. considering therein x, y as denoting 
snu, smu conu dnu respectively present themselves as the numerators and 
denominators of some formule given No. 105 of my Elliptic Functions (1876), 
see p. 76: viz. we have 

9 1—Ke+(1+F)y © 
au +$K)= ΤΕΣ A 

29 + στ (1— Ps) 

Hm se 
= τ ar? (vertex 0). 

. 1 ES 
3 i Mu ll. 
ur) k (1-4 E)g — iy. 


which is , 
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which is 1 y—i(1+k)z 





---- v lop > 
p EE ERE ML (vertex À). 
and i | 
E — = 1— d — ik 
which is ο... ὁ bou w | 
i vr’ = —dL (vertex B). 


Observe here that in the second formula we have a pair of tangents p, σ which 
belong to a chord v through the inflexion at œ; but in the first and third 
formule we have tangents c, σ’ not forming such a pair. This is as it should be, 
for the zero and infinity of sn*(w+ 47K’) are v— — }iK', u= LiK! which 
‘belong to points in lineä with the inflexion at infinity: but for sn?(u+ 4X) 
the zero is u = — 4 K, and the infinity is v = iK' — 4 K, which do not belong to 
points in lined with the inflexion at infinity: and the like for and (u+3 K -- 7iK). 


Fixed Curve a Quartic in Space, the Quadri-quadric. Curve 

y —1—3,2-—1—K& Art. Nos. 131 to 135. 
131. It is assumed that # is real, positive, and less than unity: the curve may 
be regarded as the intersection of ` l 

` the two cylinders 

gy = 1, Petel; 

but there is through it a third 
cylinder 34° — P? = W. The 
cylinder a? + z= 1, or say the ; 
' ` horizontal cylinder has for its / 


gection an ellipse axes i and 1 i 


respectively : and it is pierced 
by the cylinder αὖ -|- y = 1, or 
say the vertical cylinder, in two detached ovals (of double et) lying on 
opposite sides of the plane of ay: only the upper oval ABA’B' is shown in the 
figure. : 
Each of the vertices A, A’, B, B' is an inflexion,* viz. a point such that the 
osculating plane at that point meets the curve in the point counting four times. 

We may consider two generating lines of the horizontal cylinder, each meeting . 
the oval in two points ; the plane through the generating lines meets the, curve 











* There are in all 16 inflexions, 4 in each of the planes 220, y —0, £—0, and 4 in the plane infinity. 
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in these four points, and when the generating lines come each of them to coincide 
with the tangent at A, we have the osculating plane meeting the curve in the 
point A counting four times. The like reasoning, with two generating lines of 
the third cylinder, shows that the vertex B is an inflexion. 

132. The equations are satisfied by writing therein c, y, z— snu, cnu, dnu: 
the periods are here 4K, 4:K”: hence to a given point on the curve the argument 
is not u— determinate value w, but it may equally well be taken to be 
„=w+4mK + 4m'iK', where m and m’ are any positive or negative integers: 
we express this by u= w, or say u congruent to w. For the upper oval u may 
be taken to be real, and to be — 0 at B, positive for the half oval BAB’, and ` 
negative for the half oval BA'B'; having the values +K, — Kat À and Æ 

respectively, and the discontinuity 24, — 2K at B’, these two values being 
congruent. For the lower oval we have u = 2; K' + real value v. . 
For the intersections of the curve with a plane we have 
du, + du, + du, + du, =0; whence t + u, + u+ u,— C; 
and by taking the plane to be the osculating plane at B, we find 0 as a value of 
the constant, and the relation thus is u + u + us + w=0. Writing as before 
Sn 4, CO t5, dnu;, Ξ-δι, οι, d; and so in other cases, the relation between the 


elliptic functions is δι, €, dj 11—=0; 
δν, Q, ἄν, 1 
85, Cg; ds, 1 


Se, οι, d, 1 ; 

It is important to remark that giving three of the points the fourth T is 
determined uniquely: that is the equation really gives s,, σι, d, each as a 
rational function of the δι, οι, di, δι, Ca, dy, 85, Cas d. 

In fact we may write s, = 245, + 4454 - 4454, and similarly for c, and d,, and 
L=A, +4 + 2: substituting in δὲ + cj — 1 = 0, Pa + di — I = 0, we have 

Xass 8 + X 525 + Ay ο, | 
Ys » Γι d Ys  =0, 
where X, =318+ 4% —1, Vig — 125,2, + dd; — 1, οἰο.; we thence have 
Ag Ag: Aga i Aras = dus Xis Ya : Xis Yas — Xas Vag : Xas Yai — As Yos 


; = Αι a A; ; Áz, suppose ; 
that is 25:23:24 A, As: A, Αι: A; Ay. 
and consequently | 
8, = — 80 (ui + us + 1), =A, Ase, + Δρ Ais + Ay Ay 8 + (42.41 + 45 41 + ‘A; 39) 
G= οί 5i = y vac act ος, B ). 
ἀμ, = dn ( mo, ) = y d; + no d + n dy = ( ©» ) 
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which are the required expressions. If w,— 0, and consequently &;, c5, d — 0, 1, 1, 
the resulting expressions give the sn, cn, and dn of + u, but the expressions 
are in & very complicated form; not easily identifiable with the ordinary ones. 
133. The determinant equation may be written | 
(81 — 5 (es d, — cade) + (85 — δε) (οι ds — cd) 
+ (a — e )(dse, — dus) + (es — ca )(d ἐν — ἆνδι) 
+ (di — dy)(sse, — 80) + (dg— d)( — &e1) = 0, 
and in fact each of the three lines is separately — 0. This appears from the 
following three formulæ | 


sn (u, + 14) E το μι 
00 (y+ ty) — dn(u + ty) &d,— d 
(te) > _ aa 
en(u-d-w)-4-1  ἀῑδι---ὦνδι 
en 
matu) _— #a—4) 
. dn(u-F*)--1 qe,” 


which are thémselves at once deducible from the formulæ, 


m (uj us) — à — 4, — — (d — d), =— (AA), (nad ad), 
CD (ων + ty) = 8101 dy — 85 dy | ; + δα 
dn (ty + us) = 8d Cy — δν do, | P Po x Do. 

In fact the numerators of cn (u,2- 4) 4- dn (u 4- u), en (uy4- αφ) +1, dn (utu) +1 


thus become —(&-5)(ed, — edi), — (e ei) (dues — de), (d + ds) (se — 5501) 
respectively : so that taking the numerator of sn.(w + w) under its three forms 
‘successively, we have by division the formule in question. 

















134. The above three equations, putting therein „+ w = — 2u,, and 
reducing the functions of 2u, become 

led:  &—8 — (ᾱ--οι(άι-- d) 

P a ahad giving — Ps = anne) 
eS. L ATA u Pa (d, — d) (& — 83) 

Ὁ d$ — d8 a (8 c3 &e1) (0: da — 05 d) 
ο. do—d B= (e — &)(41— οι) 

dj; — &6—856 -Ῥ da d; (d. — doa) 


equations which must of course give each of them the same value for 8: the 
equations belong to the relation w+ Us + 2u = 0, viz. (s, ©, ds) are the cordi: 
nates of a point of contact of the tangent plane drawn through the two given 
points (δι, οι, d4) and (5, ο), da) of the curve. 
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135. Write | | 
a,b,¢,f,9g,h =5—%,4—G, de dy, Cid — Cdi; ds — dy&, 8103 — 831, 
a, 5, e, f, φ', k = 8g — 84, Cg — Cas dy — di, Cady — Cds, d58, — dass, 8564 — 8469; 

go that (a, b, c, f, g, h) are the six coordinates of the line 12, anda’, V, ο, f', g', ἦν 
are the six coordinates of the line 34. The determinant equation is nothing else 
than the condition of the intersection of the two lines, viz. this is - 

af + af + bg +bg+ch+chk=0, 
and by what precedes it appears that not only is this so but that we have sepa- 
rately af" + a/f = 0, bg + bg = 0, ch +ch=0, viz. these three equations are 
satisfied by the coordinates of the lines 12 and 34 which join in pairs the inter- 
sections 1, 2 and 3, 4 of the quadri-quadric curve by a plane. But this is a 
geometrical property depending only on the four points being in a plane: and 
it is thus a result of Abel's theorem that when the arguments are such that 

| Uu. + Us + Uy = 0, 
then not “out the original equation, but each of the three equations, holds good. 


The Cubic Curve a? — 2y + (1 + IP)g — i= 0. Art. Nos. 136 and 137. 
136. Writing the equation in the forms l | 
(ay — 1 = (1 — a*)1— Po), or say ey — 1 = —VI— 2 1 — Fr. 

` w (f — Pa) = 2y — (1 + W) x. 
We see that the general form is as shown in the figure : the real portions of the 
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F 1 
curve lie between the values g = — œ, ο ον and E o. The curve 
may be made to depend on elliptic functions in two different ways: we may 
write a _ à 5n,v 
= 177 1 env dnw 
_i—mudnu — i 8n, $ 
y= snu "ΤΕΕ ens da {Lt B— (1 — E ειν] 


where the functions sn, en, dn belong to the modulus %, and the functions sn,, 








cn,, dn, to the modulus 6, = DE The first mode is obvious; as to the second, 
observe that the er give 
- 208 Ἢ qaa, — tL — BP sno σηιο 
yo tn nn σπιν ο u ΓΕ; dae” 
8n,v ὦ and ane 
y + he = LER a (1 + Ef dni υ, Ep —_, 


whence ye Ko? = — (1 — Ey sn?v; and therefore 
| - —2980(1— k? snio 

WRITE ca dae’ 
which is also the value of 2y — (λα. 

We find, moreover, do, — du, = and thence, u, v each vanishing 
together, ur Writing for shortness δι, οι, d; to denote snw, cnw, dnw . 
(that is δι, οι, d, are the elliptic functions of v to the modulus 0) we have 
f 2iv 2 

IFE’ 'k)= ΙΕ E zd 


2iv | 
pa TEE asp il tkt Ga}, 


24v 
dn ατα ‚k)= TFI ra tra An 


187. To bring these into a known form, for # write i then 0 is changed 


` mto ὦ and the formulae become 
sn (1 + bjw = (1+ hi 


cn, (1 + £)io = σα + ke), 


Vor. VII. 


dn, (1 + %)io= — (1 — he), 
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Ver the sn, cn,, dn, refer to the Kodus 0, and 8,0, d denote sn v, cn e, dne 
modulus %. g 
But from the formula, p. 63, of my Elliptie Functions; 


gn (iu, kh), en (iu, k), dn (iu, PEE E Su d i 


‚and herein for u writing (1 +k)», and for b writing 0, = : whence # becomes 


DEP 
2VT 
FLE 
gn, (1d- £)év, en, (1-- E) év, dn, (1-- 5) iv — 


and the formula above obtained are 


; = y, and y = Er we have 


im (L Eos): p dn +h TEE, | 
en(1+ Eo, 7) EX EIS): 











| Επ(1 -|- Κυ, 7) ke, De 8 ; "EAE (Bs 
en(1 d bv, en(1 4-ke, 7) (HA giving 0 (Tbe, 7) = ESTE 
1 ER : 
ποσο alte) i. alte, ΠΑ 
dn (1-+- ke, 7) Fhe, 7) _ EM | m | 
ex (LEE, 7) .- =al wh DFE = gi 


. where as before s, c, d denote sn (v, k), en(v, k), dn (v, %): these last are in fact 
. the formule: of the second line of the table, Elliptic Functions p. 183. 


Fixed. Curve the Cubic pau —a)(1— x): the Function [914]. 
| ~ Art. Nos. 138 to 142. 
138. It was shown, No. 65, how for the affected theorem when the fixed 
curve is a cubic, the form of differential was do into 


{012 MDC dad, {036 )— {123} |, 


the last term being ^ properly determined constant Æ, attached to the 
variable term {012}, in order to obtain a standard form of integral. The 
object of the present article is to show what these formule become for the before- . 
mentioned form of cubic curve ϱ) = w (1 — x)(1— Rx) which is most directly `- 
connected with elliptic functions, and to exhibit the connection of the formule 
with the ordinary formule for elliptic integrals i of the second and third kinds 


‘respectively. 
| 189. We have in general T T : 
012 G + Pas — (m + &) + yıyı la, y;1 
+ ya + %) 





` 23; Ya: 1 
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Taking here 2, = 0, for the point, coordinates a, y, = 0, 0; we have 
{010} = ας AE) ee iy, 
$1— 2,9 
and if retaining 1 to denote the point coordinates (αι, a belonging to the 


argument 1η, we write 1’ for the point belonging to the argument u + ix’, then 





the coordinates of 1’ are +, —%, and the formula becomes 
2 ἶδαξ 








vy + σι 
the nimarator hereof multiplied id eis = y (ai + 2, y) Ei. (x — x: and 
we thence have y i ee — z) 
{01/0} = a 
which substituting for x, y, $, Yı dios vilis in terms of u, 2; is 
κα σος 8n 1 sn (u — μη). 
anu 





Operating on each side with a — Ó;, we obtain 


9,1010} = X sn*u, — 1} sn? (u — u), 
the differentiation being in fact that which occurs in establishing the fundamental 


property of the elliptic integral of the second kind Zu — u(1 — x) +i f sn*udu , 
: 0 


viz. we have Zu— Zu,— Z (u — u) = — P snu snu sn(u — uw), and thence 
δ) [— 8n v sn u, sn(u—%)] = — Zu + Z' (u — u), = IP anu, — IP sn? (u — u). 
Observe that 1', referring to u, + iX, the subscript 1 might be written 1’. 
The same result should of course be obtainable by the differentiation of the 
. expression of {01/6} in terms of ο, y, 2, γι: we have 
dy, Ay,=1—2(1 + E)o, + Sat, = Ωι 
for a moment, me we thence obtain 


NT rer les 2 (zy + αἱ ψ)(α — 223) ys + σαι (5 — o3) (2s + 2yyı)] 
where the term in [ ] is found to be = x (ay, + zy)! — ex, (x — m); whence the 
equation is 2.101! Ibn — pg σαι(α--αὐ) ᾿ 

doré) = (cya + ty) 


giving the foregoing result. 

140. To introduce into the formule 1 instead of 1’ we have only to write 
u— iK' instead of αἱ; putting also for shortness s, ο, d, δι, οι, d, for the 
functions of u and u, respectively, we thus obtain 

ed 8 


1010} = της vin)" 
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where observe that interchanging u u, u we have . 


that is. {100} = — {010} as it should be: the formule may be written 





__ cd + od‘ 1 
{016}, = — (100), = nn amuy) 
: d 1 1 
E E ο = — a uy 
whence 8010] = — + ce y 


8 T . 8 
| &sn(u—)  aen(u—wu) 
1 1 > | 
AT au) 
~ which last equation gives (0, + ô+ 0,)(012] = ὁ as it should do. _ 
το 141. Supposing that the differential dI, is defined by the equation 


dIL, = du {012} | + dul ff aue. {036}— (129) |, 
we have f u= f'éntorst + fn WE 036 }— {123}, 


and thence 
2,3, f° ἅπω-- She dti) 
= 0,{184}— a,{316}, 


we have, moreover, 


(012) — {120} + 


and 


S — —— | ll = a] 
ra an? (y — uw) Len? (u— t) u) 
1 1 E i 

I T(n) u). 
or establishing between the constants ug, u the relation sn’ (u — us) = 


K 
KE 
ne 1-2 Benin u, + iK’), | 


which is = 9. log B (u,— nt iK) 8(u,—1, + 4K’) | 

6 (ty th + {ΚΠ 8 (us — ty +R") 
. where © is J acai 8 theta-function, see Elliptic Functions, p. 144, The expression : 
is in fact — — 0,0, log dw — wu, + iK’), = ẹ (u — ut HO if for & moment | 
$v— 0 logOv. But we have E 


logo = log, / EE + (1—5) i Γωων, 
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that is v = 1 — = PB, and consequently we have $ (u, — wu, + iK") is = 





K. 

E . 
Bez πα ο 

142, In connection with the same curve y= x(1—x)(1— Ex), we may 
establish the identity d — s d gy _ 

du, ae una ea 

where as before x, m δἳ, scd, and αι, Yy = #, &0,d,. We have 
(m — 2) 2 ya HEH SP] — 260 — 1 2) 


joe A+AL+ BP) Psi — 38 sf +o; 
and similarly 


(z—2) 9 — yg -- (1H Red Bod + Be, 


The difference of the two functions on the right-hand side is = P (å — +); 
which is = £!(z, — x}, and this divided by (a — x) is = (a, — 2)i the identity 


. is thus verified. 


Fixed Curve the Quartic y = (1 — (1 — Ka). Art. Nos. 143 to 146. 


143. This is a curve having a tacnode at infinity on the line x= 0, as may 
be seen by writing the equation in the homogeneous form uim (2— ANS Ex); 
we have as it were two branches having 
the line infinity for a common tangent 
at the point in question. The equation 
is satisfied by v=sn u, y=cnu dn u, 
values which are unaltered by the 
change of u into u + 4m K + 2miK", 
m and m’ any positive or negative | 
integers, and in regard to this curve 
the sign = is to be understood accord- 
ingly. I consider with reference to 
this curve only the affected theorem, in the particular form in which it most 
readily connects itself with the ordinary theory of the integral of the third kind. 


144. I consider the differential E in the particular ease where the 





line 012 is a line parallel to the axis of y: taking its equation to be x — m= 0, 
and putting for shortness X — A/1—z.i—Kk», X,;—4/1—2z.1— Rd, the para- 
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metric points are taken to be (αι, VX), (αι, — X), and the residues are‘ the 
intersections with the two branches at the tacnode. The conic (x, y, 2), = 0 is 
to satisfy the conditions of passing through the two nodes of the tacnode, and 
through the two residues, that is again through the tacnode twice—in all four 
conditions, and we have thus the form 2(x— θα) — 0, containing the arbitrary 
constant 0: the major function itself is then easily determined, and putting again 
z= 1 we arrive at the form X v—0 dz 
πι CS—- UM AX ; 
If the limits are taken to be two points on a line parallel to the axis of x, or 
what is the same thing, if the limits in Py to x are vc,— x, we have the 
integral JX, σ--θ de -[x X (arty ΕΘΝ de 
mn Â 2— VX’ Ben acm) ΥΣ’ 
naf" X, toad à 

| 0 mb dû VX 
We have 1 1 8 a — v0 

a Ta m0) TE —0 























, and the integral thus becomes 


ΚΝ Xd VX, 
Th DR aea 2. 


Taking here «= sn u, smi iR), = = —-— we have de=cnu dnudu= 
/X du, and the result is 








ΝΑ 2-9 de _ Bsnaenadnasudu | kena cna 
—em-Üz—mAX . 0 — 1— Rande snu 1—kÓsna ’ 
where on the right-hand side the first term is = — 20 (u, a), if II (u, a) be 


Jacobi's form of the integral of the third kind, Elliptic Functions, p. 143. 
145. It is to be observed that the proper normal form is not Π(ω, a), but 
Πίω, a) — uZa; say this is TI (u, a), viz. we then have 


Π(ω, a) 2 Ti (u, a) — u[a (1-2 pne 


Renacnadna anu 
aS τ. sn*a da, 
1—F sn’a sn? 





and thence ài (u, α) zx: 


l zt E 9.4 Bnaonadna -( -- TM 
Ou TI (u, a) E e Uda T D aa anu ! x + Banta; 
or if for shortness we write sn u, sn a — s, σ, this is 


ae 7. + Bo? Biot] + Ho Gs 2) tre, 








(1 — Peo}? 
which is BiH U + Bot) —20 + Beet} Ec 
A Bao? | KJ 
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or this being symmetrical in regard to s, c, we have 
9,0, II (v, a) = 0,0, 11 (o, u), 
and thence by integration, and a proper determination of the constants, 
Π(ω, α)-- ία, u). — 


Carre VI Tue ΝΟΡΑΙ, QUARTIO. 
Nodal Quartic; the General and Flefleenodal Forms. Art. Nos. 146 to 148. 


146. For a cubic, or other curve of deficiency 1, we are concerned with 
single points on the curve, and corresponding thereto with functions of a single 
argument (elliptie functions): but for & curve of deficiency 2, we have to consider 
pairs of points on the curve, and functions of two een: there is thus a 
marked change in the form of the results. 

The most simple curve of deficiency 2 is the nodal quartic, n= 4, p= 2. . 
Using homogeneous coordinates the general form is A + 2Bz +0 — 0, where 

A= (i, j, kta, y), 
B= (l, m,n, οἵα, yy, 


C=(p,9,7, 8, tfo, y) 
and where we write also 


B’— AC = (P— ἱρ)ία — ay) — ὂν)(α — ey)(a — dy)(x — ey)(a— fy). 
Clearly the equation of the two tangents at the node is A= 0; and the equa- 
tions of the six tangents from the node are x — ay = 0, . . . &— fy = 0: at the 
points of contact we have dz+ B=0, viz. this is the equation of a nodal cubic, . 
- the node and the two tangents there being the same with the node and two 
tangents of the quartic. Hence the node counts as 6 intersections, and there are 
besides 6 intersections which are the points of contact of the 6 tangents respect- 
. ively: say these are the points a, b, c, d, e, f:.the coordinates of the point a 
are given by the equations espuma (x) where A,, Ba, On 
are what 4, B, C become on writing. therein a, 1 fora, y: and similarly for 

the other points. 
147. An important special case is when the equation is B — 0; say we have 
here A=i(a — ey)(x — fy), 
B= 0, 
C= p (a — ay)(a — by)(« — ey) — dy), 
or AT the factors + and p, 
(a — ey)(a — fy)? = (x — ay)(a — by)(x — οφ)(α — dy), 
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' the origin is here a fleflecnode ; the tangents x — ey = 0, 2 — fy = 0 count as 
two of the six tangents from the node, and there remain the four tangents 
x — cy = 0; «—dy=0, x — ay = 0, x — by = 0; | 

the four points of contact are the intersections of the curve with the line z — 0. 

148. The general nodal form depends on 11 constants, but by writing 
ax + By, ye + dy, ez in place of a, y, g, we introduce 5 apoclastic constants, 
and so reduce the number to 11 + 1— 5, — 7: similarly the fleflecnodal form 
depends on 7 constants, but we reduce the number in like manner to 7 4-1 — 5, 
= 8: the final form might here be taken to be 

Pay = (x — y)(x — by)(x — οὐ)ία — dy); 
but it is more convenient to retain the original form 
δία — ey) — fy) = (s — ay — bye — ey — dy). 

bearing in mind that this is reducible to the form just.referred to, and thus 
depends virtually upon only 3 constants. | 

It is a general property that a curve of deficiency p greater than 1 can be 
by a rational transformation reduced to a curve of that deficiency depending 
upon 3p — 3 parameters: in particular if p — 2, then the form depending upon 
3 parameters may be taken to be the flefleenodal quartic as above: and I proceed 
to show how the general nodal quartie can in fact be reduced to this flefleenodal 
form. 


Reduction to the Fleflecnodal Form. Art. Nos. 149 to 152. 


149. Consider the general nodal quartic Az + 2Bz + C= 0: take ζ--θ 
for the- equation of the line joining the points of contacts of the tangents 
v— ey —0,.z —fy —0; and then writing œ —£, y — x, let the curve be 
transformed in the first instance from x, y, z to the new coordinates ἕ, η, ζ. 

Writing A, for the value (i, 7, ke, 1 which A assumes on putting therein 
(e, 1) for (x, y) respectively, and similarly A,, B,, B, for the other like values, 
we may take AA (e—f)j—|m , y, s |, 

eÁ, Au — B, 
fA À, —B,|. 
EUM 2(4,B,— A,B.) + y (eA, B,— f B, Àj) + z(e — f) A. Ar 








say this equation is {= — Ac — uy + z, the values of A, u being 
p — 4B —AB, p = ABA SB Ar, 
(e — f£) 4.4, (e — f) A.A, 
and therefore _ B _ B, 
: += M Fu 
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150. From the values č, ἕνητ--λα-- uy +z, s, y, we obtsinz,z,y . 
=% +24 + un, ἕ, n; and the transformed equation is 
4: (ἕ HAE + un) + 2B' (ζ +3% + un) + 0'=0, 
where 21! = (8, J, RYE, η), 
| B= (l, m,n, of, n}, 
C= (p, q, 7, 8, thé, ην, 
say this equation is A? + 2387 +  --0, where 
a= 4, 
B= AAE+ un) + B, 
@ = A'(AE + un) + 2B' (AE + un) + Ο', 
and thence 


3— AG = B^— 4'O', = (P-ip)E- an) mE —en(€ — dn)(E — en)(E— fn): 
-We have here 8, = A’ (AE + ux) +B’, a cubic function (ἔ, n)? containing the 
factors £ — ex and £ — fy: in fact writing £, n =e, 1 it becomes A,(Ae+u) +B, 
which is— 0; and similarly writing £, n= f, 1 it becomes A4,(Af4-u) 1- B;, 
which is — 0. Calling the other factor LE + Mn, we have thus 
B= (E — en)\(E— fn)(LE + Mn), 
and thence 


AG = (E— en P(E — n (LE + Moy - 
— (I — ip) (E — ax (E — bn)(E- en) E- dn (E — en) En), 
= (¢—en)(¢— fn) [(E—en)(€ —fn)(LE + Moy 
— (I — ip) — exY(E— dxYE—eE —f2)]- 
Hence @ contains the factor (E — ez)(£ — fn), say we have 
E = 0 — ex (E — ME — en)(E — pr). 

151. In the equation MP+ 2387 + © = 0 of the quartic curve, writing 4 — 0, 
we find  — 0, that is (E —en)(E — f/&)E — ex(É — on)=0: but {= 0 is the 
- equation of the line joining the points of contact of the tangents ἕ — ex = 0, 
E— η ο; hence £ — en =0, £ — $4 — 0 are the lines drawn from the node 
‘to the two points e,$ which are the residues of these two points of contact. 
` We now have 

OBE — er — 9n) = (E — er — PE + 140) 

— (P — ip)(E —an)(E — bn)(E — en)(E — dn), 
and ΠΝ 


0=(e—e)(e—f)(Le an —(P— ip(e —a)(e —b)( e — ee — d), 
0 = (p—e)(o—S)(Lo + My — pP) — dp —c)(p — 4), 
which equations determine Z and M; and then with these values of L, M, and 


for A substituting its value (1, 7, LYE, n) the mn must become an identity. 
Vor. VII. 


the equations 
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We have in what precedes, by the απο μίμος g = ] + AE a um, * = ; 
y = 7, passed from the form A? + 2B4 + C= 0; to the form 
AZ + 287+ € — 0, . 


‘ where | A= (i, j, Ὠ(ἕ, η), 


- B= (E en)(E — (LE + Ma), 
G= 0 (E — en )(E — ME — εξ — $n); 
viz. B and @ have here the common factor (ἕ — éx)(E — fn). 
. 152, Assume now | 
| É; N, (=X, Y, Jett Cie 24 

and therefore conversely : | 

X, Y, Z E, η, LẸ + Mn + 0 SM, 
then we have in the new coordinates (Xx Y, Z) the TS 


(i,j, BX, rye (S En) | 





| (X—:Y(X—gY) 
+ 2(X — Y(X —SYNLX +MY) T ry 


+ 6(X—e¥)(X—/f¥)\(X— eY)(X—Y)=0, 
that is (i, j, bX X, Yy0(X — eVY)/(X— HY) 
T 2(X—eY)X— fY)(LX +MY)(Z —LX — — MY) 
+ (X—eY)X-—/YYZ-—LX-MYy-o, 
where the second and third lines together are 
= (X YX — AY) 2— (X +MY}), 
and the M thus is 
KLEIN 2 H 06,2, EX, PR Yr OF) 
== PO xam z0. 
But the term in { } is identically : 
= — (P—ip(X-—aYyX— BYE oY)(X — ar), 
and the equation thus becomes ᾿ 
(X — eY)(X — /Y) Z3 — (P— ip X —aY CX —5Y)(X — eY)(X — dY)=0; 
viz. the original ἨΈ 39 + 2Bz + O = 0 of the general nodal quartic is, τ 


Χ--εΥ̓}(Χ--φΥ' 
©, y, z — À, YAX + uY +o ZIA Wu 


7 


or conversely II a: oca me 


ο | — À — py 
transformed into the fleflecnodal form as above. 
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It originally appeared to me that the flefleenodal form was more easily 
dealt with than the general form; and I effected the transformation for this 
reason: there is, however, the disadvantage that the six points a,b,c, d, e, f 
enter into the equation unsymmetrically; and I afterwards found that the 
general form could be dealt with nearly as easily, and in what follows I use 
therefore the general form. The transformation is given as interesting for its 
own sake, and as an illustration of the theorem in regard to the number of 
constants in a curve of deficiency p. | 


Application of Abels Theorem. Art. Nos. 153 to 157. | 
153. Taking the fixed curve to be f, = £ (A? + 2Bz + C), = 0, we have 
a = Áz + B =s (s, y}, if for shortness we write 


(α, y)'= Β»-- 40, =(0— ip)(e~ ey — by) ee): 
and we thence have ds ady — yds 
ν΄, yf. 
The minor curve (x, y, z)^ ?— 0, is an arbitrary line passing through the node, 
that is the point z — 0, y — 0; and the pure theorem thus gives the two relations 
Zedo = 0, Xydo = 0; where the summation extends to the intersections of the 
fixed curve A? + 2B; + C = 0, with the variable curve ϕ. 

The variable curve is taken to be a.cubie Az + B=(a, B, y, δα, y}, or 
say Az + B= Q, where Q is a given cubic function (x, y): viz. this is a nodal 
cubie, the node and the two tangents there being the same with the node and 
the two tangents of the quartic: hence it meets the quartic in the node counting 
6 times, and in 6 other points, say these are the points 1, 2, 3, 4, 5, 6: hence 
the differential relations are 


Ada, + a doy + αι dox + e, do, + ax dos + md, = 0, 
y; do, + ys dos + ys dos + y, do, + ysdos + Yoda, = 0. 

154. Observe that the intersections of the cubic with the fixed curve are 
given by the equation Q? = B’— AC, or say @ = (w, y); an equation which 
determines the ratio æ:y for the six points respectively, and the ratio z:z is then - 
determined rationally by the original equation d2z+ B=. Instead of regarding 
Q as a given function, we may, if we please, take 1, 2, 3, 4 given points on the 
quartic: we then have four equations for the determination of the coefficients 
(a, B, y, à) of the function Ω; viz. these equations may be taken to be 
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(e, B, y, δ)(οι, y= Μου 3) 





Na 
( LN Ya; Y) = = A σε, ys) 
(. n CR ya) = (a, y), 


. 1 is hereby completely determined, and this being so the remaining intersections 
5 and 6 are also completely determined: there are thus between the six points 
2 integral relations, which agrees with the number, = 2, of the differential 
relations obtained above. - 
155. If we now assume | οὔ 
` du = αι do, + αγ άως, du! = ay dos + es ως dox, + ag ως, 
do = ψιάωι + ydo, ἄν = Ydos + Ydos, dv = E + ysdos, 


or say a (rdy — ydz) 
TP ub t o SoS, E ODE y) 
= lady — yd»). 

i 5 v, v, v=f, TE A/ (a, yy H g 

that is E25 z(edy— ιά) / ft, (ὋΝ yledy— ydo) 
v M) A/ (v, y) v +h) V(x, y) 

where a, @ are points assumed at pleasure on the quartic: and similarly for 
wu, V, ο’, υ': then u, v are hereby determined as functions of the points 1, 2: 
and we may conversely regard the points 1, 2 as determined in terms of the 
‘two arguments u, v. We might, selecting any two symmetrical functions of the 
a SUM 7. 

T 5 Ayr 
ψίω, v); and then À y and 5 wil be functions of φίω, v), Vu, v), but instead 


of this selection itis proper to consider the ratios of six functions depending 

on the points a, b,c, d, e, f respectively: viz. we assume ' 

VG — ay) (s — ag) : Vibes ὄψι ...: Μαι f — f) 
= Au,v). : . Βία, ο) E F(u, v), 

and of course 3, 4 will be in like manner deforınined by means of the corres- 
ponding functions of v, v’, and 5, 6 by means of the corresponding functions of 
. W', v'. The squared functions A’, B’, C^, D, E’, F’ are proportional to given 
' linear functions of xx, aht GY YY, and are thus connected by three 
independent linear relations. 

` 156. The differential relations then become 

i du + du! + du! = 0, ἄν + dv + dv' — 0, 


and we have consequently | 
ud wu Hr uw'-I, denas vi =. 


degree zero, for instance, —À., Εμ them as functions φίω, v), 
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where J, J are constants which are determinable as definite integrals by the 
consideration that when the cubic is taken to be Az + B=0, the six points 
1, 2, 8, 4, 5, 6 coincide with the points of contact a, b, ο, d, e, f. I do not at 
present gee my way to & proper development of this point of the theory: but 
in explanation of the nature of the result, I assume for the moment that by a 
proper determination of the inferior limits «, 8, or otherwise, we may take 
I=0,J=0. We then have "= — u — u, y! = — v — #1; and the integral 
equations which determine the points 5, 6 in terms of the points 1, 2 and the 
points 3, 4, then in effect determine the functions A, B, etc. of — wu — vl, 
— v — v, or say those of u + v, v + v in terms of the like functions of (u, v) 
and of (w,v): viz. these equations give the addition theory of the functions 
A(u, v), etc. | | 

| 157. We may, in the first instance, disregarding altogether the consider- 
ation of the arguments u, v, etc., attend only to the algebraic functions such as 
A/ (a, — ay — aye), ete. of the coordinates of the pairs of points 1, 2; 8, 4, and 
5, 6; and we can in regard to these develope a proper theory. This depends 
only on the equation Q — A/(z, y}; it will be convenient to assume herein y — 1, 
and slightly modifying the form, to write it 

(a, B, y, de, 1 — Ma-—a.b —s.o—2.d —2.6—2.f —2; 

and accordingly to consider the functions ./a—2.a—a, etc. These are called 
the single-letter functions A, ete. but there are certain double-letter functions 
AB, etc. which have also to be considered; and I will, in the first instance, show 
how these present themselves in connection with the cubic curve. 





Origin of the Double-Letter Functions.. Art. Nos. 158, 159. 
158. The cubic curve Az + B= Q may be taken to be a curve through two 
. of the points of contact, say the points a, b; these will then be two out of the 
six points, and taking the remaining four points to be the pairs 1, 2 and 3, 4, 
` we have single-letter functions of 3, 4 presenting themselves as double-letter 
functions of 1, 2. In fact the equation of the curve is - 


Az + B= A(x — ay) — by)(x — ky) ; 
for the intersections with the quartic we have A*(a— αγ) (αο--- by)*(a@ — ky = €», 
or throwing out the factor (a — ay)(a — by) and changing the constant A, this is 
(z— ay)(a — by)(a — kyY— 2 (x — cy)(x — dy)(a — ey)(x — fy) = 0; and the quartic 
function must be a multiple of (æy, — «y)(xys — a y)(*ys — vgy (zy, — day). | 
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Putting each of the y's equal 1, we have the identity 
oe μμ OG =. 
= u (a — 2) — &) (as — α)(αι -- 2); 
and hence, introducing a notation which will be convenient, a — =a, a—a,=a,, 
and so in other cases, we have by giving different values to x the equations 





a, biki = Ae diei fi, (a — c \(b — c )(k — ο = ue, cs cs0,, 
85 b, kj = AG d, 6, f, ο (a— d)(b — d)(k — d? = ud, d, d, dy, 
85 bg k3 = Ac, dg 65 fz, (a — eY(b — eY(k — e Y = we, e; ese,, 
a, b, kj = Ac, d, e, fy, (a — Fb — Fk — SF = uf ff f, 
— à (c —a)(d—a)(e— a)(f— a) = ua; as tatu, 
— λ(ο — b)(d — b)(e —b)(.f — 5b) = ub, bs b, by: 
We have thus (a—e)b—c)/e—KkN* _ 0 
| add Lit) as 
and 7 Ki abadek . 





kj? mbadhe f i 
which last a writing for a moment y, ὃ = Vu be d;e; h, vabade, 


gives k— a, 


EX =f, whence #(y — ὃ) = ay — m and thence 


- — ra— da _ Was ἐν a bodie f, — Va bie dye f] | 
d— rda — dd, α/ d; dy} ^/ a, b ds o, e, f — ^/ab dioe; fi] 
or substituting in the first equation 
Ve), vabalai — vicios. Vas. 
(a—db—d) ^/abidice fi — about Vdd 
159. Considering the duad DE as an abbreviation for the double triad 
ABO.DEF, the expressed duad being always accompanied by the letter F, we 
are thus led to the consideration of the double-letter functions 


AB,— >; παν want &d; e; j, etc. 


in connection with the already mentioned single-letter functions A, — Vam, etc. 
viz. in this notation the en just obtained is | 
(a — οἵδ — ο) DE, 
A (a— d(b—d) CE,’ 
and it thus appears that the points 3, 4 being obtained as above from the given 
points 1, .2, then that the quotient of two of the single-letter functions of 3, 4 
is & constant multiple of the quotient of two of the double-letter functions of 
1,2. Observe that the points 3, 4 are derived from 1, 2 by means of the two 
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points a, b: we have DE. standing for ABC.DEF, CE for ABD.CEF, and if 
the two functions were P dpa by ABC, ABD nr then the form 





would have been (a — ob — ο) ο) | ABO, 
T= (a— dy(b —d) —4d) ABD, : 


which is a clearer expression of the theorem; the apparent want of symmetry 
of the first form arises only from the ων selection of the letter F to 
accompany the expressed duad, and is at.once removed by substituting for a 
duad DE ihe triad ABC.DEF which is thereby signified. The denominator 
factor z, — x, is introduced in order to make the degree in x, or x, equal to that ` 
of the single-letter functions. 


The Addition Theory. - Art. Nos. 160 to 163. 
160. We have the six single-letter symbols A, B, C, D, E, F; viz. 
4. = aa, etc.: and the ten double-letter symbols AB, AC, AD, AE, BC, 
BD, BE, OD, CE, DE, viz. 


1 
AB, = == {vubhaha—Vvabhade}, ete 


these 16 functions being connected by algebraical relations which are immedi- 
ately deducible from these expressions of the functions in terms of αι, ας. The 
problem is to express the functions of 5, 6 in terms of those of 1, 2 and of those 
of 3,4. The relation between the variables æ, x, €s, %4, Xy, & consists herein 
that we have αι, 25, Xg, Z4, y, Xe as the roots of the equation 

[(1, 2)*] aa? + Ba? + γα -- 6 — 2. (a —«)(b —)(c—«)(d—)(e—)(f—2)-0; 
or what is the same thing, it consists in the identity 
Lax? + ga? + ya + 8] — A (a — x)(b — «)(e — ed — ω)(ε--- e) — ο). 

um ae 2) — 2) a — zn 2)(4— 2) = 0; 

or again it may be expressed by the plexus of equations 


1, 8i, 1, 1, 1, 1 JE 
Hy 9 , Dy , La » ἅς , Le 
αι ο «πα ο R, Å, αἳ, αὖ 


ai ’ a3 E : , a ? αᾷ E αὖ 
WX, NX, A X; , VX, ν΄ Xs, A/ X, 
(where = (a —x)(b — m) . . . (f— x), etc.) equivalent of course to two 
equations, and serving to determine as, a in terms of 2; Xs, σε, ας. 
161. The solution is in fact as is given in my paper “On the Addition of 
the double S-Functions,". Crelie, t. 88 (1880), pp. 74-81. Writing successively 
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L= M Wy, Wy, 94, We have 
aad + Bat + γαι + ò = van X, 
aay + aj + yi, + S — A Xs, 
-ααᾷ + Bos + γαι t 8 — VAN XS, 
ax, Bai + γαι ὃΞξ ANA, 
which de serve to determine in terms of a, 2, %, Ta the ratios a : B: y: δ: 
_and we have then the two like equations ; 
a + Bag + γα + ò= VAN Xs, 
ααᾷ + βαᾷ + yas 1- ὃ-- VAN Xe, 
which determine the symmetric functions of a, αρ. 
1f if reverting to the uu we write therein for instance x = a, we find 
aa’ + Ba + ya + ò= 1/4 An Αμ Ase, 
which equation when properly reduced gives the proportional value of Ay. 
162. Calling for a moment the function on the left-hand side Q, we have : 


di αἲ, $1, 1, ASKS X, =0 ; 


ας, ἃ, w, 1, AA AX, 
αὖ, 2, Tg, 1, VAN X3 
zi, 4 94, 1, VAN Xa 
on. a, a’, a, 1, Q 
that is Q ai a, Ti i + MA aj, oj, 25, 1, A, X, = 0, 
αὖ, a, 2$, 1 2, S, pn. 1, ~ X; 
αὖ, 2j, 25, 1 αὖ, 2$, Lg 1, ν 4. | 
f aj, a, ET 1 x αὖ, 24; 1, ^ X, | 
viz. this is . 
Q(— a) — sym — een — ee : | 
= MA (NX, 3 — 9s. μμ. αὖ —a. αι---α 
+ SX 3 — 24. Lg — A. Cg — Wy « Ly — A Wy — 93.0 — D 


A XS, 9, — 0.2 — αι. A 
"FAX, m. Why Q — Tg «Ty — Te B — 94.99 — 24] η 
or as this may be written 
Ω. U — Dy 


= Ea — Wg Lg — 94.0, — 9. Var Wm cud ο κά. XP 
dau a 
PNE mt Fa (a, m. aa VK (Vg — 93.239 — 2.0 X], 


we. have here α/λ.α — 23.0 — xr, = 4/À A}, and the function x 
| [ey — 2.2 — 24. VA — mn — ο πο αι X) 





UT 
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which multiplies this is without difficulty found to be 
— — 7% —5{0 — d. B,BE,.Os. Du}, 

where the summation extends to the three terms obtained by the cyclical inter- 
change of the letters b, ο, d: these being & set of three out of the five letters 
other than a. Similarly 4/1.a — 23.0 — x, is = 4/2 A},, and the function which 
multiplies this is | | 
= = — fe — d. Bi, . BEyOuDut, 

the ΡΟ for Q thus contains the factor 4,,4,. But we have 

Q, = aa? + bo? + ca +d, =A pA Ag Ase} | 

this equation contains therefore the factor Αν. ἄρ, and omitting it we find 


— VÀ (m — mm — t — 2. — me — d.d — b.b — ο) An 
= ΑμΣ]ο--- d. Bi, BE, 13 CDs} + Ag [c — d. Bi BEy Cu Dy}, 

where as before the summations refer each to the three terms obtained by the 
cyclical interchange of the letters b, c, d; these being any three of the five 
letters other than a: and the remaining two letters e, f enter into the formule 
symmetrically. The formula thus gives for A, ten values which are of course 
equal to each other. 

B f th dete den ος ul nly th 

y reason of the undetermined factor 1 e formula gives only the 

proportional value of Απ; viz. combining it with the like formule for B, etc. 
we have determinate values of the ratios Ay: Bg ...: Fr. But this being 
understood, we regard the formula as a formula for each single-letter function 
of ax, x, in terms of the single and double-letter functions of αι, a and of as, c, 
respectively 

163. We require further the expressions for the double-letter functions of 
Zg, %. Consider for example the function D Eg which is - 


_ mom 
WEE — — [A dyes fias Do Ca — M docs fats bs es } 


then multiplying by Ay Bis Cy, = Nr orn we have 

DEn Au Bu Cg — md Yo — bts VF}, 
or recollecting that 4/A / X; a + A/ X, are -- ααὖ + B + ya; + ὃ, and . 
ack + Bai + ya, + ὃ respectively, this may be written _ 
MÀ DE, Ag Bg Og = -= ja — ay. b — me — as. (aa + d + ymt ὃ) 
— 4, — gy. b — ag. 0 — asy. (aw + Bof + yos + δ)]- 








Vor. VI. 
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Using the well-known identity d 
. — n.d — 
acd + Bad + γῶν + = E. ad? + Bar + ya + δ. en 

where the summation extends to the four terms obtained by the cyclical inter- 
changes of the letters a, b, c, d: and the like identity for ad + βαξ + γαι + ὃ, 
there will be terms in aa’+ Ba? 4- ya + ὃ, ab°+ B+ yb + ὃ, a+ Be+ yet, 
but the term in ad’ + Od? + yd + ὃ will disappear of itself. After some easy 
reductions the result is 


AR D Eg As Bas seen 0%, 


| — a.0— 

where the summation extends to the three terms obtained by the cyclical inter- 
changes of the letters a, b, ο. We have aa? + Ba? + ya + ὃ = Wp. Ay Ag, As, and 
similarly for the other two terms; the whole equation thus divides by Ay Bss Oss, 


d we find | ai 3 
and we fin — YÉ Diy = Eis να 10 ---ο- An Au BuOu, 
in which equation, if we imagine ME A, vi Bg, A Os, each replaced by its 


value in terms of the single and double-letter functions of αι, % and a, αι, we 
have an equation of the form 
— Yi mannana) D = —— τα Ἡ, 
where Mis a given rational and integral function of the single and double-letter 
functions of αι, ων and +, αι. The factor on the left-hand side has been made 
the same as in the formula for the single-letter functions Ag, ete., and to do this 
it was necessary to bring in on the right-hand side the factor 
1 
ο ποσα 2,— a | 
this disappears in the expression for the ratio of two doubisdstet functions ; 
‘but it enters into the expression for the ratio of a single-letter to a double-letter 
- function, and it then requires to be itself expressed in terms of the functions of 
αι, ον and $5, %: it is easy to see that we have 


90 — Ly Un — Ly Ly — Tg. Hy — Hy — Σ (Au Bi N An Ch) 


` where the summation extends to the three terms obtained by the cyclical inter- 
changes of the letters a, b, c: these being a set of any three out of the six 
rubo 
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We have, in what precedes, obtained the expressions for the ratios of the’ 
16 functions Ay,... Fe, AB, ... DE, in terms of the ratios of the like 
fonctions of αι, % and Ty, αλ. E g : 


CHAPrER VII. Tus Fuxorioss T, U, V, 6. 


The present chapter is substantially a reproduction of O. & G.’s seventh 
section, “Die Function 7," (borrowing only from the next section the definition 
of the theta-function), but for greater simplicity I consider for the most part, the 
cage, οὐ n=4,p=3. 


Integral Form of the Affected Theorem. Art. Nos. 164 to 169. 


(£, y, 2)8 "do 
012 


integrals [cay which present themselves in connection with the affected 
theorém : the notation is explained, Chap. V ; a, a/.are points on the curve f; 
- the variable may be any parameter serving for the determination of the current 
point, and the integral, taken from the value which belongs to the point a’ to the 
value which belongs to the point a, is represented as above by means of the two 
points a, a as limits of the integral It is assumed that the integral is a 
canonieal integral having the limits and the parametric points interchangeable, . 


a | 1 

J. ail, = J ds: see Chapter IV. - 

= 165. Writing for shortness ΜΙ 

d ο C... 
Qc + f+. Jan f(s yg) Ms 

then if $, 4 are curves each of the order m, the former of them intersecting the 
fixed curve f in the points a,.b, c... ,;and .the latter of them intersecting the 
same curve in the points a’, δ, σ..., and if ĝi, J4, Φε, ds are what the functions 


$, V become on substituting therein in place of the current coordinates the 
values which belong to the parametric points 1, 2 respectively; the theorem 


becomes | ` Io D c. dits log PE. 


` The superior limits may be E in any manner, and so also the inferior _ 
limits may be interchanged in any manner. Τα superior limit coincide with an 
inferior limit, the two may thus be considered as belonging to an integral which 
will then have the value 0, and the coincident points may therefore be omitted 


164. Writing for shortness = Γι, we are concerned with the 
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from the expression on the left-hand side: and so in the case of any number of 
coincidences. . l | ; 
166. If the intérsections of the curves $, V and the parametric points are 
situate on a curve of the order m; then taking the equation of this curve to be | 
$ --^Q4-—0, we have αππυπαπεοτεῖν $i + 2440, di + Ads —0; whence 
ph = = ds, and the logarithmic term disappears: viz. the theorem becomes 


a,b,c. 
| SE) tao. 
167. Suppose that the curves ᾧ, 4 are each of them a major curve, that is a 


curve of the order n — 2 passing through the ὃ dps, and consequently besides 
meeting the curve f in n(n — 2) — 28, = 2p + n — 2 points: the theorem is 


SEHE) SE 

where the numbers of the superior and of the inferior points are each — 2p με, 

168. Suppose further that the curves $, V, being major curves as above, 
pass each of them through the n— 2 residues of 1, 2; they besides meet in 
(n — 2)(n.— 3) points (viz. these are the à dps and (n — 2)(n — 3) — 9 variable 
points): these (n — 2)(n — 3) points lie on a minor curve, that is a curve of the 
order n — 3 passing through. the dps; and the minor curve together with the 
parametric line 12 make together a major curve passing through the intersections 
of $, and also through the parametric points 1, 2: viz. these points and the 
intersections of $, 4j are situate on a curve of the order n — 2; the logarithmic 
term thus vanishes. The intersections of @ with Ihe fixed curve are the à dps, 


the n — 2 residues and 2p other points, say these area, b,c..., a 0, ο)... 
similarly the curve ψ meets the fixed curve in the à dps, ike n — 2 residues, and 
in 2p other points, say these are d, e f, ...,@,¢,f",...: the theorem is 


SG ο 

where there are 2p superior and inferior points respectively. ‘ 

^169. I introduce the definitions: a minor curve meets the fixed curve in the 
dps and in 2p — 2 other points, called “cominors”: a major curve passing through 
the n — 2 residues of the points 1, 2, meets the fixed curve in the ὃ dps, the 
n — 2 residues and in 2p other points, called “comajors in regard to the points 
1, 2". Observe that p — 1 of the cominors determine uniquely the remaining 
p-—1 cominors; and similarly p of the comajors determine uniquely the 
remaining p comajors. 


- 
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The foregoing theorem thus is that the sum f ( Jami is = 0, when the 


superior points and the inferior points are each of uem a system of comajors in 
regard to the a points 1, 2. 


Fixed Ourve a Quartic. . Ari. No. 170. 


170. It would be easy to go on with the general form, but as dedi men- 
tioned, I prefer to consider the case, fixed curve a quartic; n= 4, p= 3. A 
minor curve is here a line meeting. the quartic in 4 points, which are “cominors”; 
the major curve is a conic, and if this passes through the residues of 1, 2 it besides 
meets the quartic in 6 points, which are “comajors in regard to the points 1, 2". 
Two points and their residues are cominors, but this is only by reason that 
n — 38-1. | ο. 
The Function T. Art. No. 171. 

171. In conformity with C. & G. I introduce the functional symbol 

(ar, 
80 that T denotes & function of the parametric points, and of the sets of superior 
and inferior points respectively. The foregoing theorem for the quartic thus is 


"1 ευ 


d, e, f, È, €, F 
Observing that ΓΤ + Je =2 J. -f > and so in other cases, this may be 
min nee) 


and if as a definition of Τρία, b, ο), we write 
E a,b,e 
, Tala,.b, ο) = Ty (Fe p 2) | 

where a’, b^, οἳ are the comajors of a, b, c.in regard to 1, m then the equation is 

Ce 29) = Tala, b, ο = Τω(, ο Ss: 
viz. the function of i (op + 2==)8 points 1, 2,a,b,c,d,e, fis here expressed 
as a difference of two functions each of (p+2==)5 points: Ty (a, b, ο) is 
regarded as à function of the 6 points 1, 2, a, b, c, because the remaining points 
d b, e ne only on these 5 points. . A 

The Function U. Art. Nos. 172 to 175. 


172. We consider on the quartic the points £, u; 1, 2, 3; and taking τ ΩΝ ΗΝ 
for the cominors of 2, 3; g, g for the cominors of 3, 1; and A, # for the 
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cominors of 1, 2, we write 

T= Tae 2, 3), vd 

n= TE, S, 73, i= T, (E, 9: φ), T= Ty (E, h, K); 
it is to be shown that there exists a function U(1, 2, 3; E) such that 

SU = HAT +ALL TDI, 
viz. considering £, 1, 2, 3 as variable points on the quartic, the whole infinitesimal 
variation of U is the sum of these parts, where ôT is the variation of T when 
only ἕ is varied, 6,7; the variation of 7, when only 1 is varied, and similarly 
for 6,7, and 6,75. We consider in the proof three other points 4, 5, 6 on the 
quartic; and taking /, /' for the cominors of 5, 6; m, m for those of t 6, 4; and 
n, n! for those of 4, δ, we write further i 
X= Ti, (4; L ζ), ἃν -- T, (5, m, m), z= T, (6, n, n), 

and it then requires to be shown that ' l 


Gar Sa. 5, ο, 
1άϊ--20-- f (fg ) dtl + log SE 
£052) — f (fS) dti. + log ors 


1 πω ο — f'( 5 )an, + log ct 
where u23 is the determinant formed with the coordinates of the points u,.2, ὃ 
respectively: and so in other cases. 
178 We bate: p UL BB) Em (1,2, 24a, 5,9) 
that is -=;T FT, (4, δ, 6); : 
and thence the above value of; T. | 
The affected theorem gives 


JG 2, Sar, log eh, ; 








1, 1’, 5, 6 
where F= 0 is the equation of. the line through f, /’, 2, 3; and m, F, are 
what the function F becomes on substituting therein for the oeil coordinates 
the coordinates of the points 1, u respectively. And similarly L= 0 is the.” 
equation of the line through J, V’, 5, 6; and Z,, L, are what the function L 
becomes by the same substitutions S The values of MA, F, are 
123, oe those of L4, L, are 156, „56, and the logarithmic term is thus 


123.156 | 
= 10 95 156.123" 
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We thon have 


7 
a-n (CHAM) = SES Dane f GENES 

and in this last expression for +(%,— X,) substituting for the second term the 
logarithmic value just obtained we have the required expression for £(T; — X): 
and those for + (7 — ἂν) and $(7,; — X), are end by mere cyclical permu- 
tations of the letters. l 

174. Returning to the assumed relation IU=! i (gT T + 6,1; +64}; 
in order to the existence of the function U, it is only necessary to show that 
T — T, contains no term in 1, £ (that is no term depending on both these points), 
and that 7, — Τι contains no term in 1, 2: for then by symmetry the like pro- 
_ perties hold in regard to T— %, T— Τε, T, — Τε, T, — T, respectively, and the 
assumed expression is a complete differential, from which the function U may be 
obtained by integration. 

175. To show that 7— Τι contains no term in 1, £. 


For 7, the only term in 1, ris fd dll, 
» T i n » [i αΠι,, 


and it is to be shown that the difference of the two integrals contains no term 
in-1,£. Considering on the quartic the two new points ὃ, e, the first integral is 


JG 4) (la A), =f all, +f" dit, + fe αΠ.,, 
and the gecond is P 

SE E) (d+ al), =f ‘dy + f ath, + f απ... 
Hence in the difference the only terms which can contam 1,2 is 


Ja fans 


and this term is —0: wherefore there is not in the difference any term in 1, &. 


This proves the property for T— Ai The property for T, — T, is proved in a 
similar manner. 


Theorems in regard to the Function U. Art. Nos. 176 to 179. 
176. Theorem (A). 
U(1, 2,3; £) —U(1, 2, Pu $ 7,(1, 2, 3), (A) 
U(, 2, 3; HTU, 2,3; -- | quai far 
| MIL, 2, 9) —17, (1, 2, 8), 


we have 


164 Carıer: A Memoir on the Abelian and Theta Functions. 
and 7,,(1, 2, 8) -f( 2 7) dI, where dII,,==0, viz. considering this as 
derived from at; = = Qu do, by making the point £ coincide with u, then when £ 
is indefinitely near to u, the numerator and denominator of Q,, are each of them 
infinitesimal of the orders 3 and 2 respectively, and thus the, function Q,, 
ultimately vänishes (see as to this, Ohap. V. Art. Nos. 99 to 106). We have 
therefore 7,,(1, 2, 3) — 0, and the required theorem is proved. 

177. Theorem (B). IEEE M 
| | UG, 2, 3; δ) -- U(4, 2, ἃ; H= MEAS, (B). 
' where as before f, f- are the cominórs of 2, 3, that is 2, 3, fn f lie on a line. 
Wehave σι, ο, 3; )—U(4, 2,8; =f ἀζ--} an. 


=;T,(& KL, 77}, 
the point μ is arbitrary, and it may be taken to coincide with 4; but we then 
have T4(E, f, f)=0, and the theorem is thus proved. 

178. Theorem (0). ZE, f, F) + Τικ, k, 1) Ξ- 0: (0) 
where ἕ, η, 1, 2, 3 are arbitrary points on the. quartic; 1”, 2", 3' are the comajors 
of 1, 2, 3 in regard to ἕ, η, viz. the points 1, 2, 3, 1", 2°, 3' lie on a conic which 
passes through ξ΄; y the residues (or ner); of £, LE F f' are the cominors of 
2, 8; and k, X are the cominors of 2", 3°. 

Taking 0, # for the cominors of 1, 1”, the four lines £x£ z/, 11°00, 23 ff! and 
Ski form a quartic cutting the fixed uario in the 16 points: but of these 
E, 7, 1, 2, 8, 1', 2", 3 lie in a conie: hence the remaining 8 points 0, #, E, η, 
ff, k, K lie iid conie; that is, £, η, f, f', k, KW lie on a conic through 6, @, the 

residues of 1, 1°, or they are comajors in regard to 1, 1°; whence the theorem. 


179. We have 
From A. From B. 


ERE, f, P) SU( F, f3 1) UE, 51), = U(L, 2,8: — UU 2, 5; B; 
3 Ti (n; k, E)-—U(n, k, k; 1)—U(n, k, E; 1), =U(, 2 8;9)— σι, 2, m; 
viz. we have thus two ος for each term of the equation (C), 
Tyx(E, f, P) + Teln, k, €) — 0. 
‘In particular we have Theorem (D) 
U(1,2,3; £) — σα», 2, 3; £) - — ία, 253; ἔ) + U( Z, 9; n). (D) 
Again we have T4 (1, 2, 3) + Ta (T5 2, 3)—0; where 1, 2, 8, r, 2 3” are 
comajors in regard to ἕ, η: and 
VIO. 2, 3)= σα, 2,8; UC, 2, 83m), 
17,0, 2, 3) = σα”, 2, SAL, 2,8%), 
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whence Theorem (E), 
U(1, 2, 3; £) mE U(1, 2, 3; x) = — u, 2 8 ἕ) + U(r, 2", a η). (E) 


The Function V. Art. Nos. 180 to 182. 


180. It is convenient to consider U as a logarithm, say — U(1, 2, 3; £) 
= log V(1, 2, 3; £), or V(1, 2, 3; £) zz exp. —U(1, 2, 3; E). V,like U, isa 
function of the (p + 1 —)4 points 1, 2, 3; £, on the quartic, 

The equation (D) thus becomes _ 

V(1, 2, 3; £) DON yr, 2,3; £) 
VE VL, 2; 3; γ᾽ 
where 1, 2, 3, 1’, 2°, 3° are comajors in regard to £, η: the equation shows that 
V(1,2,3; Ὁ 
το 35 7) 
a pair of points 1, 1" out of the system of comajor points; and it of course 
follows that we can in any manner whatever interchange these points, so as to 
have any three of them in the numerator function and the remaining three in 
the denominator function. In particular we have 
V(1, 2,8; ) ΤΊ, 2, 9; 5) 
νο 2,8; 7) VA, 2, 8; 7) 
The equation (E) becomes 
| V(,2,3;6) γα, 2%, θ᾽; 7) 
V(,2,3;5 VAS 8% Θ᾽ 
and multiplying we find 
ρα, 2, 3; £) = V1, 2 8; πὴ, 
that is V(1, 2, 3; £) = + V(1*, 2°, 3%; n), the sign being determinately + or 
determinately — , according to the precise definition of the function V. 

181. Considering η and also 1", 2’, 3° as fixed points on the curve; but £ as 
a variable point (that is, the parametric line £x as rotating about the fixed 
point η), the points 1, 2, 3 are then determined as the remaining intersections 
with the quartic, of the conic which passes through the points 1”, 2’, 3° and the 
points Z^, π' which are the residues of £, y. And by the theorem just obtained it 
appears that, ξ, 1, 2, 3 thus varying, the function V(1, 2, 3; £) remains constant. 
This comes to saying that.V considered as a function of the points 1, 2, ὃ, £ 
satisfies a certain linear partial differential equation of the first order, πας 8 
solution V — F(u, v, w), an arbitrary function of u, v, w, determinate functions 
of the points 1, 2, 3, £. And if we can find u, v, w functions of these points 

Vor. VI. 


in the function we can without alteration of the value interchange 


166 CaxuEY: A Memoir on the Abelian and Theta Functions. 


.such that they each of them remain constant when the points 1, 2, 3, E vary as 
above, then the arbitrary function of u, v, w will remain constant for the 
. variation in question and will thus be a value of the function V. 

182. Tt is easily seen that such functions are 


1; 3 "3 
V, υ, wm ( f f + f — f edo, ydo, ado, 
the inferior limit being given points which are regarded as absolute constants. 
For by the pure theorem we have ` 
E (v, y, z)! do = 0, 
where (x, y, z} is an arbitrary linear function, and where the summation extends 
to all the intersections of the quartic with any given curve. Writing 


p= fzdo, f ydo or fide, that is, p= f do, f yo or f oo, 


the inferior limits being any absolutely fixed point on the curve, and similarly 
Ps, ete.; the integral form of the theorem is p= constant. And applying the 
| theorem successively to the parametric line, and to the conic which determines 
the points 1, 2, 3, we have 

Pet Pa + Py + Py = const., 

Pet Py t Pi Pi + Ps + pi + Pw + pe = const. 
Taking the difference of these equations 

Pi + Pa + Pps — pi + Pet Pet pa — Pr = const, 
viz. the points η, 1°, 2’, 3 being fixed points, this is 

dict pst ps — p; = const, 

that is, the functions u, v, w defined as above are each of them constan& undér 
the variation in question.‘ 


The Function ©. Art. Nos. 183 and 184 - 
183. The function V(1, 2,3 ; €) of the (p + 1 —)4 points 1, 2, 3; E, is thus 
a function of the ( p —) 3 arguments 


wo w, m (f E fe f — f ) ado, ydo, sio. 


Disregarding a constant and exponential factor we say that it is a theta-function ` 
of these arguments, and we write the result provisionally in the form 

| V(1, 2, 3; £) zz O(u, v, w), 

the more precise definition of the theta-function being reserved for further 
consideration. 
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184. It appears by what precedes that a sum of (»=)3 integrals 
b a ON ae SEHR 

JC ο) Πω, otherwise called T. HE in me first place expressed 
(see No. 171) as a difference, — 4 T (a, b, c) — + T (d, e, f) of two functions 7. 

Each of these is by theorem (A) (No: 176) expressed as a difference of two 
functions U, that is as the difference of the logarithms, or logarithm of.the | 

quotient, of two functions V: such function V is according to its original definition 
a function of (p + 1—) 4 points, but in such wise that the function is express- 
able as a function of (p =) 3 arguments, and so expressed it is a O-function of 

these arguments: and the final result thus is that the sum of (p=) 3 integrals 

S (2 5 7) d YI, is equal to the logarithm of a fraction, whereof the numerator 


and denominator-are each of them a product of two @-functions. 
Exp or CuarrER VII. 


τ 


-Extrait d’une Lettre de M. Hermite 


adressée ù un étudiant de l'Université Johns Hopkins. 


.*... Permettez moi de vous indiquer une remarque qui peut-être vous 


. : intéressera et que je place dans mes i d immédiatement aprés avoir donné 


la formule de μον, 


ο ο + ο 


oulona:  .. Ja (9f 
in - Pa) 
l'integrale étant prise le long d'un confoür qui comprénd, à son interieur le point 
dont l'affixe est x. 
“On a donc en designant par c le périmétre du contour et par À le facteur de 
M. Darboux, et par Ÿ Vaffixe d'un point du contour: . 
Le wf 
Arc) 
“Prenez maintenant pour contour une circonference de rayon r, vous avez : 
o = Mr, 6 = re”, ce P qu permet d'écrire: c — 2πζε-"", et par consequent : 
σος eri) 
HR) c , 
“Cela étant supposons que la fonction /(z) soit holomorphe on pourra sans 
altérer J, faire croître indéfiniment le pon r, et on voit ainsi que ateue 


FO 


tion, la fonction holomorphe f(z) est un len entier du degré n — 1." 











The proposition of M. Hermite can also be proved in the two following ways: 
In both demonstrations I shall suppose that f(z) does not vanish for z = 0; 


which does not lessen the generality of the demonstration, for if f/(0) — 0, I | 
fe) 


may consider [25 f(a) being different from zero, and may apply to 


13) 


qct the very same reasoning which I use with regard to = fi 49. 


Extrait d'une Lettre de M. Hermite | 7 M9 


1. Because 7 f {91 isa holomorphic function in all the plane except at the point 


g = 0, which is a role of the (n — p. order of multiplicity, I construct a function 
— A pa EA f A,-1 Je) 
α(: Ξ)Ξ — . SES; such that [75 --8(; J] 
does not become infinite b se. 
Now the function | ΚΕ a (> )] being holomorphie throughout all the 





| plane, and being for 2 =» ; , equal to a finite value O; then because G ( =) =0; 


and uo C, forz— o, the function must be a constant, therefore equal to C;. 


also 70)= CREE LESER 





iol fraction, which 1 shall suppose reduced to its most dapi: expression . 
PS ; p(z) and q(z) being two integral polynomials. S. À 
Now it is evident that p(z} and q (z) are of the same degree, then for z= 8, 
their ratio is finite, and different from zero ; p(z) cannot vanish for z — 0, because 


P o admits z= 0 as a pole of the order n— 1, and it would.not have been 


reduced to its most simple. expression if p(0) were-equal to zero. On considering 
J(e) zc pe for z= 0, it is easy to see that ge) = —aze(), because f(0) and 
p (0) are different from zero. 

But $(z) must bé a constant, otherwise fü) would become infinite for the 


roots of the polynomial ¢ (z), hence f(z) = Op(z); but p(z) is of the same degree 
as q(z), = 61, therefore p(z) is an integral polynomial of the degree n — 1. 


. CARLO VENEZIANI. 





Solution of Solvable Irreducible Quintic Equations, 
without the aid of a Resolvent Sextic. 


- 


Br GrorGe Paxron Young, University College, Toronto, Canada. 


Tex ProsLem STATED. 


$1. Jerrard has proved that a quintic equation can always be brought to 
the trinomial form F(a) — αὖ + pix + py = 0. í (1) 
Hence the problem of the solution of the general equation of the fifth degree is 
reduced to that of the solution of (1). Let F(a) be irreducible. Then since 
the equation F(x) = 0 cannot be solved algebraically except in particular cases, 
it is incumbent on the Algebraist, first, to find a criterion of its solvability. In 
other words, if ` . n 
.Pa = (A, B, ete), and p, — 4 (4, B, ete.), 
where ¢ and 4 denote rational functions of certain quantities, A, B, ete., he has 
to discover the most general forms of the expressions $ (A, B, etc.) and. 
V (4, B, etc.) that are compatible with the possibility of exhibiting the.roots of 
the equation F' (x)= 0 as algebraical functions of A, B, ete, Next, assuming 
that the functions @ and ψ are such as to render the equation F (x)= 0 solvable, 
he has to solve the equation, that is, to obtain its roots in terms of A, B, eto. 
‚These are the two things proposed to be done in the present paper. 


Tuer OonoLvsion RHxaAoHxD. 


$2. We may take for granted that p, is distinct from zero. Then it will be 
found that the coefficients p, and ps, in the most general forms they can receive 
consistent with the solvability of the equation (1), are rational functions óf two 
quantities A and B. More definitely, | | 
__ BA'(8— B) 
Ba Er (2) 
4^2 + B) | 


μπι 
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The relation between p, and p, indicated in (2) is the necessary condition of the 
solvability of the equation (1). Assuming now that this relation subsists, take A 
a root of the equation BE 





αἱ. Bs? — Gat + Be + 1— 0. © (8) 
Loc) | 
Put a= Ai —1) : (4) 
μον. 
(16 + BA + Ὁ (5-1) 
Then the root r of the equation F(x) = 0 is 
r= θὲ + a6? + 22905 Aa . (5) 


CRITERION or BoLvaBILITY : Taz Equations (2) SHOWN το BE NEOESSARY. 
_§3. I will now prove that, if the equation (1) be solvable algebraically, the 
coefficients must be of the forms given in (2). 
$4. The root r of the equation (1) may. be RER as follows: 
r= θὲ + ab? + 565 + cot; (6) 
where a, b, c, involve only surds subordinate to θὲ, In fact, these coefficients 
are rational functions of 0. Taking the second, third, fourth and fifth powers 
of r, and arranging according to the powers of 6* lower than the fifth, 
7 — d ^ ἀνθὲ + ἀνθ} + A + 0,6 
= g +p + g,0 + 9,0 + g, 0t (7) 
= h + Λιθὲ + 1,6 47,08 + 2,01 
Pc k + d 1054-106 +1,08; 
where d,.d,, g, etc. are clear of θὲ, If S, be the sum of the c powers of the 
roots of the equation (1), $5 = 0... d = 0; and $50. g — 0. Also 
δι = 5^, and S; = 5k v. 5h = — 4p,, and k = — p. 
The value of d is 20(c + ab). Butd=0. Therefore 


c= — ab. . (8) 
Again, g = 30 (a + b) + 0 (ac! + Be)}. But g = 0.. Therefore | 
C + ὦ) +ô (ασ) + Pe) 0. .. - (9) 


Suppose, if possible, that a=0. Then, by (8), c= 0. Therefore, by (9), 5— 0. 
Hence (8) becomes r = θὲ: and the equation F(z)-— 0 is? — 0 — 0. But this 
makes p, zero; which is at variance with the assumption in $2. Therefore we 
cannot have a — 0. We may consequently put b — λα. Therefore, by (8), 
c= — Aa’. This reduces the expression for r in (6) to the form (5) ; and at the 
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same time changes equation (9) into : 
af OA? (A — 1) = A + 1. | (10) 
$5. The values of d,, ὧν, ds, dy, are, keeping in view (10), - 
| ἆιΞ-θ (B + 2ac) = at 0A (4, — 2), 


d 1 + m LE. 
α(ϑλ--- 1) 
ἀπ σοθ- 2 το) 


d, = a? + 2b το + 1). 
The values of σι, gs, gs; 9, are 
CA ΜΝ 
| ves eod σωμα: en, 


gs = θ(8α 25 + bac + 803) + eo aoga "en, 





g= 1 + θ(ϑαϑο + Gbe + Sal?) = EE 
= 3a + 6 (D + 38 + 6abe) zer, 


$6. It will be convenient to put 
pat — 1 
B=3— En ; 
Al) = ot — 32° — 62% + δα +1, 
Λία) ΞΞ ot — Ba? — θα) + Βα 4- 1, 
Js (x) = a + Ba? — 62 — Bu +1, 
F(x) = (a? + 1)(a* + 220° — 6a? — 22% + 1), 
pi(22 + BY (ο) i= pi(22 + BY (αἳ + 1)'-- 5° pf (3 — Bye (a? — 1». 
$7. By squaring the first of equations (7), and putting the result equal to 
the value of 7* in the third, and again by multiplying together the first-two of 
equations (7), and putting the result equal to the value of 73 inthe fourth, — — 
h = 20 (dd; + d, d) 
and k = 0 (gıda + gs ds + 6εᾶν + gah). 
Therefore, because δή = — 4p,, and k = — ps, 
(0 — 4p = 100 (d.d, + dd) ' ΄ 
RT 0 (gy d, + σεν + gsds + σιάι). 
In these results substitute the values of d,, σι, etc. in $5. Then, keeping in 
view the forms of f(x) and /,(«) in $6, | 
δαθ { A(A)} + pià (& — 1) = 0, (11) 
64/0) + mA (2 — 1 = 0. (12) 
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Hence it can be shown that ᾿ | 

A(2) = 0, and f(a) = = 0. + (13) 
The first of Son (13) is obtained by eliminating a6 from (11) by means of 
the value of B in 86. To find the second, eliminate 6 from (12) by means of 
(11) and (10). The b ig 


rial? DIAO ALA OHS 0. (14) 
Now, because oe 0, AA = (2) — (+ 0(A0)1- 
But . F(A) = (AH 1), + 2223 — 623 — 222 + 1), 
and (3 -- 14 AA = (23 + 1)(at— Βλ) — 633 + Βλ + 1). 
Therefore AA) = (1) --1)05—2)(22--B). Ἢ l (15) 
Also, the equation /,(A) = 0, otherwise written, is ` 
A(2) = — (8 — B)a(v— 1). (16) 


By substituting in (14) the values of A (à) and /,(A) in (16) and (15), 
(22 + BY pL? + 1*— &'pi(3 — By 218 — 1) — 0. 

By reference to 86, this will be seen to give the second of equations (13). 

$8. The expression B is rational; that is to say, it is a rational function of 
the quantities, whatever they may be, that enter rationally into the coefficients 
of the equation F(x)= 0. .For, the first and fourth separate members of the 
value of r in (6), namely θὲ and ct, are respectively what are called u and u, in 
an Article entitled “Resolution of Solvable Equations of the Fifth Degree,” that 
appeared in Vol. VI of this Journal. But, p, being the coefficient of αὖ in the 
equation F(x) = 0, wu, or what is here called c0 is (Vol. VI, p. 104) the sum 


of — iG and a quantity which is the square root of a rational expression. And 


p=0. Therefore (c0) or λλαϑθ᾽ is rational. Therefore, by (10), Er is 





rational. Therefore, by the value of Bin 86, B is rational. 
$9. Putting  P=pi(22 + Bf 
and ο-- δρα — by] 
we have, from the forms of /,(x) and Π(α) in 86, 
PÍAGH AGIT PIRE + AP Pü6 4- BE (8) 

By (13), λ is a root of each of the equations f, (x) — 0 and f(x) — 0. Therefore, 
by (18), it must be a root of the equation z(a? — 1) —0, unless Q — P (16 + B?) 
— 0. But the only roots of the equation z(a* — 1) = 0 are zero and 14, neither 
of which is a root, of the equation (x)= 0. Therefore 

> Q— P(16 + B) —0; | (19) 
or, from (17), pi(16 + B*)(22 + BY = b*p$ (3 — By. (20) 

Vor. ΥΠ. E 2 


(17) 
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Since, by 88, B is rational, (20) implies that ME à is the fourth power 


| | 5(3— 
of a rational quantity, say. of A. Put : 
MOG) ἐπ. = At 
| τν κε, (21) 
therefore, from (20), — p,4 (22 + B)=5p,(3 — B). l 


The two equations (21) give us the forms of p, and p, in (2). Hence the neces- 
d of these forms i is established. 


SOLUTION or THE EQUATION F(2)= 0. 


$10. Having shown that p, and p, must be of the forms (2) in order that 
equation (1) may be solvable algebraically, I will now, taking p, and p, to be 
of these forms, deduce the rule given in (2) for the solution of the equation. 
This will prove the criterion of solvability afforded by the equations (2) to be 
sufficient, as-it has already been seen to be necessary. 


5.4‘(3—B A5(22 + B ; + 
$11. Because p, = rd “πα, the equation (19) 


` subsists. Also, from the forms of f(x), f(x) and f(x), in n $6, equation (18) 
subsists. Therefore, from (19), 


, and p, = 


AA EHA E) =A) (22) 

. Leta bes a root of equation (3). Then (2) = 0. It follows exactly às in §7 

that AG)=—(8—B)1(#—1) | (29) 
and f, (A) = (a? + 1) —a)(22 + B) : 


Now, from (22), because f(A) = 0, (A) = 0. Therefore | 
(22 + B)! pa + 1) — 5" pf (3 — By a? (A — 1) = 0. 
Substitute here the values of 22 -- B and 3 — B in (23). The result is ος 
(14). Take a and 6 asin (4). Then ᾽ 


ag A4 0—2 
(16+ β11- 
By the first of equations (2), this is equivalent to 
-.. A0—1) . 
` E BE 


And this again, when we substitute for 3 — B its value in (23), becomes equation 
(11). 
From the second of equations (4) miee 16 + B* by means of the second 
of equations (2). Then ee — pà — 1  . 
Q3 3y ip i) 
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and this, when we substitute for 22 + B its value in (23), becomes equation (12). 
Eliminate p, and p; from (14) by means of (11) and (12): The result is equation 
(10). 
$12. Give r the value it has in (5). Let : 
Ty, Tg, Tex Ta, Tg, (24) 
be the five values of r obtained by writing for θὲ successively the five expressions 
θὲ, wht, αἱ 05, er, ιο being a primitive fifth root of unity. Let δ) be the 
sum of the c® powers of the terms in (24), while S, is the sum of the c'^ powers 
of the roots of equation (1). Then it can be shown that 


δύ = 8, ὃν — δὲ, δὲ ΞΞ δεν δὲ Ξ δι S = δε.. m 
- For, S/ and Sy are both identically zero. This makes S! = δι, and Y = 
Also Sj = 15a°0 (à + 1) — a*62* (4, — 1)}. 


Therefore, from (10), ὃν = 0 = Sj. Again, if d, ὧν, σι, etc., be taken as in $5, 
namely aS at OA (à — and so on, 


= 100 (d.d, + ἄν ἂν) 
and s = 50 (ιά, + θεᾶς + θεν + nd). 
Therefore, as in $7, va 20a6 ἱ AA 
P cei 
and Sy = is Si 
Now = — 4p, and & = — Bis. Therefore, from (26) compared with (11) 
and (12), S = δι, and S/ — S,. Thus all the equations in (25) are established. 
$18. Let X= 0 be the equation whose roots are the terms in (24). Then : 
AX-—wg—iS8«—tiS. | 
Hence, because S? = δι, and Sy = 5, 
z=r—182—;5 =o + par + ps = F(x). 
This makes r a root of the equation F(x) = 0. 


(26) 





VERIFYING Ixsrixozs. 
$14. As A and B may have any values whatever, let A = 5, and B — 2. 
Then, by (2), equation (1) is 
| | a + a + 8750 —0. 
The equation (3), for determining 2, is 
zi — 2) — 625 + 2x + 1— 0. 
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. A root of this quartic is 4— 3.52. Hence, by (4), 


; § = — 57.71, and a= — .3019. 
"Therefore = — 9.950, 
. | | ‘alt= — 1.529, 
aa 08 — 3.656, 
da — 92.484. O 
Therefore r = 64 aft + aa? 6? — 24305 = — 4.951. 
' S815. Second example. Let pu zz, en = — 1. Then equation (1) is 
| E AT iT T= 


The equation for determining is 
x 44 gS 6x — a +1=0. 
A root of this quartic is A = 2.0496. Hence 


θ--- —.00837, and a = — 2.4176. 
Therefore ; 0 = —. 384, 
aft = —.357, 
ο λαὶθὲς- —.679, 
— Ad$05— «681, 
r= —.189. 


$16. Third example. Let A=1, B=0. Then equation (1) is 
15» , 11 
a + ΠΡ o. — 
The en for determining y is 
A — 6:3 -4-1—0. 


A root of this quartic is A= 2. deny Hence - 
-ϐ---. 01294, a=— 2. 
Therefore .. θὲ-- — 4519194, 
ai = —.351447, 
λα 05 = — .111345, 
-.λαθὲ--  .596384, 
‘ r = —.8856. 
817. Fourth exemple. Let on =1, EC 7. Then equation (1) is 
d— 13 ate τ 


The équation for determining à is 
at — Ta — Ba? + τα + 1=0. 


t 
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A root of this quartic is 4 —.7690975. Hence 


- $ = —.0002246, and a — 8.9619. 
Therefore 0t = — .186239, 
aft= .310846, 
aa? θὲ--- — 399025, 
— rab 9$ — —. 665999, 
r= —. 940617. 
$18. Fifth example. Let A=1, B=— 7. Then equation (1) is 


109 3 
The equation for determining A is ` 
af + Ta? — 62? — 7x + 1— 0. 
A root of this quartic is 4 — 1.300226. Hence 


0 = —.00029133, a = — 6.892538. 
Therefore ot — — 1.963, 
i αθῖ-- — .2655, 
λαϑθὲ-- — «4671, 
l — Ad 0— «6819, 
r=— .297. 


$19. Sixth examplé. Let A=1, and B— 4/2. Then equation (1) is 
1825 + 5(3 — v 2)æ + (22 + 4/2) — 0. 


The equation for determining A is 
ΝΣ 5 ο 
@-Fe-1)=7 


A root of this quartic is 4 — 4/2 + 4/3. Therefore 


9i — —.4469, 

að = —. 3223, 

λα 0t = — 17313, 
-.λαδθὲ-- .5275, 


r= —.973. 


Notes on the Quintic. | 
' Bx J. C. GLASHAN, Ottawa, Canada. 


‘1. If the quintic B 
a+ 10p,a? + 10p + ὅρια.}-- py = 0 
be solvable by radicals, the coefficients must beso related that if 
R=, p= ahh, and p,— gom, 
then must | i p= 241 0) yf t, 
wherein . 0—(1+n)$1—(1+ mn} 
trat] 
B= i + An + δ (1 Hmm + 4(1 + njim — (1 +. m)n— (1— mn) g} a, 
y c ACL bn) [Lb mt 2m tm 2 (1 tm me m)» m (4m) 
—fl+ m+ πι + (1— 2m — 2m) n + (1+ ml g 

— (1 4- n)ím — 2(1+ myn + m (1 4- πὸ) 81 g 

++ n)$1— 2mn + (1 + πιὸ) 8] ο] o? 
5 — 8 (5 + 2m) +2(5+6m)n +(1+ m? (194-6m) r*—(1-- m’)(8 + αι 
T 4(14- π){1 --- 2mn + (1 4- mw 1g 
+04 E AEIR- a) + (re 
Hole) + im — (mala ]. 


2. If g — 0, the solvable quintic becomes 


+ 








| ο + 5 (5 à + án + δ( + mist te 


T JG Ru —#)0 + 4jm --- (1 4- mnj( tn) eH =o, . 


3. If both g — 0 and n — 0, the solvable quintic assumes the form 
a (True ipa) Me + (m B=0, 


_ a form communicated to the 74 writer by Professor G. P. Young, of Toronto 
| University, i in May, 1883. As any quintic can by means of the J errard-Tschirn- 
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hausen transformation be reduced to the form a -- ax --b — 0, Professor 
Young’ 8 form is equivalent ebay to the form given in $1 above. 

4. If in $1 m= = ima , the resulting quintic includes Cockle's solvable 
quintic (Lady’s and ee Diary, 1858) which itself includes the Binomial, ᾿ 
the DeMoivrian (1706) and the Euler-Bezout (1762) quintics. For example, if 
we make | es anda 2CP+D .. 


νας pl 
we get DeMoivre’s quintic. 

In the Quarterly Journal of Mathematics, Vol. XVIII, pp. 154-157, Professor 
Cayley, apparently unaware that he had been anticipated by Mr. Cockle, reduces 
the solution of Cockle’s quintic to depend on that of a cubic, but in reality the 
solution can be obtained without solving any N of higher degree than a 
' quadratic. 

5. The Gaussian quintics for the solution of the binomial 

a*—1=0, n=10m+1, 

m being prime to 5 and n a prime KESA can be written 

em 10πα) — bdna? — benx — gn = 0, 
wherein = αὖ + ab — b?’ 

"m d? + 25 (a? + 53 4- 5) 

16e = 3d? — 25 (aè + b + 25) | 

16g = fd? — 25 (a + b + 5)} d — 1250ab. 
If m be a multiple of 5, 
and 4d? = (a? + BF, 
then = (e — n — 125)d. 

The following table exhibits ds values of a, b, d, e and g w all prime 
values of n under 200: : 








a 
1 
8 
8 
b 
1 
a 
5 
9 
7 


) 











On the Algebra of Logic: 
2 A CONTRIBUTION TO THE PHILOSOPHY OF NOTATION. 


` Bx C. S. PERO. 


L—Three kinds of Signs. | 

Any character or proposition either concerns one subject, two subjects,.or . 
a plurality of subjects. For example, one particle has mass, two particlés attract 
one another, a particle revolves about the line joining two others. A fact con- 
cerning two subjects is a dual character or relation ; but a relation which is a 
- mere combination of two independent facts concerning the two subjects may be 
called degenerate, just as two lines are called a degenerate conic. In like manner 
a plural character or conjoint relation is to be called degenerate if it is a mere 
compound of dual characters. 

À sign is in a conjoint relation fo the thing denoted ánd to the mind. If 
this triple relation is not of a degenerate species, the sign is related to its object 
only in consequence of a mental association, and depends upon a habit. Such: 
signs are always abstract and general, because habits are general rules to which 
the organism has become subjected. They are, for the most part, conventional 
or arbitrary. They include all general words, the main body of speech, and any 
mode of conveying a judgment. For the sake of brevity I will call them tokens. 

But if the triple relation between the sign, its object, and the mind, is degen- 
erate, then of the three pairs sign object 

sign. mind 
object mind 
two at least are in dual relations which constitute the triple relation. One of 
the connected pairs must consist of the sign and its object, for if the sign were 
not related to its object except by the mind thinking of them separately, it 
would not fulfil the function of a sign at all. Supposing, then, the relation of the 
sign to its object does not lie in a mental association, there must be a direct dual 
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relation of the sign to its object independent of the mind using the sign. In the 
second of the three cases just spoken of, this dual relation is not degenerate, and - 
the sign signifies its object solely by virtue of being really connected with it. 
Of this nature are all natural signs and physical symptoms. I call such a sign 
an index, a pointing finger being the type of the class. 

The index asserts nothing; it only says “There!” It takes hold of our 

eyes, as it were, and forcibly directs them to a particular object, and there it 
stops. Demonstrative and relative pronouns are nearly pure indices, because 
they denote things without describing them ; so are the letters on a geometrical 
diagram, and the subscript numbers which in algebra distinguish one value from 
another without saying what those values are. 
. The third ease is where the dual relation between the sign and its object is 
degenerate and consists in a mere resemblance between them. I call a sign 
which stands for something merely because it resembles it, an icon. Icons are so 
completely substituted for their objects as hardly to be distinguished from them. 
Such are the diagrams of geometry. A diagram, indeed, so far as it has a general 
signification, is not a pure icon; but in the middle part of our reasonings we forget 
: that abstractness in great measure, and the diagram is for us the very thing. 
So in contemplating a painting, there is a moment when we lose the consciousness: 
that it is not the thing, the distinetion of the real and the copy disappears, and it 
is for the moment & pure dream,—not any particular existence, and yet not 
general. At that moment we are contemplating an icon. i 

I have taken pains to make my distinction” of icons, indices, and tokens . 
clear, in order to enunciate this proposition : in & perfect &ystem of logical nota- 
tion signs of these several kinds must all be employed. Without tokens there 
would be no generality in the statements, for they are the only general signs; 
and generality is essential to reasoning. Take, for example, the circles by which 
Euler represents the relations of terms. They well fulfil the function of icons, but 
their want of generality and their incompetence to express propositions must 
have been felt by everybody who has used them. Mr. Venn has, therefore, 
been led to add shading to them ; and this shading is a conventional sign of the 
nature of a token. In algebra, the letters, both quantitative and functional, are 
of this nature. But tokens alone do not state what is the subject of discourse ; 
and this can, in fact, not be described in general terms ; it can only be indicated. 
The actual world cannot be distinguished from a world of imagination by any 





* See Proceedings American Academy of Arts and Sciences, Vol. VII, p. 294, May 14, 1807. 
Vor. VIL . 
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description. Hence the need of pronoun and indices, and the more complicated 
the subject the greater the need of them. The introduction of indices into the 
algebra of logic is the greatest merit of Mr. Mitchell’s system. He writes F, to 
-mean that the proposition F is true of every object in the universe, and F, to 
mean that the same is true of some object. This distinction can only be made 
` "in some such way as this. Indices are also required to show in what manner 
other signs are connected together. With these two kinds of signs alone any 
proposition can be expressed; but it cannot be reasoned upon, for reasoning 
consists in the observation that where certain relations subsist certain others are 
found, and it accordingly requires the exhibition of the relations reasoned with 
in an icon. It has long been a puzzle how it could be that,.on the one hand, 
mathematics is purely deductive in its nature, and draws its conclusions apodic- 
tically, while on the other hand, it presents as rich and apparently unending a 
series of surprising discoveries as any observational science. Various have been 
the attempts to solve the paradox by breaking down one or other of these asser- 
tions, but without success. The truth, however, appears to be that all deductive 
reasoning, even simple syllogism, involves an element of observation; namely, 
. deduction consists in constructing an icon or diagram the relations of whose 
parts shall present a complete analogy with those of the parts of the object of 
reasoning, of experimenting upon this image in the imagination, and of obser- 
ving the result so as to discover unnoticed and hidden relations among the parts. 
For instance, take the syllogistic formula, 
All M is P 
S is M 
S is P 
This is really a diagram of the relations of S, M, and P. The fact that the 
middle term occurs in the two premises is actually exhibited, and this must be 
done or the notation will be of no value. As for algebra, the very idea of the 
art is that it presents formulae which can be manipulated, and that by observing 
. the effects of such manipulation we find properties not to be otherwise discerned. 
In such manipulation, we are guided by previous discoveries which are embodied 
in general formulae. These are patterns which we have the right to imitate in 
our procedure, and are the icons par excellence of algebra. The letters of applied 
algebra are usually tokens, but the x, y, z, etc. of a general formula, such as 
| (+ y)z az + ys, 





* Studies in Logic, by members of the Johns Hopkins University. Boston: Little & Brown, 1888. 
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are blanks to be filled up with tokens, they are indices of tokens. Such a for- 

mula might, it is true, be replaced by an abstractly stated rule (say that multi- 

` _ plication is distributive); but no application could be made of such an abstract 
. Statement without translating it into a sensible image. 

In this paper, I purpose to develope an algebra adequate to the treatment 
of all problems of deductive logic, showing as I proceed what kinds of signs have 
necessarily to be employed at each stage of the development. 1 shall thus attain 
three objects. The first is the extension of the power of logical algebra over 
the whole of its proper realm. The second is the illustration of principles which 
underlie all algebraic notation. The third is the enumerätion of the essentially 
different kinds of necessary inference ; for when the notation which suffices for 
exhibiting one inference is found inadequate for explaining another, it is clear 
that the latter involves an inferential element not present to the former. Accord- 
ingly, the procedure contemplated should result in a list of categories of reasoning, 
the interest of which is not dependent upon the algebraic way of considering 
the subject. I shall not be able to perfect the algebra sufficiently to give facile 
methods of reaching logical conclusions: I can only give a method by which any 
legitimate conclusion. may be reached and any fallacious one avoided. But I- 
cannot doubt that others, if they will take up the subject, will succeed in giving 
the notation a form in which it will be highly useful in mathematical work. I 
even hope that what I have done may prove a first step toward the resolution of 
one of the main problems of logic, that of producing a method for the discovery 
- of methods in mathematics, _ : | 


IL—Non-reative Logic. 

According to ordinary logic, a proposition is either true or false, and no 
further distinction is recognized. This is the descriptive conception, as the 
geometers say ; the metric conception would be that every proposition is more 
or less false, and that the question is one of amount. At present we adopt the 

former view. S 

Let propositions be represented by quantities. Let v and f be two constant 
values, and let the value of the quantity representing a proposition be v if the 
proposition is true and be f if the proposition is false. Thus, x being a propo- 
- sition, the fact that x is either true or false is written 
(z—f)(v—2)- 0. 
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So («—f)\(v—y)=0 

will mean that either x is false or y is true. This may be said to be the same as 
‘if x is true, y is true.’ A hypothetical proposition, generally, is not confined to 
stating what actually happens, but states what is invariably true throughout a 
universe of possibility. The present proposition is, however, limited to that one 
individual state of things, the Actual. 

We are, thus, already in possession of a logical notation, capable of working 
syllogism. Thus, take the premises, ‘if x is true, y is true,’ and ‘if y is true, z is | 
true.’ These are written 

(a—f\(v—y)=0 
(y—f)(v—27-0. . 
Multiply the first by (v — 2) and the second by (c—f) and add. We get 
(«—f)(v—f)(v—z)=0, 
or due by v—f, which cannot be 0, 
(s—£f)(v —2) = 0; 
and this states the syllogistic conclusion, “if æ is true, z is true.” 

But this notation shows & blemish in that it expresses propositions in two 
distinct ways, in the form of quantities, and in the form of equations; and the 
quantities are of two kinds, namely those which must be either equal to f or to v, 
and those which are equated to zero. To remedy this, let us discard the use of 
equations, and perform no operations which can give rise to any values other 
than fand v. 

Of operations upon a simple variable, we shall need but one. For there . 
are but two things that can be said about a single proposition, by itself; that it 


is true and that it is false, v=yvy and wf. 
The first equation is expressed by x itself, the second by any function, $, of x, 
fulfilling the conditions ev=f of=v. 
The simplest solution of these equations is 
$z—f-dv—«z. 


A product of n factors of the two forms (æ —f) and (v — y), if not zero equals 
(v —fy. "Write P for the product. Then v -yipo is the simplest 


fanction of the variables which becomes v when the product vanishes and f 
‘ when it does not. By this means any proposition relating to a single individual 
can be expressed. 

If we wish to use algebraical signs with their usual fanion the mean- 
ings of the operations will entirely depend upon those of fand v. ‘Boole chose 
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V — 1,f- 0. This choice gives the following forms: 


ftv—z—1—c 
which i is best written 3. s | 


gemis Pigs. 


τ-- "adr =) mat y+ 3 ay — az — ya + xyz 


_@ Du = D 1 y = F 
n appears i me that if the atrict Boolian system is used, the sign + 
ought to be altogether discarded. Boole and his adherent, Mr. Venn (whom 
I never disagree with without finding his remarks profitable), prefer to write 
c + Zy in place of 2y. I confess I do not see the advantage of this, for the dis- 
tributive principle holds equally well when written 


στο = Beye 
Ey —EZyz. 


The choice of v = 1, f= 0, is agreeable to the received measurement of pro- , 
babilities. But there is no need, and many times no advantage, in measuring 
probabilities in this way. I presume that Boole, in the formation of his algebra, 
at first considered the letters as denoting propositions or events. As he presents 
the subject, they are class-names; but it is not necessary so to regard them. 
Take, for example, the equation t=n+ Af, 

which might mean that the body of taxpayers is composed of all the natives, 
together with householding foreigners. We might reach the signification by. 
either of the following systems of notation, which indeed differ μις 
rather than logically. . 


He is a Taxpayer. 
Native. | He is a Native. 


Householder. “He is a Householder. 





Foreigner. He is a Foreigner. 
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There is no index to show who the “He” of the second system is, but that makes 
no difference. To say that he is a taxpayer is equivalent to saying that he isa ° 
native or is a householder and & foreigner. In this point of view, the constants 
1 and 0 are, simply the probabilities, to one who knows, of what is true and what 

- is false ; and thus unity is conferred upon the whole system. 

For my part, I prefer for the present not to assign determinate values to f 
and v, nor to identify the logical. operations with any special arithmetical ones, 
leaving myself free to do so hereafter in the manner which may be found most 
convenient. Besides, the whole system of importing arithmetie into the subject 
is artificial, and modern Boolians do not use it. The algebra of logic should be : 
self-developed, and arithmetic should spring out of logic instead of reverting to it. 
Going back to the beginning, let the writing of a letter by itself mean that a 
certain proposition is true. This letter is a token. There is a general under- 
standing that the actual state of things or some other is referred to. This under- 
standing must have been established by means of an index, and to some extent 
dispenses with the need of other indices. The denial of a proposition will be 
made by writing a line over it. | 

I have elsewhere shown that the fundamental and primary mode of relation 
- between two propositions is that which we have expressed by the form 


y efc). 


We shall write this c —« y; 

which is also equivalent to («—f)(v—y)=0. | 

It is stated above that this means “if is true, y is true.” But this meaning is 
greatly modified by the circumstance that only the actual state of things is 
‘referred to. 

To make the matter clear, it will be well to begin by defining the meaning 
of a hypothetical proposition, in general. What the usages of language may be 
does not concern us; language has its meaning modified in technical logical for- 
mulae as in other special kinds of discourse. The question is what is the sense 
which is most usefully attached to the hypothetical proposition in logic? Now, 
the peculiarity of the hypothetical proposition is that it goes out beyond the 
actual state of things and declares what would happen were things other than 
they are or may be. The utility of this is that it puts us in possession of a rule, 
say that “if A is true, B is true,” such that should we hereafter learn something 
of which we are now ignorant, namely that A is true, then, by virtue of this : 
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' rule, we shall find that we know something else, namely, that B is true. There 
: ean be no doubt that the Possible, in its primary meaning, is that which may be 
true for aught we know, that whose falsity we do not know. The purpose is 
subserved, then, if, throughout the whole range of possibility, in every state of 
things in which A is true, B is true too. The hypothetical proposition may 
therefore be falsified by a single state of things, but only by one in which A is 
true while B is false. States of things in which A is false, as well as those in 
which B is true, cannot falsify it. If, then, B is a proposition true in every case ` 
throughout the whole range of possibility, the hypothetical proposition, taken 
in its logical sense, ought to be regarded as true, whatever may be the usage of 
ordinary speech. If, on the other hand, A is in no case true, throughout the 
range of possibility, it is a matter of indifference whether the hypothetical be 
understood to be true or not, since itis useless. But it wil be more simple to 
class it among true propositions, because the cases in which the antecedent is 
false do not, in any other case, falsify a hypothetical. This, at any rate, is the 
meaning which I shall attach to the hypothetical proposition in general, in this 
paper. | i 

The range óf possibility is in one case taken wider, in another narrower; 
‘in the present case it is limited to the actual state of things. Here, therefore, 
the proposition a-<b 
is true if a is false or if b is true, but is false if a is true while b is false. But 
though we limit ourselves to the actual state of things, yet when we find that a 
formula of this sortis true by logical necessity,it becomes applicable to any single 
state of things throughout the range of logical possibility. For example, we shall 
see that from z—c y we can infer z—-< w. This does not mean that because in 
the actual state of things x is true and y false, therefore in every state of things’ 
either z is false or x true; but it does mean that in whatever state of things 
we find x true and y false, in that state of things either z is false or æ is true. 
In that sense, itis not limited to the actual state of things, but extends to any 
single state of things. _ | 

"The first icon of algebra is contained in the formula of identity 

g< ο. 

This formula does not of itself justify any transformation, any inference. It 


only justifies our continuing to hold what we have held (though we may, for 
instance, forget how we were originally justified in holding it). | 


a» 
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The second icon is contained in the rule that the several antecedents 22 a 

consequentia, may be transposed ; that is, that from à 
a—< (y-<2) 
we can pass to A ο y-« (a -< g). 
This is stated in the formula 
| 20 ig G-«910-« iy (c 91. 
Because this is the case, the brackets may be ques and we may write 
y-«v-« a. 

By the formula of identity 
: (z— y) ne, 
- nd transposing the antecedents 

a—<{(e<y)< 3} 
or, omitting the unnecessary brackets 
= <@-<N<y : 

This is the same as to say that if in any state of things « is true, and if the pro- -` 
position “if æ, then y” is true, then in that state of things y is true. This 15 the 
modus ponens of hypothetical inference, and, is the most  tudimentary. on of 
reasoning., 

To say that (z —— x) is generally true is to say that it is so in every state of 
things, say in that i in which y is true; so that we may write 

y E (α--- ο), 

and then, by transposition of antecedente, | 
or from æ we may infer y — x. 

The third icon is involved in the principle op the transitiveness of "the copula, 
which is stated in the formula `- 

(z—— y)-« (y-« 1). 


^ According to this, if in any case y follows from æ and z from y, then g follows : 


from x. This is the principle of the syllogism in Barbara. TM 
We have already seen that from æ follows y-< x. Hence, by the transi- 
tiveness of the copula, if from y — follows g, then from x follows z, or from 


(y — 2)-« 
follows z—« 2, | 
or - teas Lex —< 3. 


The original notation æ—<y served without modification to express the ` 
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pure formula of identity. An enlargement of the conception of the notation so 
as to make the terms themselves complex was required to express the principle 
of the transposition of antecedents; and this new icon brought out new propo- 
sitions. The third icon introduces the image of a chain of consequence. We 
must now again enlarge the notation so as to introduce negation. We have 
already seen that if a is true, we can write x-< a, whatever æ may be. Let b 
be such that we can write b — x whatever may be. Then dis false. We have 
here a fourth icon, which gives a new sense to several formule. Thus the prin- 
ciple of the interchange of antecedents is that from 

a—< (y-<2) 

we can infer y—< (w-<z). 
Since z is any proposition we please, this is as much as to say that if from the 
truth of α the falsity of y follows, then from the truth of y the moy of x follows. 

Again the formula. ᾳ--«{(ω--«ἠ)--« η) Ε 
is seen to mean that from x we can infer that anything we please follows from 
that things following from æ, and a fortiori from everything following from x. 
This is, therefore, to say that from æ follows the falsity of the denial of ο; which . 
is the principle of contradiction. 

Again the formula of the transitiveness of the copula, or 

(a— y] -& ((y <) — (s 2)] 
is seen to justify the inference z—« y 
The same formula justifies the modus tollens, 

c—« y 
y 


os % 
So the formula Iy-<x)—<e}-<(e — α) 
shows that from the falsity of y —— x the falsity of x may be inferred. 
AN the traditional moods of syllogism can easily be reduced to Barbara by 
‚ this method. 
A. fifth icon is required for the principle of excluded middle and other pro- 
positions connected with it. One of the simplest formule of this kind is 


((z- y) - 2j -& e. 
This is hardly axiomatical. That it is true appears as follows. It can only be 


false by the final consequent + being false while its antecedent (x —« y)-< x is 
Vor. VII. 
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true. If this is true, either its consequent, ο, is true, when the whole formula 
would be true, or its antecedent α- «4 is false. But in the last case the ante- 
cedent of æ—< y, that is x, must be true.” | 

From the formula just given, we at once get 

[(e— 9) — d <z, 

where the a is used in such a sense that (x —— y) — a means that from GZ y) 
every proposition follows. With that understanding, the formula states the 
-principle of excluded middle, that from the falsity of the denial of x follows 
the truth of a. 

The logical algebra thus far developed contains signs of the following kinds: 

lst, Tokens; signs of simple propositions, as ¢ for ‘He is a taxpayer,’ etc. 

2d, The single operative sign —< ; also of the nature of a token. 

3d, The juxtaposition of the letters to the right and left of the operative 
sign. This juxtaposition fulfils the function of an index, in indicating the con- 
nections of the tokens. - 

4th, The parentheses, subserving the same purpose. 

5th, The letters a, 8, etc. which are indices of no matter what tokens, used 
for expressing negation. 

6th, The indices of tokens, c, y, z, etc. used in the general formulae. 

7th, The general formulae themselves, which are icons, or exemplars of 
algebraic proceedings. 

8th, The fourth icon which affords a second interpretation of the general 
formulae. 

We might dispense with the fifth and eighth species of signs—the devices 





* It is interesting to observe that this reasoning is dilemmatio. In fact, the dilemma involves the 
fifth icon. The dilemma was only introduced into logic from rhetoric by the humanists of the renais- 
sance; and at that time logic was studied with so little accuracy that the peculiar nature of this mode 
of reasoning escaped notice. I was thus led to suppose that the whole non-relative logic was derivable 
from the principles of the ancient syllogistic, and this error is involved in Chapter II of my paper in 
the third volume of this Journul. My friend, Professor Schróder, deteoted the mistake and showed that 
the distributive formulæ (a -- y) z— wz yz 

(e+2)y+2)-<aytz 
could not be deduced from syllogistic principles. : I had myself independently discovered and virtually 
stated the same thing. (Studies in Logic, p. 189.) There is some disagreement as to the definition of the 
dilemma (see Keynes’s excellent Formal Logic, p. 241); but the most useful definition would be a 
' gyllogism depending on the above distribution formule. The distribution formule 

we + ye <(c+y)z 

E ay z< (x + 2)(y + 2) 

&re strictly syllogistio. DeMorgan's added moods are virtually dilemmatic, depending on the principle 
of excluded middle. z ` | 
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by which we express negation—by adopting a second operational sign —<, such 
that ` IZY 
should mean that z = v, y = f. With this, we should require new indices of 
connections, and new general formulae. Possibly this might be the preferable 
notation. We should thus have two operational signs but no sign of negation. 
The forms of Boolian algebra hitherto used, have either two operational signs 
and a special sign of negation, or three operationalsigns. One of the operational 
signs is in that case superfluous. Thus, in the usual notation we have 
vd y-zy 

| B+G= 
showing two modes of writing the same fact. The apparent balance between 
the two sets of theorems exhibited so strikingly by Schréder, arises entirely from . 
this double way of writing everything. But while the ordinary system is not so 
analytically fitted to its purpose as that here set forth, the character of superfluity 
here, as in many other cases in algebra, brings with it great facility in working. 

The general formulae given above are not convenient in practice. We may 
dispense with them altogether, as well as with one of the indices of tokens used 
in them, by the use of the following rules. A proposition of the form 


| o<y . 
is true if x =f or y =v. Itis only false if y = f and «=v. A proposition 
written in the form x Ty 


is true if z = v and y =f, and is false if either œ =f or y — v. Accordingly, 
to find whether & formula is necessarily true substitute f and v for the letters 
and see whether it can be supposed false by any such assignment of values. Take, 
for example, the formula 
(z— y) - iy — 2) -< ces zy. 
To make this false we must take 
(z-— y)— v 
((y- 3 (-31— 

The last gives — (y——2)— v, (e 2) —-f, «=V, z-—f.. 
Substituting these values in 
| (sy) v Ξ 
we have (v-<y=v (y-<f)= 
which cannot be satisfied together. f ; 

As another example; required the. conclusion from the following premises. ` 
Any one I might marry would be either beautiful or plain; any one whom I 
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might marry would be a woman; any beautiful woman would be an ineligible 
wife; any plain woman would be an ineligible wife. Let 
m be any one whom I might marry, 
b, beautiful, 
p, plain, 
w, woman, 
i, ineligible. 
Then the premises are 
m —« (6-<f)-<p, 
m —« w, 
v — b -— à, 
v — p-«i. 
Let be the conclusion. Then, 

[m — (b-~< £) — p] -< (nw) (o 6-1) -& (w-< p- i) 2 
is necessarily true. Now if we suppose m — v, the proposition can only be 
made false by putting w= v and either b or p — v. In this case the proposition 
can only be made false by putting 4— v. If, therefore, x can only be made f by 
putting m = y, i= f, that is if œ = (m—« i) the proposition is necessarily true. 

In this method, we introduce the two special tokens of second intention 
fand v, we retain two indices of tokens x and y, and we have a somewhat 
complex icon, with a special prescription for its use. 

A better method may be found as follows. We have seen that 


-< (y- 2) 
may be conveniently written &-<y-<2; 
while (x—< y) —< 2 


ought to retain the parenthesis. Let us extend this rule, so as to be more 
general, and hold it necessary always to include the antecedent in parenthesis. 
Thus, let us write (x) —< y | | 
instead of z—« y. If now, we merely change the external appearance of two 
signs; namely, if we use the vinculum instead of the parenthesis, and the sign 
+ in place of -<, we shall have 

z— y written 2--y © 


nya “ &+Y+2 
(w-<y)-—<e " BFYHtz, ete. 


We may further write foray, z + y implying that * + y is an antecedent for 
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whatever consequent may be taken, and the vinculum becomes identified with 
the sign of negation. We may also use the sign of multiplication as an abbre- 
viation, putting ay =i F] =r L}. 

"This subjects addition and ντ to all the rules of ordinary 
algebra, and also to the following: : 

yay γα 
e+f=Vv πα = P 
ay + z— (m ally +2). 

To any proposition we have a right to add any expression at pleasure; also 
to strike out any factor of any term. The expressions for different propositions 
separately known may be multiplied together. These are substantially Mr. 
Mitchell’s rules of procedure. Thus the premises of Barbara are 

. E+y and 7 +2. 
Multiplying these, we get (@+ ψ)(7 +2) — zy + yz. 
Dropping 7 and y we reach the conclusion % + 2. 


IIL— First-intentional Logie of Relatives. 


The algebra of Boole affords a language by which anything may be Sessel 
which can be said without speaking of more than one individual at a time. It 
is true that it can assert that certain characters belong to a whole class, but only 
such characters as belong to each individual separately. The logie of relatives 
considers statements involving two and more individuals at once. Indices are 
here required. Taking, first, a degenerate form of relation, we may write x,y, 
to signify that x is true of the individual © while y is true of the individual j. 
If z be a relative character z, will signify that ὁ is in that relation to 7. In this 
way we can express relations of considerable complexity.. Thus, if 


1, 2, 8, 
4, 5, 6, 
7, 8, 9, 


are points in a plane, and y signifies that 1, 2, and 3 lie on one line, a well- 
known proposition of geometry may be written | 
CRT RS ES a bon h< la hu: 
- In this notation is involved a siath icon. 
We now come to the distinction of some and all, a clou which is pre- 
cisely on à par with that between truth and falsehood ; that is, it is descriptive, 
not metrical. 
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All attempts to introduce this distinction into the Boolian algebra were 
more or less complete failures until Mr. Mitchell showed how it was to be effected. ᾿ 
His method really consists in making the whole expression of the proposition 
consist of two parts, a pure Boolian expression referring to an individual and a 
Quantifying.part saying what individual this is. Thus, if Æ means ‘he is a king,’ 
and À, ‘he is happy,’ the Boolian (&-+ A) 
means that the individual spoken of is either not a king or is happy. Now, 
applying the quantification, we may write 

Any (+h) . 
to mean that this is true of any individual in the (limited) universe, or 
Some (X 4- A) 
to mean that an individual exists who is either not a king or.is s happy. So 
Some (ih) | 
means some king is happy, and Any (kh) . 
means every individual is both a king and happy. The rules for the use of this 
notation aré obvious. The two propositions 


Any (x) Any w) 


are equivalent to Any (ay). 
From the two propositions Any (a) Some (y) 
we may infer Some (ay).” 


Mr. Mitchell has also a very interesting and instructive extension of his notation 
for some and all, to a two-dimensional universe, that is, to the logic of relatives. 
Here, in order to render the notation as iconical as possible we may use X for 
some, suggesting a sum, and II for all, suggesting a product. Thus X, v; means 
that x is true of some one of the individuals denoted by 7 or 
Zara αι ty ++ ete. 

*1 will just remark, quite out of order, that the quantification may be made numerical ; thus pro- 

ducing the numerically definite inferences of DeMorgan and Boole. Suppose at least $ of the company 


have white neckties and at least } have dress coats. Let 10 mean ‘he has a white necktie,’ and d ‘he has 
a dress coat.’ Then, the two propositions are : 











3 (w) and 1 (d). 
These are to be multiplied together. But we must reme remember that xy is 8 mere abbreviation for σεν ys 
&nd must therefore write iw iw--id £d. 


Now $10 is the denial of $15, and this denial may be written (> })w, or more than } of the universe 
(the company) have not white neckties. So ¥d=(>4)d. The combined premises thus become 





SM Sput Opd. 

Now (> 1) w+ {» 1) ἆ gives. May be (1 4- pw +d). 
Thus we have May be (x) (w+ d) δ 
and this is (At least A) (w +d), 


which is the conclusion. 
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In the same way, II,x, means that x is true of all these individuals, or 
IIa, = 2,252,, etc. 
If æ is a simple relation, II, IL, xy means that every 7 is in this relation to every 7, 
-J Tey that some one à is in this relation to every j, 11,3, that to every 
j some à or other is in this relation, 3,2,x,; that some i is in this relation to 
some 7. It is to be remarked that Σιαι and II,z, are only similar to a sum and 
a product; they are not strictly of that nature, because the individuals of the 
universe may be innumerable. m 
At this point, the reader would perhaps not otherwise easily get so good a 
conception of the notation as by a little practice in translating from ordinary 
language into this system and back again. Let ly mean that ¿is a lover of 7, 
and by that 4 is a benefactor of 7. Then 
TI, 3, ly by 
means that everything is at once a lover and a Denefaetor of something; and 
IL Z; ly by 
that everything is a lover of a benefactor of itself. 
| ESAT (ly + hy) 
means that there are two persons, one of whom loves everything except bene- 
factors of the other (whether he loves any of these or not is not stated). Let 
g: mean that ¢ is a griffin, and c, that à is a chimera, then 
Σι, (gly + τὴ 
means that if there be any chimeras there is some griffin that loves them all; 
while Z1 g: (ly + 2) 
means that there is a griffin and he loves every chimera that exists (if any exist). 
On the other hand, IL 2,9: (ly + 5) 
means that griffins exist (one, at least), and that one or other of them loves. each 
chimera that may exist; and 1,5, (9,4, + &) 
means that each chimera (if there is any) is loved by some griffin or other. 
` Let us express: every part of the world is either sometimes visited with 
cholera, and at others with small-pox (without cholera), or never with. yellow 
fever and the plague together. Let 
cy mean the place i has cholera at the time j. 


8g íí a “a small-pox t cé 
Yy εἰ εἰ (κι yellow fever “ c 
Pg T “a “ plague u « 


Then we write I; Sy DI, (Cy lirs + Ja + Da). 
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Let us express this: one or other of two theories must be admitted, 198, 
that no man is at any time unselfish or free, and some men are always hypocritical, - 
and at every time some men are friendly to men to whom they are at other times 
inimical, or 2d, at each moment all men are alike either angels or fiends. Let 


u, mean the man i is unselfish at the time 7, 


Íy “ [1 u free “ u 
hy it a u hypocritical“ u 
das 1; i“ [T an angel it u 
dy νί it u a fiend a tt 
Pyk | [11 [1] ti friendly [ri a 


to the man k, 


ex the man ὁ is an enemy at the time 7 to the man $; 
1,, the two objects f and m are identical. 
Then the proposition is . 
I], X, IZ, ZZ, IL, I, HL, (Uu Ja has Priteni Um + apa Am) 

We have now to consider the procedure in working with this calculus. It 
is far from being true that the only problem of deduction is to draw a conclusion 
from given premises. On the contrary, it is fully as important to have a method 
for ascertaining what premises will yield a given conclusion. There are besides 
other problems of transformation, where a certain system of facts is given, and 
it is required to describe this in other terms of a definite kind, Such, for 
example, is the problem of the 15 young ladies, and others relating to synthemes. 
I shall, however, content myself here with showing how, when a set of premises 
are given, they can be united and certain letters eliminated. Of the various 
methods which might be pursued, I shall here give the one which seems to me 
the most useful on the whole. 

ist. The different premises having been written with distinct indices (the 
‚same index not used in two propositions) are written together, and all the Il’s 
and Σ are to be brought to the left. This can evidently be done, for 

a. Way = LIL; 
Z,2,.ILz, = D Thx e 
Σε = Σο. 

2d. Without deranging the order of the indices of any one premise, the Ils 

and >’s belonging to different premises may be moved relatively to one another, 
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and as far as possible the X's should be carried to the left of the IT’s. We have 
| les = IU ty 
XX, Ty = u 


and also 3, Thay, = Σια. 
But this formula does not hold when the i and j are not separated. We do have, 
however, E jey < TI, yty. 


It will, therefore, be well to begin by putting the X's to the left, as far as possible, 
because at a later stage of the work they can be carried to the right but not to 
the left. For example, if the operators of the two premises are IX T, and 
2,11,2,, we can unite them in either of the two orders 
| SALSH SI, 
2,11, 211, Z, Πα, 
and shall usually obtain different conclusions accordingly. There val often be | 
room for skill in choosing the most suitable arrangement. 
3d: It is next sometimes desirable to manipulate the Boolian part of the 
expression, and the letters to be eliminated can, if desired, be eliminated now. 
For this purpose they are replaced by relations of second intention, such as ` 
“other than," etc. If, for example, we find anywhere in the expression 
Ωρ Gays , 
. this may evidently be replaceable by 
(rs + την + Nrs) 
where, as usual, n means not or other than. This third step of the process is 
frequently quite indispensable, and embraces a variety of processes ; but in ordi- 
nary cases it may be altogether dispensed with. | 
4th. The next step, which will also not commonly be needed, consists in 
making the indices refer to the same collections of objects, so far as this is useful. 
If the quantifying part, or Quantifier, contains Z,, and we wish to replace the a 
by a new index i, not already in the Quantifier, and such that every c is an i, 
we can do so at once by simply multiplying every letter of the Boolian having 
^ € as an index by a. Thus, if we have “some woman is an angel” written in 
the form Z,,a, we may replace this by &,(a,w,). It will be more often useful to 
replace the index of a II by a wider one; and this will be done by adding z, to 
every letter having x as an index. Thus, if we have “all dogs are animals, and 
all animals are vertebrates” written thus 
Maaa It; Ê 
Voz. VIL 
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where a and α alike mean animal, it will be found convenient to replace the last 
index by 4, standing for any object, and to write the proposition 
ΤΙ, (a, + v) . 

bth. The next step consists in multiplying the whole Boolian part, by the 
` modification of itself produced by substituting for the index of any II any. other 
index standing to the left of it in the Quantifier. Thus, for 

Σ.Π; ly, 

we can write XL. 

6th. The next step consists in the re-manipulation of the Boolian part, con- 
sisting, 1st, in adding to any part any term we like; 2d, in dropping from any 
part any factor we like, and 3d, in observing that 

xe = f, s+3=V, 

so that ety +2z=z (k+i+y)e=2. 

7th. ΠΒ and 2s in the uapäher à whose indices no longer appear in the 
Boolian are dropped. 

. The fifth step will, in practice, be combined with part of the sixth and seventh. 

Thus, from E,IL/, we shall at once proceed to 3,7, if we like. 

The following examples will be sufficient. 

From the premises Σιαιδι and IL, (5, + cj), eliminate b. We first write 

XILa,b, (6; + 6). 
The distributive process gives i Ἂν 
>, Ta; (b, b, + bc). 
But we always have a right to drop a factor or insert an additive term. We thus 
get >, Ta, (5,5, + ο). 
By the third process, we can, if we like, insert ny for b,b,. In either case, we 
identify j with 4 and get the conclusion 
240,6,. 
Given the premises XILEAIL (ανα + Six 1) 
E AS IL IL (Euys + Syo ζω)» 
Required to eliminate s. ‘The combined premise is 
Xu 2» 2,11, 2,11, TIT, (o; + 85 AL CR FE νο Dos). 
Identify k with v and y with j, and we get 
Σι Σο Σκι ΣΠ (Gate + 8 leu, + Ep Ove) 
The Boolian part then reduces, so that the conclusion is 
‘ 2,2,2411,2511, (Gato Cute d Ario Ogg F Εμίο ln). 


» 
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| m IV.—Second-intentional Logie. 

Let us now consider the logic of terms taken in collective senses. Our 
notation, 80 far as we have developed it, does not show us even how to express - 
that two indices, ? and 7, denote one and the same thing. We may adopt a 
special token of second intention, say 1, to express identity, and may write ly. 
But this relation of identity has peculiar properties, The first is that if i and f 
. are identical, whatever is true of 2 is true of J. This may be written 

TL, Ty {Ty + Z, + αὐ). 
The use of the general index of a token, x, here, shows that the formula is 
iconical. The other property is that if everything which is true of à is true of J, 
then i andj are identical. This is most naturally written as follows: Let the 
token, g, signify the relation of a quality, character, fact, or predicate to its 
subject. Then the property we desire to express is | 
III, (Ly + ugy). 
And identity is defined thus 1y = IL (quy + Ir Te) - 
That is, to say that things are identical is. to say that every predicate is true of 
both or false of both. It may seem circuitous to introduce the idea of a quality 
to express identity ; but that impression will be modified by reflecting that qqs 
merely means that ? and j are both within the class or collection &. If we 
please, we can dispense with the token g, by using the index of a token and by 
referring to this in the Quantifier just as subjacent indices are referred to. That 
is to say, we may write 1g = IL, (2,25 + 2%). 

The properties of the token g must now. be examined. These may all be 
summed up in this, that taking any individuals τι, 4, à, etc., and any individuals, 
Jis Ja; Js, ete., there is a collection, class, or predicate embracing all the 7’s and 
excluding all the 7's except such as are identical with some one of the ïs. This 
might be written | 
(ITI, ll) Xe (TL Be.) Ts qu, (du, + dw. dus + dw. dus): 
where the čs and the is are the same lot of objects. This notation presents 
indices of indices. The II,TI, shows that we are to take any collection whatever 
of s, and then any 7 of that collection. We are then to do the same with the 
Js. We can then find a quality % such that the: taken has it, and also such that 
the j taken wants it unless we can find an 7 that is identical with the 7 taken. 
The necessity of some kind of notation of this description in treating of classes 
collectively &ppears from this consideration: thatin such discourse we are neither 
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speaking of & single individual (as in the non-relative logic) nor of a small num- 
ber of individuals considered each for itself, but of & whole class, perhaps an 
infinity of individuals. "This suggests a relative term with an indefinite series of 
indices as tm... Such a relative will, however, in most, if not in all cases, be 
of a degenerate kind and is consequently expressible as above. But it seems 
preferable to attempt a partial decomposition of this definition. In the first 
place, any individual may be considered as a class. This is written 
Π.Σ.Π, Qu(Gu + 19). 
This is the ninth icon. Next, given any class, there is another which includes all 
the former excludes and excludes all the former includes. That is, 
ILZ,IL (Gee νι + um). 
This is the tenth icon. Next, given any two classes, there is a third which includes 
all that either includes and excludes all that both exclude. That is 
TH, TL, Se EDs (Qu Que + Imi Get + Qui Imi κι). 
This is the eleventh icon. Next, given any two classes, there is a class which ` 
includes the whole of the first and any one individual of the second which there 
may be not included in the first and nothing else: That is, l 
ILIL,IL SAIL 1 qu + Gmi + qu (Gy + 13. 

This is the twelfth icon. 

To show the manner in which these formuls are applied let us suppose we 
have given that everything is either true of i or false of 7. We write 

TH, (Qui + um). — 

The tenth icon gives TL, 24 (quu + Ye Ges)(Qu Ges + Fu Ges) 
. Multiplication of these two formule give 


TH, Σε (Ger Gs + qud); 
or, dropping the terms in & TI, (Qu + qu). 
Multiplying this with the original datum and identifying 7 with k, we have 
IL (Queda + uw). 


No doubt, a , much more direct method of procédure could be found: 

Just as q signifies the relation of predicate to subject, so we need another 
token, which may be written 7, to signify the conjoint relation of a simple rela- 
tion, its relate and its correlate. That is, 7,, is to mean that 7 is in the relation 
a toj. Of course, there will be a series of properties of r similar to those of g. 
But it is singular that the uses of the two tokens are quite different. Namely, 
the chief use of r is to enable us to express that the number of one class is at 
least as great as that of another. This may be done in a variety of different 


΄ 
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‚ways. Thus, we may write that for every a there is a 5, in the first place, thus: 
TS, fa + bra (Tyan + + 14)1- 
But, by an icon analogous to the eleventh, we have 
—CTLILE ILL (ritur + Tape ure + Pace Fute Pare) 
From this, by means of an icon analogous to ilis tenth, we get the general for- | 
mula TL II,Z, TL, IL, {Tua Supe Taye + Tus (Fuss + Tage) ] - 
For r,# substitute a, and multiply by the formula the last but two. Then, iden- 
tifying u with A and v with j, we have 
Σο IL, ZH, {αι + by Tyas (Fran + 1ω)} 
a somewhat simpler expression. However, the best way to express such a pro- 


position is to make use of the letter c as a token of a one-to-one correspondence. 
That is to say, c will be defined by the three formule, 


TL, TTL, IL, (δ. + Fane + Tuo + low) 

TI, 11, 1, IT, (o, +7 Tow ἜΤ T am + luo) 

1,2, 25 (6, + T uoo T oso d + foe Tous luo) 5 
Making use of this token, we may write the proposition we have been considering . 
in the form Σ.Π,Σ, 0,(&% + bris). 

In an appendix to his memoir on the logic of relatives, DeMorgan enriched 
the science of logic with a new kind of inference, the syllogism of transposed 
quantity. DeMorgan was one of the best logicians that ever lived and unques- 
tionably the father of the logic of relatives. Owing, however, to the imperfection 
of his theory of relatives, the new form, as he enunciated it, was a down-right 
paralogism, one of the premises being omitted. But this being supplied, the form 
furnishes a good test of the efficacy of a logical notation, The following is one- 
of DeMorgan's ae 


Some Xis Y, 
For every X there is something neither Y nor Z; 
Hence, something is neither X nor Z. 


The first premise is simply oom 
The second may be written 
.OEJL2I, (it τμιθιᾶ). 
From these two premises, little can be inferred. To get the above conclusion it 
is necessary to add that the class of X’s is a. finite collection ; were this not 


> 
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necessary the following reasoning would hold good (the limited universe consisting 
of numbers) ; for it precisely conforms to DeMorgan's scheme. 


Some odd number is prime ; 
Every odd number has ite square, whieh is neither prime nor even; 
Hence, some number is neither odd nor even.* 


Now, to say that a lot of objects is finite, is the same as to say that if we 
pass through the class from one to another we shall necessarily come round to - 
one of those individuals already passed; that is, if every one of the lot is in any 
one-to-one relation to one of the lot, then to every one of the lot some one is - 
in this same relation. This is written thus: Ἢ | 

II, I1, Z, ZH, {δα + , + drug + v (X, + Έιρε)} 

Uniting this with the two premises and the second clause of the definition of c, 
we have 

Yq X, IL II X, X, II, X I IL ILILIT v, Ya 0a ( + Tue) | 

δρ + Lu + turus + Le (Te T Tis) (6, + Fey + Fw + 19)" 
We now substitute a for 8 and for y, a for u and for e, j for t and for f, v for g. 
The factor in 4 i8 to be repeated, putting first s and ue v fori. The Boolian 
part thus reduces to 

(2, + "as js) Ca Ta Va Τααο oT jan Ys % Laj + Τζ ὅν Le 2) (Sy + Taw JIZ) (Faso + Feo + lag) 
which, by the omission of factors, becomes 
Va; la + %%- 

Thus we have the conclusion . XS. 
It is plain that by & more iconical and less logically analytical notation this 
procedure might be much abridged. How minutely analytical the present system 
is, appears when we reflect that every substitution of indices of which nine were 
used in obtaining the last conclusion is a distinct act of inference. The annulling 
of (y,;1,,) makes ten inferential steps between the premises and conclusion of | 
the syllogism of transposed quantity. 





* Another of DeMorgan’s examples is this: ‘‘ Suppose a person, on reviewing his purchases for the 
day, finds, by his counterchecks, that he has certainly drawn as many checks on his banker (and 
maybe more) as he has made purchases. But he knows that he paid some of his purchases in money, 
or otherwise than by checks. He infers then that he has drawn checks for something else except that 
day’s purchases. He infers rightly enough.’’ Suppose, however, that what happened was this: He 
bought something and drew a check for it; but instead of paying with the check, he paid cash. He then 
made another purchase for the same amount, and drew another check. Instead, however, of paying 
with that check, he paid with the one previously drawn. And thus he continued without cessation, or 
ad infinitum. Plainly the premises remain true, yet the conclusion is false. 


Sur les Equations Linéaires aux Différentielles 
ordinaires et aux Différences finies. 


Par H. Poincaré. 


$1. Etude sommaire des Intégrales Irrégulières. 

Les résultats que je vais chercher à démontrer dans le présent mémoire et 
qui se rapportent tant à certaines équations différentielles linéaires qu’à des 
équations analogues, mais à différences finies, ont déjà été énoncés les uns dans 
un mémoire que j'ai présenté à l’Académie des Sciences pour le concours du 
Grand Prix des Sciences Mathématiques le 1” Juin 1880 et qui est resté inédit, 
les autres dans une communication verbale faite à la Société Math&matique de 
France en Novembre 1882.et dans une note insérée aux Comptes Rendus de 
l'Académie des Sciences le 5 Mars 1883. 

Soit : " 

(1) | p, TE. p, [ΣῪ + A Py=0 


une équation différentielle linéaire où les coéfficients P seront des polynómes en 
- œ que je supposerai tous de méme degré, à savoir da meer p. J’appellerai A, le 
coéfficient de x? dans le polynôme P,. 

Nous allons étudier la facon dont se comportent les intégrales de l'équation 
(1) quand x croît indéfiniment d'une certaine manière, par exemple par valeurs 
réelles positives. Il reste donc convenu jusqu'à nouvel ordre que x est réel et 
positif; tandis que les intégrales y et les coöfficients des polynómes P peuvent 
étre imaginaires. 

Nous allons avoir à considérés équation algébrique : 
(2) A, + Ας ιο +... + Az + 4, = 0. 

Nous supposerons d’abord que cette équation n’a pas de racines multiples, et 
même qu'elle n'a pas deux racines ayant même partie réelle. _ 
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Les méthodes de M. Fuchs ne sont pas applicables au problème qui nous 
occupe, parce que les intégrales de l'équation (1) sont irrégulières dans le voisinage 
du point «=». Il faut done employer des procédés particuliers. 


Nous poserons: P, A, 
P P, = 9; a = B, 


et, supposant d'abord l'équation (1) du 2* ordre, nous l'écrirons : 
: ὦ d 
DT as + Oy = 0. 
Posons : y = efte 
l'équation différentielle deviendra : 
d " 
ας tut Qu + Q — 0. 


Je dis que quand z croitra indéfiniment, u tendra vers une des racines de l'équa- 
tion (2). Soient en effet a et 8 les deux racines de cette équation de telle sorte 


que : - (2— a)y2— 8) Ξ 2) + Bis + B, 
et que la partie réelle de a soit plus grande que-celle de 8. 
Soit : V= 0 + 4v = log (u — a) — log (u — 8). 
Il viendra B lg Tasai 
de — EL But B, 


dv 
. da 
Si l'on donne à w une valeur trés grande, les différences. Qi — Βι et Q, — B, sont 


Nous allons étudier le signe de la partie réelle de u , c’est à dire de 


très petites de l'ordre de -. Cela posé, on peut démontrer successivement les 


résultats suivants. 

Supposons que Q, — B; et Q,— B, aient des valeurs données suffisamment 
petites, et soit X un nombre donné positif. On peut trouver deux nombres e et ει 
tels que toutes les fois que: ' | 


| [u—al>e ju—Bl>a 
on ait également 


: re 

De plus lorsque Q, — B, οἱ Q, — B, tendront simultanément vers 0, A ne 
variant pas, e et ει tendront aussi simultanément vers 0. 

En second lieu, on peut toujours trouver un nombre K assez petit pour que 
ὧν soit négatif comme la partie réelle de (B — a) lorsque l'inégalité (3) a lieu. 


da 
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Il suffit pour cela que l'on ait: 
K< cos [arg (2 — β)]. 
Enfin on peut trouver deux nombres % et k, tels que les inégalités 
ju—al<e [u— 8|« ει 
aient lieu toutes les fois que v est compris entre k et — I. 
On conclut de tout cela que si x est suffisamment grand, il existe deux 


nombres % et %, tels que 2 soit négatif toutes les fois que v est compris entre ᾖ; 


et —k,; de plus lorsque x croft constamment et indéfiniment, k'et k, croissent 
aussi constamment et indéfiniment. 

Supposons que pour une valeur donnée de z, v ait une certaine valeur initiale 
comprise entre % et — k, on est certain que v va décroître tant qu'il sera supérieur 
à — An, et que, si aprés avoir décrü, il arrive qu'il croft de nouveau, il ne pourra 
jamais en tous cas redevenir supérieur à — fy. 

Soit M (A) la plus grande valeur que puisse prendre v quand v varie de ha 
+o. Lorsque À croftra, M (1) decroitra ou du moins ne pourra jamais croître. 
Donc quand A grandira indéfiniment, M (A) tendra vers une limite finie ou infinie 
que j'appellerai M. Si M= — c, ‘on est certain que v tend vers — œ; tandis 
que si M était fini, il pourrait arriver ou bien que v tendit vers la limite M, ou 
que v ne tendit vers aucune limite. Dans le cas qui nous occupe on vient de voir 

- qu'on peut prendre ἦι assez grand pour que l'on ait : 


Mh) & — hs, 
d’où : M « — k. 
Mais nous pouvons prendre x assez grand pour que k, soit aussi grand que l'on 
veut. On a donc: M= —o 
ou lim v= — o lim u = a. C. Q. F. D. 


Le raisonnement précédent n'est en défaut que si ]a valeur initiale de v n'est 
pas comprise entre ket — k. Mais nous avons choisi arbitrairement la valeur 
initiale de x, nous aurions pu prendre tout aussi bien une valeur queleonque de 
cette variable. Pour que le raisonnement soit en défaut, il faut done que, quel que 
soit æ, v soit plus grand que % et plus petit que — 4. Or quand x tend vers 
l'infini, il en est de même de ket de 4. Donc v tend aussi vers +œ. Donc u 
tend vers 8 ou vers a. En résumé la limite de u est en général a, mais pour 
une intégrale particulière, elle peut être égale à 8. 

Faisons encore le a pour = équations du 3'7* ordre. L'équation: 


+ OR *95 + Qu —9, 





Vor. VII. 
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peut s'écrire 

du , du í ᾧ 5 = 
(4) 18 T g! t Q) + uw + Qu + Qu + Q = 0. 


Soient a, 8, y les trois racines de l'équation (2) rangées par ordre de parties - 
réelles décroissantes. Nous considérerons à cóté de l'équation (4) l'équation 





d d 
(4»5) aa + g (80+ By) }- οἱ -- Bvt Bwt B=, 
dont l'intégrale générale est: p = tee + pb? + ντο” 


| les I ue?* F vers 
À, u et v étant les constantes introduites par l'intégration; Nous allons chercher 


T choisie de telle 


sorte que sa dérivée soit toujours négative. Nous considérerons ensuite une 
fonction formée de la même manière avec les parties réelles et imaginaires de u 


une fonetion réelle des parties réelles et imaginaires de v et de 


et de a et nous reconnaitrons que la dérivée de cette nouvelle fonction sera 
aussi toujours négative pourvu que la fonction elle-méme soit comprise entre 
deux limites données, lesquelles limites tendent respectivement vers + œ, quand 
c tend vers +. La méthode que nous suivrons sera donc de tout point sem- 
blable à celle que nous avons employée pour le cas du 2? ordre. 


. La fonction que nous cherchons à former dépend de u et de » et par con- 


séquent de y, de a et de =. Il y a avantage & y introduire directement ces 


. éléments. 


Employons pour abréger la notation de Lagrange de façon que y désigne 
= et que y” designe A et posons: 
| y=X+Y+Z, 
=aX +BY + yZ, 
l y! Ξα ἅ + BY + yZ. 
La différentiation nous donnera : 
Y= X4 Y'4 Z, 
'=aX'+BY+yZ, 
— Qy'— Qu — Dy = PX'+ BY’ +HYZ. 
Posons encore: 
o? + Qo? + Qa + Q = A (a — Pla — y) 
βὲ -- Q8 -- Q8 + Φιξ B(8— a (8— y) 
P+ Q^ + Gy + Q= C(y—aXy — e) 
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il viendra : 
X'—aX —(AX + BY + CZ) 
Y'= BY—(AX+ BY + CZ) 
Z'= yZ — (AX + BY + CZ). 
. On a alors: 
2 log =B—at+4— BAT F+Bet+OG- ἝΞ B—a+A 


avec des expressions analogues pour les dérivées logarithmiques de M et de $. 


Lorsque x croît indéfiniment, A, B et O et par conséquent le terme compli- | 
mentaire A tendent vers 0. La variable x ayant une valeur donnée suffisamment 
grande, on peut trouver un nombre positif e tel que l'expression : 


(AI+181+10DQG +5) 


soit plus petite que la partie réelle de a — 8 et que celle de 8 — y. Ñi alors 
les valeurs absolues: ` 
B ‚|Z zl 2 
we ol Zu |Y 


sont simultanément plus grandes que e, on aura: : 


JAl< (AL 1212-1 0D (1 4-5) 




















et par conséquent, les dérivées logarithmiques de x. de Let de 2 auront leurs 
parties τ Mini de sorte rus 

















d Z 
Ž tog |= AP + log | Z ^os à, 08 «ο. 
' De plus Ts x ipm himen ε nue vers 0. Ajoutons d'ailleurs que 
la dérivée logarithmique de,| — reste négative quand méme z ou i seraient 




















plus petits que e. De méme on aura: 














"d, ]4 ο ντι Ισ 

à, 108 E méme » Z| ou z|<e 
d Z tan) x 

z 98 y|[« , même si | > o p| <e 














Soit maintenant H la plus grande des deux quantités H et 











Z 
zh Quelle est 
la condition pour que H soit une fonction décroissante de x? Je dis qu'il suffit 


que H soit compris entre e et zi e étant bien entendu supposé plus petit que 1. 
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^ zs po 
dH — 


En effet nous pouvons faire deux hypothéses. 


1 Zu :#=|2|>|2 


on a alors 





et par consöquent: da — ae x Κο. |. ο 6ο. F. D. 
m Zip 
0 : — |— pais 
P z- 2-2]. 
Ona z Ζ XL 
fb. [bee pb 
et par conséquent : dH d Z <0 
rer C. Q..F. D. 


Ainsi H décroit toutes les fois qu'il est compris entre e et =. 


Or pour xv =œ on a: lim e= 0. 
. Done on a aussi : - 
lim H=0, Iiml=0, lim2=0 
| co ce gap cst COM ICON 
d’où l'on déduit aisément 
à ντ 
να όλα. C. Q. E. D. 
II n’y aurait d'exception que si H restait constamment supérieur à L , auquel 
cas sa limite serait infinie. Dans ce cas, on a toüjours: 


fpe 





zZ 
X X 


toutes les fois que $ est compris entre e et > . En effet il vient, ou bien 

















Ed EE 1». 
-d’où |= Tip tk 
ou bien uirtus. EE Iz» 
d'oà 


HE 
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D'où l'on doit conclure que la fonction 





Τ est décroissante toutes les fois qu'elle: 


est comprise entre e et 23 il en résulte, comme nous l'avons fait voir plusieurs 


fois, que cette fonction tend en général vers 0, et qu'elle peut aussi, mais exception- 
nellement tendre vers ο, Dans le premier cas on a: | 
a lim u= B, : 

dans le second: . limu=y. C.. Q. F. D. 

Il n'est pas besoin d'insister pour faire comprendre que ce raisonnement est 
applicable à une équation d'ordre quelconque. Dans tous les cas la limite de la 
dérivée logarithmique de y est une des racines de l'équation (2). 

jo Y 


De ce que la limite de P. est égale à un nombre fini et déterminé a, il ne s’en 


suit pas forcément que E tende vers une limite finie et determinée; car si l'on 
avait par exemple y = ge” il viendrait: 
AN T A 
lim oa a, lim wm». | l 
Ce n’est que dans un paragraphé ultérieur que nous démontrerons que la 


ο y : ; : 
limite zaga ost en général finie et déterminée. 


Pour le moment supposons que z tende vers l'infini de facon que l'on ait : 
αΞξρλ Am: | 
p croissant indéfiniment par valeurs réelles positives et A étant une. quantité 
constante d'argument.o, et de module 1. Il est facile de ramener ce cas au 
précédent. . | | 
En effet l'équation (1) devient: 
‘Pi dy Py, ἀν , 
(1%?) Fat pa gente + + Py = 0, 
où la nouvelle variable p croît indéfiniment par valeurs réelles positives. 
L'équation (2) relative à la nouvelle variable et à la nouvelle équation 
(195) s'écrit : . - ; | 
(guis) A, + À, AI. + A,AT7Ig + ASA — 0, 





et si les racines de l'équation (2) étaient: 
(8) Q1; Ag, or. 5; An) 


celles de l'équation (2513) sont : 
αιλ, Ugh, . . αρλ. 
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Lorsque x croissait par valeurs positives, nous avions: 
dy 

(6) yd 

a, étant l'une des racines de (5). De même ici nous aurons: 

dy _ 

ydp — ^^^ 

a, étant encore une des racines (5); d’où: 

dy 

bis ut 

(6075) er 


= y; 


= Ag. 

: Mais il y a toutefois une différence entre le cas de l'équation (6) et celui de 
l'équation (6315), Lorsque x varie par valeurs positives, la limite a, de E est 
en général, et en laissant de cóté les cas exceptionnels dont il a été question plus 
haut, celle des racines de l'équation (5) dont la partie réelle est la plus grande. 


: ER: er d | 
Si au contraire œ = pa la limite a, de "is sera, en général, celle des racines de 


l'équation (b) qui est telle que la partie réelle de αχλ, soit aussi grande que 
possible. . 

: Nous avons BR au début de ce paragraphe que l'équation (2) n'a pas de 
racines multiples et qu'elle n’a pas non plus deux racines ayant même partie 
réelle. Voyons cependant ce qui arriverait si cette équation avait deux racines 
ayant méme partie réelle. ; 

. En premier lieu supposons que ces deux racines ne soient pas celles dont la 
partie réelle est la plus grande. En particulier, dans le cas du 3? ordre, où nous 
avons appelé les trois racines en question a, 8 et y, supposons que la partie 
réelle de a soit plus grande que celle de 8 et y, la partie réele de 8 étant égale 
à celle de y. En se reportant au raisonnement qui prócàde,.on verrait. que y 
étant Bag generale de l’&quation (1), le rapport: 


a encore pour limite α et que le raisonnement ne se trouve en défaut que dans 
les cas exceptionnels dont il a été question plus haut (quand la valeur initiale de 
H est plus grande que ij) et par conséquent pour certaines intégrales particuliàres 
de l'équation (1). 

En second lieu, si l'équation (2) n'a pas de racines multiples, l'équation (251) 
n'aura deux racines ayant méme partie réelle que pour certaines valeurs particu- 
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lières de A et par conséquent la difficulté dont nous parlons ici ne se présentera 
que pour certaines valeurs exceptionnelles de l'argument o de a. | 
Reste le cas où l'équation (2) a des racines multiples. Reprenons le cas du 

3° ordre où les racines sont a, ὁ et y et supposons «= B. Si l’on voulait répéter 
"le raisonnement que nous avons fait en supposant les trois racines distinctes, on 


poserait : 
y=X+Y+Z, 


yf = aX + Y(a+-) + 72, 
y'— eX + Y(o 4 =) +2, 


et on reconnaitrait que la limite de Y est égale à α en général, et, pour une 
certaine intégrale particuliere, à y. 

Nous pouvons d'ailleurs . embrasser tous ces cas particuliers dans le résultat 
suivant qui ne comporte aucune exception et dont nous ferons usage plus tard. - 
| Supposons que z tende vers l'infini par valeurs réelles positives. Soit a un 
nombre dont la partie réelle. soit supérieure à celles de toutes les racines de 
l'équation.(2). On aura: lim yr” = 
y étant une quelconque des intégrales de l'équation (1). 

` On peut alors trouver deux nombres b et c tels que la partie réelle de 6 soit 

plus petite que celle de a et plus grande que celle de c et que la partie réelle de 
c soit supérieure à celles de toutes les racines de l'équation (2). 

Cela posé, considérons erg différentielle d'ordre n + 1 

1 
ae ΣοΡ, 93 sp ER = 
Cette équation admet toutes les intégrales de l'équation ( a) et en outre Vintégrale 
e* de sorte que son intégrale générale s'écrit : 
λε" + yy ‘ 

à étant une constante arbitraire et y, l'intégrale générale de équation (1). 

VequaMOn: (2) relative à l'équation (1!) s'écrit: 
(255) a. (z — e) A,2 — 0, 
et admet les mömes racines que l'équation (2), plus la racine c dont la partie 
réelle est plus grande que celle de toutes les autres. 


. I en résulte que l'expression z a pour limite ο, lorsque y est l'intégrale 
générale de l'équation (1**).. 
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Ily a exception toutefois pour certaines intégrales particulières de cette 
équation. Ces intégrales exceptionnelles ne sont autres d'ailleurs que les 
intégrales de l'équation (1) elle-m&me. | | 

De là on peut conclure qu’ à partir d'une certaine valeur a de x on a: 
partie réelle T 5 PT. 


on déduit de là: [η] <ly] 
yo étant la valeur de y pour «= a, ou bien 

ve] y] jew], 
la partie réelle de b — a étant négative, la limite du second membre est nulle, 
on a done: i lim yr” = 0. | 
Ce résultat ne paraît d'abord s'appliquer qu'aux intégrales qui sont telles que 


z tend vers c, et ne pas subsister pour les intégrales exceptionnelles de l'équation 


(1%), à savoir les intégrales de l'équation (1) Mais une pareille intégrale peut 
toujours étre regardée comme la différence de deux intégrales non exceptionnelles. 
Le résultat subsiste done pour une intégrale quelconque de l'équation (1). 
C. ο. F. D. 
Si | ᾳ ΞΞ pA 
et que p tende vers l'infini par valeurs réelles positives; si a est un nombre tel 
que la partie réelle de aA soit plus grande que la partie réelle d'une racine 
quelconque de l'équation (2) multipliée par A, on a encore: 
lim ye" = 0. 
Il est à remarquer que dans tout ce qui précède nous ne nous sommes nullement 
appuyés sur ce que les coéfficients P de l'équation (1) sont des polynómes en z. 
Les résultats énoncés plus haut subsistent done pourvu que les rapports 
Bi Bi BB 
p. poU ppm 
tendent vers des valeurs finies et déterminées quand x croît indefiniment. 
Nous avons supposé d'autre part que les polynómes P étaient tous de même 
degré. Les résultats subsisteraient encore si un ou plusieurs des polynómes 
| | ο ο ο 

étaient de degré inférieur à p, P, restant de degré p. Mais il n'en serait plus de 
méme si le degré de P, était inférieur à celui d'un quelconque des autres poly- 
nömes. Dans ce cas, l'équation (1) rentrerait dans un autre type d'équations 

.linéaires que nous étudierons plus loin. 
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"82. Equations aux Différences Fintes. 
Avant de poursuivre les conséquences des résultats précédents, nous allons 
' étendre ces résultats aux équations à différences finies de la forme suivante : 
(1) Pus aa + Printia + + Pita git Pot, = 0 
les coéfficients P étant des polynómes d'ordre p par rapport au rang n de la 
fonction u,. Il est aisé de voir l'analogie de cette équation avec les équations 
linéaires que nous avons envisagées dans le paragraphe précédent; car si l'on 
pose: Au, = Ugg — Un, Au, = Aa — Au, otor 
nn (1) s’écrira : 
BR, Au, + Rp Abu +... + R Au, + Ru, = O, 

les coéfficients R étant des polynómes FON en n. 

Nous appellerons A, le coéfficient de n? dans le nude P, et nous envisa- 
gerons l'équation : 


(2) ELLEN LESE Aye + Ay = 0. 
Posons de plus: P Δι} 
P, --- Yi Ay --- Lie 


Laissant d'abord de cóté le cas exceptionnel od l'équation (2) aurait deux 
racines égales ou deux racines de móme module, je vais démontrer le résultat 
suivant, 


Λ : Un : : 
. Lorsque n tend vers l'infini, le rapport E us tend vers une des racines de - 


ee (2) et en général vers celle dont le module est le plus grand. 
* Bupposons l'équation du 3'"* ordre pour fixer les-idées, elle s'écrira : 
Ust Quas + Qui + Youn = 0. 
Soient a, 8, y les trois racines de l'équation (2) rangées par ordre de module 
décroissant. Posons: 
uot, Y. +2, 

Us xi x GX, + BY, + Y An 

Un +3 == PAn + BY, + Ya 
on en conclut: ~ 
tn μι + Yapi + Zn 
Uns = XS. + Bari d YZarı: 
Us Ls = OX a + B Yid Year: 


a+ Qd? + Qa + Q= A (a — Ba — y), 


B + Q8 + Φιβ ἠ- = B(8—o)(8 — y), 
y+ OY + Qy + = € (y—a)(y — 8). 


Posons encore: 


Vor. VD. | 
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Il viendra: 
Xap = aX, — (AX, + BY, T PA 
Y,,1— BY, — (AX, + BY, + OZ,), 
ZaicwE — (4X, + BY, 02). 
On tire de là: P 2 E | 
Xa Zu 
nar 8-(45X4BtOy) 
πι Ἔα. 


avec des formules analogues pour : 



























































Za 4-1 X. o cd T. E 
; Xn41 4° Έλι Zn t 
Il résulte de là que l'on peut trouver un nombre e tel que 
. . Y, Xn Y, . Yapi X, 
BI TX. ; X. Pie Z Z >e on ait Xa x 
zEX E TAS X, 2, : 
Bl αρα Tr. et on ait x Z 
. Y, Zu Y, : Zati’ Ya 
81 Z Y. ; ba on ait ar ΕΑ 
































D'ailleurs quand τι croît , A, B et C tendent vers 0: il en est de 


` méme de e. 
J2 


Soit H la plus grande des deux quantités | ^ Je dis que H sera 

















une fonetion de n qui sera décroissante toutes eu tis qu ‚le sera comprise entre 
























































"get ee 
€ " > . 
En effet deux cas peuvent se présenter : 
Y, Z, 
0 = joe: pum 
i age 
= ne 
Donc = et par ee H est ent 
Y, 
0 — Za in 
2 H= X, > x 














ml> zk 


Donc x et par conséquent H est décroissant. 
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Il résulte de là que H tend vers 0 comme nous l'avons fait voir dans le 
paragraphe précédent, à moins qu'il ne reste constamment supérieur à i . 


Si H est constamment supérieur a= —, je dis que far est une fonction con- 


k 








stamment décroissante si elle est comprise entre e et i . On a alors en effet: 





















































0 1 . 
1* ou bien : #- x Y, = 
Za 
et par conséquent : Δα |... |2ε | | Ya 
| X, Yul | Xn 
2° ou bien: . _ [Zu 1 MZ Y, | 
. E E». me 
et par conséquent : Md. 
Be Zn 




















Dans l’un et l’autre cas la Aachen Zn est décroissante. On en conclut en 


T 
répétant le raisonnement que nous avons déja fait bien des fois que 








tend 








E 7. 
‚vers 0 en général et exceptionnellement vers l'infini. 


Il y a donc trois cas possibles : 





























er 
3 κος - an lim «511 = g, 
= Us 
ème 
a cas exceptionnel lim H= lim | _ 170 lim “Hi = β. 
3°% cas plus exceptionnel encore: 
: — 1: Zu E : X, =: ἘΣ Y. == : Un +1 X 
min eee Him στ lim] = 0 ime ey 




















Le méme raisonnement s'applique sans difficulté au cas des équations d'ordre 
supérieur au 3*"*, Je me bornerai à indiquer ici la marche du raisonnement dans 
le cas du 4775 ordre. 

Soient a, B, y, ὃ les racines de l'équation (2) rangées par ordre de module 
décroissant, Nous poserons : 

Unyi = X, + BY, + y! Z, + HT. (= 0, 1, 2, 3) 
-Nous démontrerons ensuite qu'il existe un nombre e tendant vers 0 avec Ξ et : 


jouissant des propriétés suivantes : 





i 
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1° Ta fónétion z ou|—|, en supprimant l'indice n pour abréger, est décroissante 












































toutes les fois que HI s l zl El z A , ο sont plus grands que e. ΜΠ 
: i ZX] |X) |X| |Z| 121 
0 == ane 
. 2°. Tien est de même de 2 Z| toutes les fois que τι Ξ | Y E τ 7 
sont plus an que e, et ainsi de suite en considérant successivement les 
fonctions zlii irs Z| qui sont décroissantes à des conditions analogues, 

















faciles à former par des permutations des lottres, 
Cela posé, soit H la plus grande des quantités | 











HEB 


a 
et H, la plus grande des ο. . 
rl 
On démontre que H est décroissaht quand il est compris entre e et i. Onen 
conclut qu'en général H tend vers 0 et par conséquent ea vers a. 
Il y a exception quand H est toujours plus grand que > mais alors on 
démontre que Æ est toujours décroissant. s'il est compris entre e et 2 On en 


conclut qu’ en général H, tend vers 0 et =+ ud 


vers B. 
Il y a encore exception quand H, est VEM plus grand que = , mais alors 


on démontre que 








z est toujours décroissant s'il est compris entre e et i. On 


en conclut qu'en général 





Z tend vers 0 et ud Vers y. 





Enfin il reste un dernier cas plus exceptionnel encore que lesdeux précédents, 


^ T. Un+1 
et oü lz 








reste toujours plus grand que = Alors tend vers δ. i 


| Il me reste à examiner les cas où l'équation (2) a deux racines égales, ou 
deux racines de même module. 
PUpposons d'abord trois racines a, 8, y dont deux égales, par exemple 


un, us: 
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Nous Seren u = X, + Y, 4 Zn) 
up = a(1+—) X, + aY, +72 
mai ο. 
d’où : Una = Xanga + our + D | | 
Un 4.5 = a (1 + =) X,41 + ac Yati 
ο πο ο Een PY enis 


Posons maintenant : + Qu + Qat Q= A, 
| 3a? + λίνα + Qi = B, 
+ O27 + Oy + Q= C, 


X. μι = (1 Es =) αι + A’, 
ri a Y, + B, 

Za μι = y Zn + ος . 
A’, B et C' étant des fonctions linéaires en A, Bet C, ayant des coéfficients 
dépendant de Xn, Yn, Za. A, B et C tendent vers 0 quand n croît indéfiniment, : 


et on verrait comme précédemment qu'il en est de même, en général, de 4’, B' et 
O'. Il en résulte que en.général | 


il vient: 


xn du oue ccr i er κάν, 
lim x^ = lin — 0, lim = == En 


Voici maintenant une propriété qui subsiste alors méme que l'équation (2) 
admet des racines de méme module et qui par conséquent ne souffre aucune 
exception. ) | 

Soit a une quantité de module plus grand qué toutes les racines de l'équation 
(2) ; l'éxpression —* tend vers 0, quand n croît indéfiniment. 

La démonstration serait la méme que pour la propriété correspondante des 
équations différentielles démontrée à la fin du paragraphe précédent. 

$3. Transformation de Bessel. 

Revenons maintenant aux équations différentielles. Nous avons vu dans le 
. §1 que si l'on envisage l'intégrale générale y de l'équation 

| re 
(1) | | SP, w= 0, 
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étudiée dans ce paragraphe, la dérivée logarithmique 
er 
y dx 
fend vers une certaine limite a, mais qu'on n'en pouvait pas conclure immédi- 
‘atement que ye~* tend vers une limite finie et déterminée. C'est pourtant ce qui 
8 lieu en général; mais pour le. démontrer, nous serons forcés d'employer la 
transformation de Bessel. 
Voici en quoi consiste cette transformation. On pose 


Qoo ym foet, 


. v étant une fonction de z qu'il reste à déterminer et l'intégrale étant prise le long 
d'un chemin imaginaire convenablement choisi. L'intégration par parties donne : 


ay = f vaerdi = [ve] — © eds. 
Le chemin d'intégration devra étre choisi de telle fapon que le terme tout connu 
de cette intégration par parties soit nul, sans cependant que l'intégrale y le soit 


elle-méme. 
On aura ensuite : 


dv 
ay = — [re de — b ol fe. 
ou si le terme tout connu est supposé nul: 
dio 
xy = jd Co 


Et àinsi de suite ; on aura: 
asc] Mera (i=0, 1 Bap) 
pourvu que le chemin d'intégration ait été choisi de telle sorte que les termes 


tout connus des intégrations successives par parties: 


D es|=0, (1250, 1,2; 4... p — 1). 


De méme, on aura : d'y (Pod m) » 
af SE (—1y f 7 ends, 
pourvu que les termes tout conrius : 
EV κα 
wre] 


soient nuls aux deux limites d'intégration. 
Si. nous écrivons l'équation (1) sous la forme: 


dy _ EER 
X089 ds ae 
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l'équation transformée s'écrira : 
(3) | EOS(— iyo) 
Pour TEE les points singuliers de m équation (8), il suffit d'égaler à 0, 


le coéfficient de cas On trouve ainsi N 


dz? 
One = 0, 
on en reprenant les notations du §1: 
(2) 2A ps = 


ce qui est l'équation (2) du dit W ! 

Il faudrait ajouter à ces points singuliers le point œ où les intégrales sont 
irrégulières pour l'équation (3) comme pour l'équation (1). Si l'équation (2) n 78 
pas de racine multiple, ce que nous supposerons d'abord, le coéfficient de = ne 
s'annule que du premier ordre en chacun des points singuliers, d’où il résulte que 
pour chaeun de ces points l'équation déterminante p — 1 racines respectivement 
égales à 0, 1, 2, ... p — 2, la p™ étant quelconque, Ce sont donc des points 
singuliers regulon, 

_ Il faut maintenant choisir le chemin d'intégration de façon à satisfaire aux 
conditions que nous nous sommes imposées. Nous devons choisir les deux limites 
de ce chemin de façon qu'en chacune d'elles on ait: 


ὧν "s i= 0, τν à ovs 
λες k= 0, » 
Si l'une de ces limites est à distance finie, on m avoir: 
d' , 
AP, (t= 0,1,2,...,p—1), 


sans que l'intégrale v soit identiquement nulle. Cette limite devra donc être un 
. point singulier. Cette condition n’est. d’ailleurs pas suffisante. Il faut encore 
qu'en ce point singulier, où comme nous l'avons vu p — 1 des racines de l'équa- 
tion determinante ont pour valeurs 0, 1, 2,..., p — 2, la p™ racine de cette 
équation soit plus grande que p — 1 et de EM que l'intégrale v soit convenable- 
ment choisie. : 


Supposons maintenant une limite A disse infinie. On devra avoir 


lim = e" = 0, 
et d'abord : M . im ee? — 0. 


C’est le moment de recourir à la proposition établie à la fin du 81. Formons 
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l'équation qui joue par rapport à l'équation .(3) le même rôle que l'équation (2) 

par rapport à l'équation (1). Elle s’écrira : 

(4) XO, (= Ufa! = 

‘en appelant x l’indéterminée qui entre dans cette équation. 
L’&quation qui donne les points singuliers de l'équation (1) s’écrit d'autre 


.- 


part: . Σο = 0. . | 
Si done αι, &,...@, sont les points singuliers distincts de l'équation (1), les g 
racines distinctes de l'équation (4) sont — a4, — das i204. D'où, en appliquant 


les principes du $1, on verra que 
lim ve® = 0, 
si z est réel positif et si en désignant par R (a) la partie réelle d'une quantité 
imaginaire u, on a: 
R(z)«R(o), R(z)« R(aj),..., , RG) « R (uj). 
Si maintenant z est imaginaire et si l'on a: 
… | arg g = À. 

R(ze9)« R(ae-9), R(ze9)« R(ae-?),..., R(ze-") « R(a;e-?), 
le produit ve tendra vers 0 quand z croîtra indéfiniment avec l'argument 4. 
Il est clair d'ailleurs qu'il en sera D mens des diverses expressions : | 


ἂν get. 


Les hypothèses (5) sont donc Rod pour que le chemin d'intégration satisfasse 
aux conditions que nous nous sommes imposées. 

On peut d'ailleurs remarquer que, si le point α est extérieur au polygone 
convexe qui, ayant pour sommets certains des points a, laisse tous les autres à 
son intérieur, on pourra toujours trouver une valeur de A satisfaisant i aux | 
inégalités (5). 

Supposons donc le point x extérieur à ce polygone que j'appellerai P. Voici 
quel chemin d'intégration nous ferons suivre du point z. Nous partirons de 
l'infini avec un argument satisfaisant aux inégalités (5) et aprés avoir décrit un 
certain chemin nous reviendrons à l'infini soit avec le même argument, soit avec 
un autre argument satisfaisant également à ces mémes inégalités. Il faudra 
naturellement que le chemin ainsi décrit enveloppe un certain nombre de points 
singuliers (c'est à dire de racines de l'équation (2)); car sans cela, l'intégrale : 


y= | ve dz, 
serait identiquement nulle. 
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Nous pourrons supposer que ce chemin enveloppe un seul point singulier. 
En effet un contour enveloppant par exemple les points singuliers a, et a, peut 
toujours se décomposer en deux autres, enveloppant, le premier seulement le 
point a, et le second seulement le point aj. Donc les intégrales qu'on obtiendrait 
par la considération des contours enveloppant plusieurs points singuliers, ne 
seraient que des combinaisons linéaires de celles que nous allons considérer et 
qui sont engendrées par des contours enveloppant un seul point singulier. 

Soit a le point singulier enveloppé que nous supposerons d'abord étre une 
racine simple de l'équation (2). Son équation déterminante qui est de degré p, 
a comme nous l'avons vu p — 1 racines égales à 0,1, 2,..., p — 2, la pr? 
étant égale à | uzp—1. 

Il résulte de là, que le point a n’est pas un point singulier pour p — 1 intégrales 
de l'équation (8) lineairement indépendantes et que la p*"* intégrale s'écrit : 

Up = (2— a} (2), 
φ (z) étant holomorphe dans le domaine du point a, l'intégrale générale s'écrit 
done: v = Á(z—ay)(z) + 4 (2) = Av, + Ÿ (2) 


a) (z) étant holomorphe dans le domaine du point a. On a alors: 
- [r@ea= 0, 


doù: y= frm A frr 

Ainsi, si l'on fait abstraction du facteur constant A, l'intégrale y ne dépend 
pas du choix de l'intégrale v. 

Qu’ arrive-t-il maintenant si α est u une racine double de l'équation (2)? 

. Alors Vintégrale générale s'écrira : 
v — Av, + Bo, , + rl), 

A et B étant deux constantes arbitraires, 4 (5) étant holomorphe dans le domaine 
` du point a, et v, et vp— étant deux intégrales particulières. Il vient alors: 


y ford A ve^ de + B f v, ιό dz. 


Ainsi quelle que soit l'intégrale v choisie, on ne pourra jamais obtenir pour 
y. plus de deux intégrales linéairement indépendantes. l 

De méme si a est une racine multiple d'ordre plus élevé. 

Ainsi à chaque racine simple de l'équation (2), correspond une intégrale de 
l'équation (1), à chaque racine multiple d'ordre m, correspondent m intégrales de 


cette même équation. On obtient donc en tout de la sorte n intégrales de 
Vor. VII. . 


Ww 
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l'équation (1) et comme cette équation est d'ordre n, on en a l'intégrale générale. 
Il resterait, il est vrai, à démontrer que ces n intégrales sont linéairement indé 
pendantes, mais c’est ce qui ressortira de diverses propositions que nous établirons 
plus loin. 

Nous n'avons examiné jusqu'ici que le cas où les deux limites d'intégration 


' sont infinies; il est aisé de prévoir, d’après ce qui précède, que les intégrales 


obtenues, en. supposant qu'une on deux des limites soient finies, ne seront que 
des combinaisons linéaires de celles que nous connaissons déjà. 

Considérons de nouveau un point α qui soit une racine simple de (2) et 
soient: 0,1,2,...,9— 2, u 


les racines de l'équation déterminante correspondante. Soit: 


| v, = (2-- atẹ (2); 
une intégrale de (3), où $ (2) est holomorphe dans le domaine du point a. Soit: 
n= | vedz, 


l'intégrale correspondante de (1), la quadrature s’effectuant le long du contour 
défini plus haut, qui enveloppe le point singulier z= a. 
. Envisageons maintenant l'intégrale: 


œ 
Y = J Όρο" dz. 
a 


Nous supposerons, ce qui est. toujours possible, que le chemin d'intégration 
reste constamment intérieur au contour le long duquel a été prise l'intégrale y. 
Si up, | 
l'intégrale y, sera finie et sera une des intégrales de l'équation (1) d’après ce 
qu'on a vu plus haut. . Maïs on voit aisément qu'on aura: 

y= y --- em). 

Les deux intégrales y, et y, ne diffèrent donc que par un facteur constant. 
Il résulte en méme temps de là que l'intégrale y, est une intégrale de l'équation 
(1) toutes les fois qu'elle est finie, c'est à dire toutes les fois que: 


u>—1. 
Soient αι, à,,..., a, les racines de l'équation (2) que nous supposerons 
toutes simples. Soient 0,1,2,...,2— 2 Un 


les racines de l'équation déterminante relative au point singulier a,. Il existera 
toujours une intégrale de la forme: 


Y (e— aye 
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Q, (2) étant holomorphe dans le domaine du point αι, et on en conclura l'existence 
d'une intégrale de l'équation (1) 


Y, = [Vie da, 


pourvu que: μι > — 1. 
Supposons done d'abord que tous les u sont plus grands que — 1, de facon . 
que les p intégrales Y, existent, ou mieux encore supposons d’abord que tous les 
u sont plus grands que p — 1. 
Joignons un point quelconque 5 à chacun des points singuliers αι, a5, ... a, 


par des chemins 4, 4,...1,. Soit cg la valeur que prend au point b la dérivée. 
k=? de V, quand la variable va du point a, au point b par le chemin 4. 


1 9 b 
Posons maintenant : T= f Vie" de, 
αι 


. lintégrale étant prise bien entendu le long de ᾖε. 
Il viendra, en appliquant à l'intégrale 7; la méthode d'intégration par parties, 


(6) g" Tm on 1280 — απ 3 cn + απ to... te PC, aci Tf 


Soit maintenant d, χ.ς la valeur que prend au point b la dérivée {3 de 
Viz!; il viendra de même : 
OS yg ada gt f UE ends, 

D'ailleurs il est clair que les d, 4,8 'expriment trés pup à l'aide de 5 
et des οι ,. 

Il résulte de ce qui précéde que, si l'on substitue Τι à la place de y dans 
l'équation (1), le résultat de cette substitution s’écrira: 
(8) A(T) = gi, 2? ο + gu ax? 787 +. + gt, 
les coéfficients σι. étant faciles à calculer en fonctions des σι. Si n est plus 
grand que p on i pourra trouver n nombres : 

hy, hs. 


satisfaisant aux conditions suivantes : 

(9) ΣιλιθικΞο, — (50,1, 2,..., p— 1) 

Le nombre des solutions linéairement indépendantes des Red ο. (9) sera alors 
de n — p. : 

On aura alors: A (Sh, T) = - 0, 


ce qui veut dire que £A, Τι est une intégrale de l'équation ( 1) C’est une intégrale 
prise le long d'un. chemin complexe, mais restant toujours à distance finie. 
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Il existe toujours n — p pareilles intégrales linéairement indépendantes..' 
Ces intégrales différent essentiellement de celles dont une limite est infinie. Ces 
` dernières ne sont valables que si le point x est extérieur au polygone P, d’après 
ce que nous avons vu plus haut; au contraire les intégrales telles que =A, Τι, | 
c’est à dire les intégrales prises le long d'un contour à distance finie, sont valables 
quel que soit x. De plus elles sont holomorphes dans toute l'étendue du plan. 


Posons : ? y es 
U, — [ Vide 
d'oà: Y,— Τι + ζι. 
Les équations (9) peuvent d'ailleurs se remplacer par les équations plus 
simples qui suivent : Σλιομ = 0. 


Il suffit pour s'en convaincre de rechercher quelle est l'expression des 
coéfficients gy en fonctions des c. Mais des équations ainsi transformées on déduit 
aisément l'identité suivante: ΣΤ Τι, | 
qui subsiste quel que soit.z. On a par conséquent: 

ZAU,—0, ΣΤ Eh". 

Ces relations montrent d'abord que la nouvelle intégrale XA, Τι n'est pas 
linéairement indépendante des intégrales déjà connues Y;; elles font voir ensuite, 
que lors méme que tous les u ne sont pas plus grands que p — 1, l'éxpression 
xh, T; reste une intégrale de l'équation (1) pourvu que les 7, et les Y, soient finis, 
c’est à dire pourvu que tous les x soient plus grands que — 1. | 

Qu’ arrive-t-il entin si tous les u ne sont pas plus grands que — 1? La 
difficulté est aisée à tourner. Décrivons du point b comme point initial, un 
contour fermé revenant au point b aprés avoir enveloppé le point singulier a. 
Opérons de möme pour chacun des points singuliers. Nous aurons ainsi n contours 
.fermés 4, 5,... 4. Appelons 7; l'intégrale f 


f Verde, 


rise le long du contour 4, ou ce qui revient au même, l'intégrale 
’ 


Jf veas, 


le long du méme contour, v désignant une intégrale quelconque de l'équation (3). 
Appelons cy la valeur dont s’accroit la dérivée %?”° de V, quand on décrit le contour 
4, en partant du point b comme valeur initiale et revenant au point b comme 
valeur finale ; appelons de méme d, ,., la valeur dont s'accroît la dérivée 4% de 
V,27 dans les mêmes circonstances. | 
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conséquent si on a n nombres A, satisfaisant aux équations : 
(10) Ehe, = 0, 
l'expression Sh, T, sera une intégrale de l'équation (1). Cette expression jouit 
d'ailleurs de la propriété remarquable d'étre holomorphe dans tout le plan. 
Or les équations (10) admettent n — p solutions linéairement indépendantes. 
Donc si n > p, l'équation (1) aura n — p intégrales holomorphes dans tout le 
plan. 
Ce théorème peut d'ailleurs se démontrer directement. 
Je n'insisterai pas davantage sur cette transformation de Bessel qui permet, 
comme on le sait, d'intégrer l'équation (1) lorsque p — 1. 


$4. Etude approfondie des Intégrales irrégulières. 

Nous allons maintenant nous servir des expressions précédentes des intégrales 
de l'équation (1) pour étudier la facon dont elles se comportent quand x croît 
indéfiniment, d'une maniére plus précise et plus approfondie que nous n'avons pu 
le faire dans le $1. 

Démontrons d’abord le résultat suivant. L'intégrale: 


J= foe da, 


(si x est positif et très grand, αἱ |v] reste constamment inférieur à une certaine 
quantité M et si le chemin d'intégration reste constamment à gauche de l'axe des 
parties imaginaires) tendra vers 0 quand x croftra indéfiniment, 

Soit en effet L la longueur totale du chemin d'intégration, et — £ la plus 
grande valeur de la partie réelle de z, de telle façon que le long du chemin 


. d'intégration on ait: δ (ο) x; — E. 
Il vient alors fial A ee, 
d’où enfin : [J| < ML", | 
et im J=0, pour =w, C. Q. F. D. 
Passons maintenant au cas oü le chemin d'intégration restant toujours à 
gauche de la droite: R(z) = — ἕ, 


s'étend à l'infini par l'une de ses extrémités: Nous supposerons de plus que, 
quand z croit indéfiniment en suivant le chemin i on peut trouver un 
nombre A tel que lim ve" = 0. 
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Cela est toujours ης comme le prouve le 81, avec les fonctions v.que’ 
nous avons à considérer. 

Faisons encore une ες le chemin d'intégration. Nous supposerons 
qu'l se compose d'un certain arc de courbe situé à distance finie, suivi d'une 
portion de ligne droite s'étendant à l'infini; pour tous les cas que nous avons 
déjà considérés ou que nous aurons à considérer dans la suite, rien ne s'oppose à 
cette hypothèse. Dans ces conditions on peut trouver un nombre u tel que 


Pintégrale : f Le del 
soit égale à une quantité finie L. On pourra également trouver un nombre M, 
tel que l'on ait constamment: |ve* | << M. 


Nous pourrons toujours supposer A et w réels. On aura alors: 
J= f venons, 


d'oà : IJ |« Lieto) 
quand + croît indéfiniment, on a done: 
lim J— 0. | C. Q. F. D. 


De méme on verrait aisément que z^J tend encore vers 0, quelque grand 
que soit l'exposant m. 
Nous allons maintenant étudier l'intégrale suivante : 


T= f ve? dz.. 

La limite supérieure d'intégration peut étre une quantité finie a, ou bien ötre 
infinie, mais le chemin d'intégration restera toujours à gauche de l'axe des parties 
imaginaires. La. fonction v sera assujettie aux mémes conditions que plus haut ; 
je supposerai de plus que dans le domaine du point 0, la fonction v peut se 
développer en série de la forme suivante : 
(1) Αρ’ + Ar Art’... 
a étant quelconque. 

Je dis que dans ces conditions : 

; a^tlJ tend vers —T (a + 1) 4, 

quand # croît indéfiniment. 

En effet nous pouvons toujours supposer : 

[A | < ep"; 


u et p étant deux quantités | convenablement choisies. de telle façon que le rayon. 


du cercle de convergence de la série (1) soit égal à Z. 
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Nous pourrons décomposer le chemin d'intégration en deux parties, la 1°° 
intérieure à un cercle décrit du point 0 comme centre avec r pour rayon (rp « 1), 
la 2% extérieure à ce cercle. Nous aurons alors: 

| J=K+H,. 

K et H étant les deux parties de l'intégrale correspondant à ces deux parties du 
chemin d'intégration, D’après ce qui précède, il vient: 

lim at! = 0. 
Il reste à chercher la limite de at 1K, 

Nous pouvons écrire : 
| v= A+ Αι +... +4, + E, 

ERa étant le reste de la série (1). Il vise alors: 


(2) E= A, [erde + A, f tende +... + Am fetta + | eds, 

les intégrales étant prises le long de la premiére partie du chemin d'intégration. 
On aura: l gg, EET qon <1, 

Si done { est la longueur de la première partie du chemin d'intégration, il viendra : 


SP di < Dunn 


On peut toujours prendre m assez grand pour dui le second membre de cette 
inégalité soit aussi petit qu'on voudra. Mais on peut aller plus loin encore. 
Supposons, ce qui est toujours possible, que la premiere partie du chemin d'inté- 
gration soit rectiligne, et pour fixer les idées davantage encore, qu'elle se réduit 
au segment de droite 0, — r. Il viendra alors: | 














er ae Rl" ed. — 
x / ze? dz «|: f g'e'* dz | =T (a +1), 
ut pug ΘΕῸΣ 1), 
3 0 
ou enfin : GET. 








att (Em e dz 


Comme rp'est plus petit que 1, on pourra prendre m assez grand, quel que soit 


1---7ρ 


æ, pour que le second membre de cette inégalité soit plus petit que = v étant 
. indépendant de x. 

Le nombre m est désormais déterminé et nous allons faire - varier x. Le 
q'"* terme du second membre de l'expression (2) s'écrit : 


| | T= Auf rte de, 
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Cherchons la limite de 7,a*+1; pour cela posons: 


U= A, ght det dy; 


--τ 


On aura: lim +0, =0, | 
uM. M 
deut lim att}, = lim a**4, ff gH tends lim LEDs, 


Cette limite est égale à 0 si g est positif et à —T (a + 1).4, si g est nul. Done 
si l'on multiplie par z**! chacun des m premiers termes du second membre de 
(2), le premier des produits ainsi obtenus aura pour limite — AT (a + 1) et les 
autres 0. Or nous pourrons toujours prendre x assez grand pour que chacun. de 
ces produits différe de sa limite d'une quantité moindre que 





€ 


pom 
On aura alors: jat + AT (a+ 1)| <e, 
d’où lim ott? J= lim ett K = — AT (a + 1). C. Q. F. D. 
Nous allons enfin considérer l'intégrale suivante : | 
J = | ve“ dz, 


prise le long d’un contour enveloppant le point 0. 

Je supposerai qu’ à l'intérieur de ce contour la fonction v soit partout 
holomorphe excepté au point 0 et que dans le voisinage de ce point cette méme 
fonction puisse se mettre sous la forme (1). On peut remarquer que, dans cette 
expression (1), il n'est plus nécessaire de supposer a 7» — 1, comme nous avions 
dü le faire dans l'exemple précédent. 

Nous allons faire eroitre z indéfiniment par valeurs réelles ος Nous 
pouvons done supposer que le contour d'intégration est formé comme il suit: 

1° une portion de ligne droite AB venant de l'infini et se terminant.à un 
certain point B. 

2° un arc de courbe quelconque BC allant du point B au point O = — r, 
r étant une quantité positive très petite. Ces deux premières portions du contour 
geront tout entiéres à gauche de l'axe des parties imaginaires. 

3° un cercle décrit du point 0 comme centre avec r pour rayon, commencant 
au point C pour finir au point C. 

4° et 5° l'arc CB et la droite BA parcourus en sens inverse. 

Nous poserons alors : J=H+ K+ EH, 

H se rapportant à la portion ABC du contour, H' à la portion CBA, et K au 
petit cercle de rayon v. | 
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Il vient alors d’après ce qui précède : 
: lim af *1J = lim t! KE. 

On a d'autre part: 07 

wt K= A un? fonds T... Apati fetnends + Je. a tle da. 


On peut toujours supposer que m est assez grand pour que & + m soit positif. 
. Dans ce cas l'intégrale : f 5. atit de, 


prise le long du cercle de rayon r est égale à: 
(1— dt) M Eo ate ds, 
Elle est donc plus petite en valeur absolue que: 
j1— ee Ze τε Deep, 
et elle tend uniformément vers 0 quand m croit indéfiniment, et cela quel que 
soit x. 


De méme on a lim zt ο το .g>o, 


lim att [set de = = — (1 — &)T (a + 1). 
On déduit de là par le méme raisonnement que plus haut . : 
lim 2**1J = lim a^ *! K = (etre — 1) AT (a + 1). C. Q. F. D. 
Le second membre prend la. forme illusoire 0 X 0 lorsque α est entier 
négatif. Mais dans ce cas il est ais& de voir que la fonction sous le signe f est. 
méromorphe à l'intérieur du contour d'intégration. On a donc: 
ae gem) 


J= = in (το πια A aa ac air eae + FEN. + Å ai . 


. Pour passer au cas οἳ le point singulier enveloppé par le contour d'intégration 
n'est pas 0, mais un point quelconque a, il suffit de changer zen z+ a. Pour 
passer au cas où œ croît indéfiniment, non plus pat valeurs réelles positives, τ, 
avec l'argument A, il suffit de changer x en we en même temps que z en #7 

Les résultats se déduisent immédiatement de ceux qui ont été énoncés plus hät, 
Il est aisé de voir comment ce qui précède peut s'appliquer aux intégrales de 
Péquation (1). Soient: αι, dg, eee y Dn; 
les n racines de l'équation déterminante relative au point nee a, et " l'inté- 
grale dai peut se mettre sous la forme: 

(« — a)“ gi (2), ` 


@, étant holomorphe dans le voisinage du point ας. = 
Vor. VIL ο ὃν i 
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Nous allons faire tendre æ vers o» avec argument À. Soit maintenant /, un 
chemin d'intégration dont les deux limites sont rejetées à l'infini et enveloppant 
le point singulier αι. Nous supposerons que quand z tend vers l'infini le long de 
ce contour, son argument tend vers une limite X telle que : 


π It 
Atv ys | ; 

par exemple vers zt — A. 

Soit enfin: y= | vede, 
l'intégrale étant prise le long du chemin 4. 

Pour achever de préciser le contour l, nous le formerons 1° de la droite 
a, + RECN, αἱ + ež, R et ε étant des quantités, la première infiniment 
grande, la seconde infiniment petite: 2° d'un cercle complet décrit du point a, 
comme centre avec e pour rayon; 3° de la droite a, + ee"—, a, + Re!" par- 
courue en sens contraire. Ce contour pourra d'ailleurs étre remplacé par tout 
autre contour équivalent. m 

Dans ces conditions, lorsque x croitra indéfiniment avec l'argument 2, 
l'intégrale y, se comportera comme 

| et amt, 

c'est à dire que le rapport {κε αι ΡΕ 
tendra vers une limite finie et déterminée. 

Tel est le résultat, plus complet que celui que nous avions obtenu au $1, que 
nous permet d'atteindre la transformation de Bessel. 

On remarquera d'abord le róle important que joue dans ce résultat l'argument 
2, avec lequel x croît indéfiniment. On en conclura que les intégrales de l'équation 
(1) ne se comportent pas de la même manière quelle que soit la facon dont x tend 
vers l'infini. ; . 

Une autre conséquence importante, c'est que les » intégrales 


4 , a Yis 2155 Yn 
sont linéairement indépendantes. 


Faisons croitre en effet x par valeurs réelles positives, et supposons que les 
n. quantités αι, ἄχ... Ap 
soient rangées par ordre de parties réelles croissantes. (On peuttoujours supposer 
qu'il wy a pas deux de ces quantités qui aient méme partie réelle, sans quoi on 
ferait croître x indéfiniment avec un argument différent de 0.) 

Soit A, = lim e^ ^*g'stlg,, 4,20. 
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Supposons qu'il existe une identité linéaire entre nos n intégrales . 
(3) Cy + Ορνα d... +0, 00. 
Multiplions l'identité par: gp 
et faisons croître x indéfiniment. L'identité devient à la limite: 

| l Qu = 0, d'où O, = 0: 

Effaçons le dernier termè de l'identité (3), multiplions la par: 

: | e one gii 

et faisons x = œ. Il vient encore: 
ο πα σα Pon sU. 

En continuant de la sorte, on démontrerait successivement que tous les 
coëfficients C sont nuls, ce qui montre que nos n intégrales sont linéairement 
indépendantes. La transformation de Bessel conduit done à l'intégrale générale 
de l'équation (1). 

Il est aisé d'étendre ce raisonnement au cas où l'équation (2) a des racines 
multiples. i 

Dans le paragraphe (1), nous avons vu que si 

Βα)» (a) > Ra) >... > Rw), 
il peut y avoir certaines intégrales particulières dont la dérivée logarithmique 
tend non pas vers a,, comme cela a lieu pour l'intégrale générale, mais vers 
A1, VETS d, 3, ... OU Vers ay. Toutefois les principes de ce premier paragraphe 
ne nous permettaient pas d'affirmer que ces intégrales particulières existaient 
réellement. Ce que nous venons de dire démontre l'existence de ces intégrales 
particulières, | 

Comme application de ce qui précède, posons nous le problème suivant: 

Reconnaître si l'équation (1) admet comme intégrale un polynôme entier. 

Pour cela il faut d'abord que l’une des racines de l'équation (2) soit nulle. 
Supposons qu'elle soit simple; soit par exemple: 

í αι — 0. . 
Il faudra ensuite que la quantité que nous avons appelée u, soit entière négative. 
Quand u, est entier, il n'existe pas en général d'intégrale de l'équation (3) de la 
forme : v, = (z — a). (2), 
car le point singulier a, est en général un. point singulier logarithmique. Si 
l'intégrale v contient des logarithmes, l'intégrale : 


Yi = f ve de, 
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prise le long d'un contour J, enveloppant le point 0 ne peut se réduire à un 
polynóme entier. 2 

' Mais dans certains cas particuliers, le point singulier 0 n'est pas ος 
il existe une intégrale de la forme: 

v, = go, (z), 

$4, étant holomorphe dans le voisinage du point 0. La fonction we est alors . 
méromorphe à l'intérieur du contour 4,, d'où il résulte que l'intégrale y, se réduit 
à un polynóme entier. 

Ainsi pour que l'équation (1) admette pour intégrale un polynôme entier, il 
faut et il suffit : 

1° que l'équation (2) ait une racine nulle. 

2° que l'une des racines de l'équation déterminante relative au point singulier 
correspondant de l'équation (3) soit entière négative. 

3* que ce point singulier ne soit pas logarithmique. 

Cela peut d'ailleurs se vérifier directement. 


| $5. Etude du groupe de l'équation (1). 


Chacun sait ce qu'on entend par groupe d'une équation linéaire. Lorsque la 
variable indépendante décrit un contour fermé autour d'un point singulier, les 
intégrales de l'équation subissent une substitution linéaire et c'est la combinaison 
de ces substitutions qui engendre le groupe de l'équation. 

On sait également qu'une substitution linéaire est caractérisée principalément 
par ses multiplicateurs et que les multiplicateurs de la substitution relative à un 
point singulier, s’obtiennent immédiatement, lorsque les intégrales sont régulières 
dans le voisinage de ce point, En effet on les déduit aisément de l'équation 
déterminante relative à ce point. 

Il n'en est plus de méme quand le point singulier est irrégulier, c'est à dire 
quand les intégrales ne sont pas réguliéres dans le voisinage de ce point. On n'a 
alors pour le calcul des multiplicateurs que des méthodes d'approximation plus 
ou moins rapides. | 

C’est ce qui arrive pour l'un des points singuliers de l'équation (1), à savoir 
pour le point «=œ. Ce point sera en effet irrégulier en général. Pour qu'il 
fût régulier, il faudrait que, le polynôme P, étant de degré p, le polynôme P,_ı 
fût de degré p — 1 au plus, le polynôme P, , de degré p — 2 au plus, etc. 
Dans ce cas l'équation (2) aurait toutes ses racines nulles. Si on laisse de côté 
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' ce cas trés particulier, on n'a pas de méthode rapide pour trouver les multiplica- 
teurs de la substitution S que subissent les intégrales de l'équation (1) gaand le 
point æ décrit un cercle de rayon très grand. 

Le groupe de l'équation (3) est dérivé de n τς, fondamentales 
correspondant aux.différents points singuliers de cette équation, c’est à dire aux - 
différentes racines de l'équation (2). Si ces racines sont simples, les points 
singuliers correspondants sont réguliers. On peut donc trouver aisément les 
multiplicateurs de ces substitutions fundamentales, mais pour calculer les coéffi- 
cients du groupé lui-même, il faut employer des méthodes d'approximation. 

‘Tl y a toutefois entre le groupe de l'équation (3) et la substitution S, un lieu 
que je désirerais faire ressortir. Si nous supposons connu le groupe de l'équation 
(3), je dis que nous connaitrons aussi la substitution S. 

Voici sous quelle forme nous.nous donnerons les coéfficients du groupe de 
l'équation (3). Considérons un point singulier quelconque a, de cette équation ; 
soient 0, 1, 2, ea p, u 
les racines de son &quation déterminante et 

Viis Ya Tiu 

les intégrales correspondantes de telle facon que: 

va = (z— a)" de)  (k=1,2,...,p—1), 

Vip = (2 — a) (2), | 
φ (z) étant holomorphe dans le voisinage du point a,.- Soit δι un point très voisin 
du point αι. Opérons de méme pour chacun des points singuliers ; joignons b,b; 
quand la variable z ira de 5, en b, en suivant la droite b,b, les intégrales vj 
prendront certaines valeurs qui pourront BOEDIIHOE linéairement à l'aide des 
intégrales v; χ. 

En d'autres termes, il y aura une substitution linéaire Sy qui changera les 
intégrales v dans les intégrales v, de telle façon qu on puisse écrire avec la 
notation symbolique ordinairement employée : 

% = Vy. S. 
La connaissance des substitutions δ suffit pour déterminer le groupe de l'équation 
(3). .Ce sont en effet les substitutions que j'ai appelées auxiliaires dans mon 
mémoire sur les groupes des équations linéaires (Acta Mathematica 4:3, p. 207). 
Il est à remarquer que ces substitutions ne sont pas indépendantes les unes des 
autres. — 

On voit aisément que si l'on connait n — 1 des substitutions Sy (convenable- 
ment choisies) on connaîtra toutes les autres (loc. cit. p. 207). Nous conserverons 
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~ néanmoins, pour plus de symétrie dans les notations, les n (n — 1) substitütions 
S, et Sy. 

Nous achéverons de définir les intégrales vy gráce à la convention suivante : 

1° si & = p, $ (z) se réduit à 1 pour z = a. 

2 si E «C p, ĝ (2) se réduit à 1 et ses p~ — 1 — k, premières dérivées s’annulent 
pour z= a. 

Cela posé, supposons d'abord x réel positif et. très grand. Sippo que les 
droites a,b, qui sont trés petites soient parallèles à l'axe des pàrties réelles et de 
telle facon que: KR (b) « E (a). 

Soit D; une demi-droite parallèle à cet axe, partant du point b, et s'étendant 

à l'infini du côté des parties réelles négatives. Soit C, un cercle décrit du point 
αι comme centre, avec a,b, pour rayon. Soit 4 un contour formé de la droite D, 
du cercle C, οἱ de la droite D, prise en sens contraire. “Soit: 

Jim veda. 
prise le long du contour 4. 

Supposons maintenant un chemin quelconque Æ, partant du point 5, et 
s’étendant à l'infini de telle facon que l'argument de z tende vers la limite z. 
Soit L; un contour formé du chemin Æ,, du cercle C, et du chemin Z, pris en sens 
contraire. Cherchons à évaluer l'intégrale : l 


J= fode, 


le long du contour Ly. ee 

Je puis toujours supposer que le chemin Z, ait été remplacé par un contour 
Ej équivalent; c'est à dire tel que l'on puisse transformer, par une déformation 
continue, E, en Εμ sans franchir aucun point singulier. La valeur de l'intégrale 
J n’en sera pas changée. 

Or on pourra toujours trouver un chemin Æ; équivalent à E, et formé de la 
façon suivante ; ce chemin se réduira à une ligne brisée dont les sommets seront 
des points ο, infiniment voisins de divers points singuliers aj. Le premier de ces 
sommets sera bı = οι. Le sommet suivant sera ο, infiniment voisin d'un point 
singulier αι, mais pouvant être différent de b,. Puis viendra c, infiniment voisin 
d'un point singulier az, et ainsi de suite. Enfin la ligne brisée Z/ se terminera 
‚par une demi-droite partant du dernier sommet, parallèle à l’axe des Dee 
réelles et dirigée du cóté des parties réelles négatives. 

Nous pourrons supposer que le contour formé de la ligne brisée E; et de la 
demi-droite D, ne contient pas à son intérieur d'autre point singulier que ceux 
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qui sont infiniment voisins d'un des sommets de E/. Il est évidemment possible 
de déformer d'une maniére continue ce. contour, jusqu’ à ce qu'il aille passer 
infiniment prés de chacun des points singuliers qu'il contient ae son intérieur (et 
cela sans lui faire franchir aucun point singulier). : 

Supposons maintenant que l'on étudie ce que devient l'intégrale v, lorsque 
la variable z partant du, point b, décrit la ligne brisée Æ/. Au moment où nous 
arriverons en un sommet c, de cette ligne brisée, infiniment voisin d'un point 
singulier a,, et que nous serons par conséquent dans le domaine de ce point 
singulier, l'intégrale v, pourra s'exprimer linéairement à l'aide des p intégrales : 

᾿ Olin Uss ee +s Op 
de telle facon qu'on aura: | 
(4) vip = Aj tja tust. + Aion 
Les coëfficients A}, peuvent être regardés comme connus, car leur valeur découle 
immédiatement de la connaissance des substitutions Sy, c'est à dire de la connais- 
sance du groupe de l'équation (3). - 

Cela posé, nous pouvons décomposer le contour L, de la manière suivante: 
soit A, le contour formé de la ligne brisée Æ; et de la demi-droite D,. Nous 
remplacerons Z, par le contour Άι, par le contour 4, et par le contour Οι, pris en 
sens contraire. Le contour total ainsi obtenu est évidemment équivalent à L;. 


L'intégrale : Sr eds, 


prise le long de 7, n'est autre que γι. 
Si l'on appelle X la même.intégrale prise le long de Άλι, on aura: 
J= K(1— e) + y. 
Maintenant si le contour A, contient un certain nombre de points singuliers 


` Qj, Ap, αρ... 

on pourra le remplacer par les contours correspondants : 

b, ly, be, 5 
Ya 
L'intégrale | fr e da, 
prise le long de 7; se réduit, en vertu de la relation (4) à 
UE 

il vient done enfin : | 

(5) J (1 — 2*5) Ay + ys. 

On voit que si μι est entier négatif et si le point a, n'est pas logarithmique, il‘ 

reste : J= Yin 


quel que soit le chemin Z,. 
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à Y 
Cela eee voyons ce que deviendra l'intégrale y, lorsque d. | "ame 
valeur réelle positive très. grande, reviendra à cette valeur après a, zt un 
cercle de rayon très grand. Pendant que x variera de la sorte," 48 Serong 
obligés de déformer le contour J, le long duquel est prise l'intégrale y,; car si l'on 
ne changeait pas cé contour, quand l'argument de x serait devenu plus grand que 


P , l'intégrale aurait cessé d’être finie car la valeur absolue de e” aurait pu devenir 
plus grande que toute quantité donnée. 

Voici maintenant comment il faut déformer le contour L; ; nous conserverons 
le cercle C, mais nous remplacerons la demi-droite D, parcourue deux fois en 
sens inverse, par une ligne quelconque Z, qui partira du point % et s'étendra à 
l'infini et qui devra étre également parcourue deux fois en sens contraire. . 

. Nous nous arrangerons toujours pour que l’argument de x soit à chaque 
instant égal à x, moins l'argument que prend z en s'éloignant indéfiniment sur la 
ligne Z,. De plus il faudra que la ligne .E, dérive de la demi-droite D, par 
déformation continue et cela sans jamais franchir aucun point singulier. 

Quand largument de x sera revenu à la valeur 0, après un cercle complet, 
la ligne Æ; (que d'ailleurs on peut toujours, comme nous l'avons vu, supposer | 
réduite à une ligne brisée B/) prendra une forme définitive F, et l'argument de z 
à l'infini sur F, sera égal ἃ πι. 

Ainsi dans la figure (1), on a supposé 5 pim singulos a,b,c,d,e et on a 
figuré le cercle Ο/, la droite a et la ligne A. 





Fi 


. Figure 1. 


L’ ene prise le long du contour formé de la ligne F,, du cercle C, et de 
la ligne F, prise en sens inverse, peut se calculer par le procédé que nous avons 
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exposé un peu plus haut; elle aura pour valeur : 
(1 — ers) 24) p y + Yu | 
-en conservant les mêmes notations qu'au. commencement de ce paragraphe. 
Mais cette intégrale n'est autre chose que ce que devient y, quand x a décrit un 

cercle tràs grand. = 

Nous avons done la valeur finale de " exprimée linéairement à l'aide des 
valeurs initiales des n intégrales γι, Y3, ..., y,. En d'autres termes, quand nous 
connaissons le groupe de l'équation (3), nous connaissons aussi la substitution 
linéaire que subissent les intégrales de l'équation (1), lorsque la variable x décrit 
un cercle de rayon trés grand. . | σ Q. F. D. 

On peut d’ailleurs faire la remarque suivante. Si u, est entier négatif et que : 
le point a, ne soit pas logarithmique, la valeur finale de y, ne diffère pas de la 
valeur initiale; cette intégrale n'est pas altérée par la, substitution linéaire que 
nous envisageons. On devait le prévoir puisque nous avons vu que cette intégrale 
se réduit alors à un polynôme entier. 


v 86. Généralisation des 881 et 2. 
1 Dans le paragraphe (2) nous avons considéré l'équation aux différences finies: 


a)” P Unge H Pai paci ob Pit + Pou, = 0, 
‘oti les coéfficients sont des polynómes d'ordre penn. Nous avons vu que la 
limite du rapport Unb 
| » "m 
était en général celle des racines de l'équation 
(3) ` Aye + Ant +... + Aaa AS 0, 


dont le module est le plus grand ; A, Hé nam le coëfficient de n? ddns Pe 
- Nous avons posé ensuite : 


Pi di 
| | P. UE VN ET B;, 
d’où B, = lim Q; (n= ου) ue 
et nous avons vu qu'on peut remplacer les équations (1) et (2) par les suivantes : 
(1*5) Unter + Qai paca ds + Qu, = 0, 
(255) ; #+ Biriz +... + B= 0. 


Nous avons vu également que le résultat subsiste encore, lorsque Q, au lieu 
'd'étre le quotient de deux polynómes entiers de degré p en m, est une fonction 
; quelconque de n, tendant vers la limite B, quand n ‚ croit indéfiniment. 

Vou. VII. 
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Si l'une des quantités B, est Rn on en conclut que le rapport Set < croît 


indéfiniment avec n. C'est ce qui arrive en particulier quand le polynôme P, 
est de degré inférieur à celui d'un des polynómes suivants P,. 
1l est nécessaire alors ad l'artifice suivant : 


Posons: | = (nlyw,, 


u étant une constante réelle positive qu’il s’agit de déterminer de telle facon Hii? 





= tende vers une limite finie. 
^ équation om devient: 
tent gig re HF th 
et il s'agit de déterminer y de telle facon que, pour n = œ, les expressions : 
(3) [ne | 
[(m + t) 


soient toutes finies sans étre toutes nulles. Pour cela, il suffit d’envisager le 
degré en n.de chacune de ces expressions, c'est à dire l'exposant de la puissance 
de n par laquelle il faut la diviser pour que le quotient tende vers une limite 
finie quand πι croît indéfiniment, Supposons que le coëfficient P, de l'équation 
(1) soit un po none entier de degré p; en n; Q, sera alors de degré p, — Ps. 
Or (w+)! 

(n 4- i1 ' 


est un polynôme d'ordre ὦ — i en n. Donc le degré enn de l'expression (3) e&t: 


Pi pr — u (k — i). 
Tl faut done donner à u la plus petite valeur qui satisfasse aux inégalités 


(4) i Det uk > pit as 

Si l'on choisit justement pour p cette plus petite valeur, toutes ces inégalites 
seront satisfaites, de telle sorte que toutes les expressions (3) tendront vers une 
limite finie et une d'elles au moins se réduira 4 une égalité, de telle sorte que 
_ toutes les expressions (3) ne tendront pas vers 0. 

On peut trouver graphiquement cette plus petite valeur de u de la manidre 
suivante; on marquera tous les points qui ont pour abscisse ἡ et pour ordonnée 
Pi; on λαο le polygone convexe qui enveloppe tous ces points, et celui des 
côtés de ce polygone qui aboutira au point (4, p+) nous donnera u par son coëff- 
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cient angulaire. On trouvera dans la figure (2) u un exemple de cette détermination 
de u en supposant : 


k= 5, pp= =p, = 2, ein Po = 4. 





FIGURE 2. 


Les points A, B, C, D, E, F correspondent respectivement aux polynómes 
Ρε, Ps, Ps, Ps, Py, P, et c'est le côte AC du polygone ACFD dont le coëfficient 
angulaire donne la valeur de u. l 

Soit alors C, la limite de l'expression (3) pour n = œ, on formera l'équation 


(aies) OFA tr... + Cr + =O. 

Soit α celle des racines de cette NN qui a le module le plus grand, nous 
ne lim ΠΝ “=a, . (pour m = œ}. 

Supposons maintenant que tous les B, soient nuls, le rapport “+! +! tendra 


vers 0. Pour se rendre compte de la facon dont ce rapport -— vers 0, on 
cherchera encore la plus petite valeur de « qui satisfasse aux inégalites (4) ; cette 
valeur sera cette fois negative. On posera: 

l Uy = (nl)*v,, 

et l'équation (1°) deviendra: | 





: n +5)! 
Ge UT Aria = 0 
on formers l'équation : 
(27) 4 203 550, 


en appellant C, la limite pour n infini, du coéfficient de v, ,, dans l'équation (193). 
Si l'on appelle ensuite a celle des racines de (2) dont le module est le plus 


grand, on aura: im m E (n n-4- 1)7^ za. (pour n = ο)” i 
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. La méme méthode peut s'appliquer aux équations: 


d^ : de! d : 
(1) PO Pit te. +A + Py 0, 
(2) Eu WA ..+ 4x + 4=0, 
: d 
οφ N sg, es. +94 Qu =O, 
(255) | # + Ba t+... + Bet B=, 


. envisagées dans le paragraphe (1). 
Supposons que quelques uns des B deviennent infinis ou que tous les B 
deviennent nuls. Dans le premier cas la dérivée Pense de y tendra vers 
l'infini, dans le second cas vers 0. 

On pourra toujours trouver deux nombres C, et μι tels que 


οι. 
im = 1. (pour α = œ) 


Si N B,—60,8gu 70, Bi =œ; si μι «90, B, 2-0. 
: On considérera alors l'équation | 

(at) ο ge + Oi... + Og- Qua = 

Si dans cette équation on pose z = = ta’, elle devient; 

SO ari eng. | 
„ On donnera à A une valeur telle que tous les exposants μι — ETC — 4) soient 
tous nuls ou négatifs, sans être tous négatifs; et faisant c = œ dans l'équation 

précédente, il viendra: 





(gaueter) 50t = 0, 
οὰ Ον -- C, si μις A (n — îi), 
3 0-0 si μι A (n — d). 


. L'équation (2119195) en ¢ aura alors toutes ses racines finies, sans qu'elles 
solent toutes nulles. J’appellerai a celle de ces racines dont la partie réelle est 
la plus grande. Je dis qu'on aura en general: | 
| | dy 
—A Cd 
lim g Br a. 
Pour le démontrer, changeons de variable en posant : 
E= | te 
p étant un exposant qu'il reste à déterminer; il viendra: 
dy _ bau cmd ος 
| Gt Das? tq Um 1, 2o 9 
les D étant des coéfficients numériques. 
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L'équation (1"*) devient alors : 
ταν 





(2) EQ, Dax * gin 0. 

Dans cette équation le coëfficient de z s'écrit 

D, art. 
. ip—&k 

Posons : Bei xe Ez cams 

Remplacons dans R, x par sa valeur Es e, et l'équation (13) deviendra 
(1) ZB, = = 

Quel est le degré du coëfficient R, en kd Le degré de Q, est égal n c ^ | 
posons: : is Br —k f 

p p 





Le degré de R, en £ sera la plus grande des n — i + i quantités 
„tion (k=i,i+1,i+2,...,n). 

Nous voulons que les degrés de tous les R, soient tous nuls ou négatifs sans 
être tous négatifs. Nous choisirons donc p de manière à satisfaire aux inégalités 
REIZE pi n«o pet. 

Le degré de R, est d'ailleurs égal à AIT — n. Done les inégalités précédentes 


peuvent se ramener aux suivantes : 


BEA Ek n«0 Beine, 
ou bien N f 


— n—k 
On prendra pour p la plus petite valeur qui satisfasse à ces inégalités, Com- 
parons p à la quantité que nous avons appelée plus haut A. Celle-ci était définie 


par les inégalités με — À (n. m rr 
ou με 
a> He " 
—n—k 
On a done: p=r+1. 


Si l'on donne à p cette valeur, les coöfficients R, tendent vers des limites 
finies, quand æ croit indéfiniment. Les conclusions du 81 sont donc applicables 
à l'équation (1°). Formons donc l'équation (2?) qui joue par rapport à (1°) le 
méme róle que (2) par rapport à (1). Si nous posons: 

lim A, = F, (x = œ) 
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cette équation s'écrira 
(2?) XE, = 0, 

et si 8 est celle des racines de cette équation dont la ue réelle est la pns 
grande, on aura en général : 


dy lim À dy | 
lim zg = lim - σα ES. 


Il reste à déterminer Æ. 
Pour cela reprenons l'expression : 


. D 
R, = ΣΩ, p ο τη | 
Parmi les termes du second membre, il pourra y en avoir dont le degré en 
x est négatif et d'autres dont le degré en x est nul. Nous n'avons pas à tenir 
compte des premiers dont la limite est évidemment nulle pour x infini. 
Or si 4 > i, les inégalités (δ) montrent que le degré en x de 
Quei 9e Em 
est toujours négatif. Il reste donc: 
E, — lim ape PH gno. 


Or il est aisé de voir que: E p 
il reste done: (0 ἄν Ορ S u—A(n—i) 
et, E,= 0 si u, «C A (n — i) 
Donc pour passer de l'équation (2°) à l'équation (2111095). 1] suffit de poser : 
i " 
l d | a 
il vient donc _ a 
β ^ p | 
et : x FY _ : 
lim a, =. C. Q. F. D. 


On peut tirer de là une conclusion Fus du Soit x un nombre réel 
positif plus grand que la partie. réelle de —. Je dis que : 


= Ls 
tendra vers 0 quand ὦ croitra nr par valeurs réelles positives. Il 
viendra en. effet EE Ld) _ ja? 
d’où ET τ a — yp; 
ou .lim R aei = R(a— yp)« 0 
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R (u) désignant toujours la partie réelle de u. Soit maintenant'$ un ΠΕ 
positif tel que : E (a — yp) < — ô< 0. 
Done, à partir d'une ne valeur x, de x, on aura: 


AC a) 


7 A 8e 
eus Jol < [ole 
vy désignant la valeur de v pour z = a 
lim v= 0. C. Q. F. D. 


Cette proposition, comme le résultat nase démontré à la fin du $1 ne 
souffre aucune exception. 

Une dernière remarque: comme p est essentiellement réel positif, la méthode 
précédente se trouve en défaut qu. on a pour tous les μι 





ou με « — (kn). 
Mais on n'a pas à s'inquiéter de ce cas d'exception, car les intégrales de 
l'équation (1) sont alors régulières pour x très grand. 


S7. Des Series de Polynömes. 
Les conclusions des paragraphes 2 et 6 sont susceptibles d’une application 
importante. Elles permettent en effet de résoudre le probléme suivant, 
Soient : P,(z), Pı(), Ῥι(α),..., Ρ,(α), ... 
une infinité de polynómes entiers en x, liós entre eux par une relation de récur- 
rence de la forme suivante : | 


(1) Qx P, ck Qui Pages + ++ + Pays + Qo Pa = 0 
où les Q sont des polynômes entiers en n eten æ. Formons maintenant la serie: 
(2) aP t aP.. Han Pa +... 


où les a sont des coëfficients constants quelconques. Cette série sera convergente 
tant que le point æ restera intérieur à une certaine région du plan, et divergera 
quand le point x sortira de cette région. On demande quelle est la courbe qui 
limite cette région de convergence. 

J'avais donné une solution de ce probléme dans v une communication que j'ai 
faite à la Société Mathématique de France en Novembre 1882 et dans une note 
que j'ai présentée à l'Académie des Sciences de Paris le 5 Mars 1883. 

Voici quelle est la méthode que j'employais. J'envisageais la série suivante: 
(3) y = Py Ἔεδι +... EPP 


244 PorNCARÉ: Sur les Equations Linéaires aux Differentielles 


qui représente une fonction de z et de x. On voit aisément que cette fonction 
satisfait à une baro A i de la forme es 


(4) no pg ae RAUS By 8 
, où les coéfficients À et le terme taut connu δ΄ sont des polynómes entiers e en æ et 
en z. On obtiendra les points singuliers des intégrales de cette équation (en 
regardant un instant « comme une constante et z comme la seule variable) en 
égalant ἃ 0 le coëfficient R,. Soit α--α 
celle des racines de μις R, = 0 (qui est une équation je en z) dont 
le module est le plus petit. D condition nécessaire et suffisante pour que la 
série (3) converge (en laissant de côté certains cas exceptionnels) c'est que: 
. mod z < mod a. 
Or a est évidemment une fonction de z. Donc pour une valeur quelconque ` 
supposée donnée de z, la courbe qui limitera la région de convergence de la série 
(3) dans le plan des x aura pour équation : 
mod a = mod z. 
On en conclut aisétnent que, si les coëfficients de la série (2) sont tels que Yo, 
tende vers une limite finie et déterminée quand n croit indéfiniment, la courbe 
qui limitera la zen de convergence de la série (2) aura pour équation : 
- mod a = const. | 
Cette méthode a, on le voit, l'inconvénient d'être sujette à 
Wa, ne tend pas vers une limite déterminée. 

Depuis, M. Pincherle a publié dans les Annali di Matematica.un rag où 
il traite par la même méthode des questions analogues, (Sui sistemi di functioni 
analitiche . . . Série 11, tome XII.) 

M. Pincherle envisage une fonction quelconque (a, z), la développe en 
série selon les puissances croissantes de x et de z; il ordonne ensuite cette série 
suivant les puissances de z de telle facon qui l'on ait: 

(5) φία, 2) = Do + oe + Qué +... tat. 
Por Pi, Pa; .. . étant des fonctions de x. Si l'on connaît les points singuliers de 
(a, z) considérée comme fonction de z, on trouvera aisément, comme nous venons 
de le voir, les conditions de convergence de la série (5). ‘Considérant ensuite la 
série plus générale 
(5*5) aopo + ἄιφι E das t-o 
où lea a sont des coéfficients quelconques, M. Pincherle en détermine les conditions 
de convergence en recherchant un nombre tel que 

lim a, (E + e)^^ = lim a, (ER — e) "= (pour n = o) 


À 


objection lorsque 
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quelque petite que soit la quantité positive e. Il est clair alors que la série (5) > 
sera convergente ou divergente en même temps que 
Po+ 6? ET 6ET...ro,Rm +. 

Cette méthode, employée presque Sumdllanément par ΞΜ Pincherle et par 
moi, est sujette à l'inconvénient que j'ai signalé plus haut. (C’est ce qui m'a 
décidé à l'abandonner et à employer de préférence les résultats des paragraphes 
2 et 6 du présent mémoire. 

La relation de r&currence (1) est tout à fait analogue à l'équation (1) du 
paragraphe (2). Les polynômes P, y jouent le même rôle que jouaient dans ce 
paragräphe les quantités inconnues u, et les coéfficients Q sont des polynómes 
entiers en 2, pourvu que nous regardions un instant z comme une constante. 

La régle du paragraphe cité nous permettra donc de déterminer la limite 
du rapport : Pati | 

P, 

Supposons en effet que les polynómes Q soient d'ordre p en n, et soit A, le ` 
coéfficient de n? dans Q,. Formons l'équation: 

(6) E Αμᾶ Ας γαἲ- 1l. + Ait + hy = 0. 
Elle sera analogue à l'équation (2) du go. 

Il est à remarquer que les coéfficients A sont des fonctions de x. 

- Imaginons que a soit celle des racines de l'équation (6) dont le module est . 
le plus grand, a sera aussi une fonction de æ et on aura en général: 


(pour n = o). 


(7) lim A =a 
et par conséquent : 
(8) lim n = jal. 








Cela posé, quelles sont les conditions de convergence de la série (2)? 
Formons la série de puissances : 


(9) 00. Gs ast asP Hob. 
Elle aura un certain rayon de convergence p, c'est à dies qu’elle convergera 
pourvu que e| « p. 


Je dis que, si nous laissons de côté certains cas ne, sur lesquels 
nous reviendrons plus loin, la condition nécessaire et suffisante pour ane la série 
(2) converge s’écrira : [e| « p. - 

En effet considérons une valeur de x pour laquelle cette condition soit 
remplie. On trouvera toujours un nombre : tel que: 


le| « [t| € p. 


Yor. VH. 
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Pour cette valeur.de ¢ la série (9) convergera; de plus on aura à partir d’un 
certain rang : EN Edi 
| | |a,P, | « |a]. 

Donc tous les termes de la série (2) seront plus petits en valeur absolue que 
les termes correspondants d'une série convergente. Donc la série (2) convergera. 


GC. Q. F. D. 
Supposoris au contraire |[α|᾽» ϱ. | 
Nous choisirons ἑ de telle façon que : 
ια] 2 |t e. 


‘Tl en résultera que la série (9) sera divergente et'que la série (2) dont chaque 
terme est plus grand en valeur absolue que le terme correspondant de la série (9) . 
divergera également. C. Q. F. D. 
Il résulte de là que les courbes de convergence des séries de la forme (2), c'est 
à dire les courbes qui limitent les régions du plan oü les séries de cette forme 
convergent, ont pour équation générale : 
i |a| = const. 
Voici quelques exemples: soit d'abord 
| (+1) Pass — 2n*z P, νι + (+ 2?) P, — 0, 
la relation de récurrence qui lie trois polynómes P consécutifs. 
` - Formons l'équation (6), elle s'écrira: _ 
g— æ+ 1—=0 
“et aura pour solution : g = 2 (m EV — 1) 
'on en cohclura que les courbes de convergence ont pour équations 
l |s + rm 1| — const. 
.si l'on a soin de choisir le signe + ou le signe — de telle façon que le premier 
membre soit aussi grand que possible. | 


Posons : joss HE 2 
il viendra : Fr 16 - 1) 


| Por: i ok VPI =F ous: 

A ae valeur de x correspondent deux valeurs de ἕ dont le produit egt 
égal à L'une d'elles aura done son module plus grand que 1, l'autre son 
module si petit que 1. Nous choisirons celle dont le module est pius grand - 
que 1. On aura alors: le | 

MSIE 
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et par conséquent les courbes de convergence auront pour équation - 
|&|= const. 
Soit : |£|-t E=1te* 


il vi ταν 
ο s a (t4 +) cosp t z (1-7) sing. 
Les coordonnées du point + auront pour expression : 


+ (4 + Ἔθος φ et +(¢— +) sin Φ. 

Pour avoir les courbes de convergence, il faudra donner à ¢ une valeur 
constante et faire varier @ de 0 à 2x. On obtiendra ainsi une ellipse ayant pour 
foyers les points + 1. Ce sont donc ces ellipses qui sont les courbes de conver- 
gence des séries.de la forme: 

Oy Py + αι Py tag Pet... Pues. 
Comme deuxiéme exemple supposons que la relation de récurrence (1) s’écrive : 
(w + 1) Pays — mPa κι + (re — τὸ) P, = 0. 

L'équation (6) s'écrira: αὖ — 250 + — 1 = 0, 
et aura pour racines: g-odl. 

Si donc p est le rayon de convergence de la série za„t”, les conditions de 
convergence de la série Xa, P, s'écriront: . 

Iz 4- 1| p [x — 1|« p. 

La région de convergence se composera done de la partie commune à deux 
cercles décrits avec p pour rayon, des points + let — 1 comme centres. Les 
courbes de convergence seront donc formées de deux arcs de cercle de même 
rayon, ayant pour centres ces deux points et limités en leurs points d’intersection 
sur l'axe des parties imaginaires. | | 

Il est à remarquer que ces deux cercles ne se coupent que si leur rayon est 
plus grand que 1. La série Xo, P, ne converge done pour aucune valeur de x 
si la série Σα, n'est pas convergente, | 

Passons donc maintenant aux cas d'exception dont j'ai parlé plus haut et que | 
nous avions provisoirement laissés de côté. Le premier de ces cas se présente 
quand l'équation (6) a deux racines qui sans être égales, ont méme module et de 
module plus grand que celui de toutes les autres. Ce cas ne se présentera en 
' général que pour des valeurs particulières de α, à moins que l'équation (6) ne 
soit de la forme: [s — $ (z)][s — εφ (x)]  (z, 9) = 0 
a désignant une constante, $ (x) une fonction de « et un polynóme entier en z. 
Il arrive alors que le cas exceptionnel dont nous parlons se présentera pour toutes 
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les valeurs de x ou pour toute une région du plan. Mais on pourrait voir que les 
résultats qui ont été exposés dans ce paragraphe n'en subsistent pas moins. Nous 
n'avons done pas à nous inquiéter de ce premier cas exceptionnel. 

Le second cas est plus important. Nous avons vu dans le $2 que si u, est 
l'intégrale générale de l'équation (1) de ce paragraphe, et sia, B,. .'. A, sont les 
racines de l'équation (2) rangées par ordre de module décroissant, on a en général : 

lim lg ᾿ E 
Un EE 
mais qué pour certaines intégrales particulières ou peut avoir : 
sn nti 
lim — B, y... OUA. 


Appliquons cela au cas qui nous occupe. Nous pouvons choisir arbitrairement 
nos & premiers polynömes Py, P,,...., Pr_ı, les polynómes suivants P,, Pr4i, 
. . . étant déterminés successivement par la relation de récurrence (1). 

Soient a, β,... λ, les racines de l'équation (6) rangées par ordre de module 
décroissant. On aura en général i Pair, 


ππ ee 


X : 
c'est à dire que si l'on choisit d'une maniére quelconque les & premiers polynómes 
P, ce n'est que pour certains choix particuliers que cette relation pourra cesser 
d'étre vraie et qu'on pourra avoir: 


LPS 
lim "ga — f. ys. on. 


Ainsi pour certains choix particuliers des premiers polynömes, il pourra y avoir 
exception. A quelle condition un pareil cas exceptionnel pourra-t-il se présenter? 

Pour nous en rendre compte cherchons à former l'équation (4). Ecrivons 
la coéfficient Q, de la relation (1) sous la forme suivante : ο. 
Q= Aip (n+ 3), + Au, i (n9), ai De +A, s (n +i) + Au a (n ih + Aron + ih 
où les A sont des polynómes entiers en x et où : | 
| n, = n(n— 1)... (n—4-- 1), m= Nn, ng = 1. 

Ecrivons de méme: Αι SH ua. 
de telle façon que la relation (1) s’écrive : 

ZB (n + ια Papi = 0. | 
Il est aisé maintenant d'écrire l'équation (4). Soit en effet : 
EC TE 


le premier membre d'une équation de la forme (4) Substituons à la place de 
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y la série EP, z; ce premier membre deviendra : 

| XO adt ttg y P. 
Nous devons nous arranger de telle sorte quo τότε les termes oi l'exposant de z 
- dépasse une certaine limite disparaissent. Posons: 


i=q—m v —n-4i m+tv—qg=m 
et donnons à n une valeur déterminée suffisamment grande. Il devra venir: 
Σι) +), PS. c 
en comparant avec la relation (1), il vient: 
(παν P 


Le premier: membre de l'équation (4) s’écrit donc: 
d? 
XB da 


quant au second membre, on le trouvera aussi aisément. Le polynóme P, n'est 
défini que pour les valeurs positives de n; convenons, par définition, d'écrire : 
Po RP Ps == 0 
Quand dans le premier membre de la relation πη on fera n= — 1, — 2, 
, — k, le résultat de cette substitution ne sera pas nul; appelons IL, IL, ..., 

IJ, le résultat de la substitution dans ce premier membre de ces diverses valeurs 
négatives de n. 

On verra alors que le résultat de la substitution de y= XP, g^ dans le premier 
membre de l'équation (4) s'écrira : 

TI,z-'+ II,e-? +... + Te *. 
L’équation (4) s’écrira dono: 


d 
> Brgy x all.” 
ou en la mettant sous forme entière : 
d V e 
4) - SB tigt E = SI, 2-7. 
Ainsi dans.le premier des exemples cités plus haut, le premier membre de 
(4) s'écrira : -e 


U a + i2) + E (d Du — 82) + y (PA — tax + 8). 
En général une &quation de la forme : 
ER 454 


(les R et 8 étant des polynómes: entiers en z) présentera dans le voisinage du 
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point g — 0 (et par conséquent dins le voisinage: “du point z a àu- 
moins une intégrale particulière holomorphe. | 

Il n’y aurait d'exception que si tous les polynómes R s'annuleient à la fois 
pour g = 0, ou si le point g = 0 était un point singulier logarithmique, ou plus 
généralement un point singulier dont l'équation déterminante admet tles racines 
entières.. 

«ΤΙ résulte de 1a que si l'équation privée de second membre 

ER = 0 | 

admet p intégrales holomorphes linéairement indépendantes, l'équation à second 
membre en admettra p + 1 (ou n 'en admettra aucune, dans les cas exceptionnels 
dont. il vient d’être question). . οφ 

Ainsi, si nous revenons à l'équation (4) qui nous occupe ici, le point g = 0 
est pour l'équation sans second membre un point singulier ordinaire dont l'équation 
déterminante n'a pas en général de racines entiéres. Donc; en général, l'équation 
àsecond membre admettra une intégrale πο. et une seule, c 'est l'intégrale : 


EP. 
Egalons N à 0 le coéfficient de © ce qui donne : 
(9) TB ttg 0 


et, considérant dans cette équation œ comme une constante, envisageons les 
diverses valeurs de g qui annulent le premier membre. Soit a celle de ces 
valeurs dont le module est le plus petit (à part g= 0, bien entendu) Dans le 
voisinage du point 4 = a, (si a est une racine simple de l'équation (9)) l'équation 
à second membre (4) admettra en général p intégrales holomorphes linéairement 
indépendantes Jı, Jj, ..., Jp et une p + 1°" non holomorphe j, ,; dont il sera 
-aisé de trouver le développement. 

Ces développements seront valables à l'intérieur d'un certain cercle ayant je 
point α pour centre, et c'est ce cercle que l'on peut appeler le domaine du point 
a, de même que le cercle qui a le point 0 comme centre et |a| comme rayon. et 
à l'intérieur duquel la série XP,z^est certainement convergente, s'appellera le 
domaine du point 0. | . | 

Ces deux domaines ont une partie commune. Si dans cette partie commune, 


ZP,z* s'exprime linéairement à l'aide de J, J,,..., jp, la série EP, +" gera 
convergente pour des modules de z supérieurs à |a| et on aura: 
Paleta 
lim -Ῥ- >= 














Mais cela n’arrivera pas en ΕΗ 
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Je n’en dirai pas plus long sur ce second cas exceptionnel, qui demanderait 
une étude plus approfondie, et je passerai à un troisième cas exceptionnel non 
moins important que les deux premiers. 

Reprenons la relation de récurrence (1) et supposons que dans joie relation 
les coéfficients Q, regardés comme des polynômes entiers en n, soient tous de 
degré inférieur au premier d'entre eux Q,, ou bien que l'un des coéfficients Q, 
soit de degré supérieur à Q,. Il arrivera alors que l'équation (6) aura toutes ses 
racines nulles, ou bien aura une racine infinie. Nous avons appelé « celle des 
racines de cette équation (6) dont le module est le plus grand. . Nous aurons ici: 
| |a| = 0 ou bien ου 
Prop 

Pa 

La méthode exposée plus haut pour trouver les courbes de convergence des 
séries Σα, P, se trouve donc en défaut, et c'est le cas d'appliquer les principes du 
86. Posons: Pa = Pa RE 
Les series Σα, P, deviennent: ^ Xa,(n!) P. 
et sont ordonnées suivant les polynómes P, au lieu de l'être suivant les polynömes 
P,. Les courbes de convergence des séries de la forme Σα, P’, seront done les 
mêmes que celles des séries de la forme Σα, P,. 

La relation de récurrence : 


lim 





et par consequent : 
P f * 








= 0 ou bien ου. 


(1) | ZQ,P.,,—0 
devient: — EQUP,,,—0 
` ‘ 1 
ou Q = (oes ἘΞ] : 


Nous avons vu dans le $6 qu'on peut toujours trouver une valeur de u 
positive ou négative, telle qu' aucune des fonctions Qj (considérées comme fonctions 
de n) ne soit d'ordre supérieur à Q, et dum une d'elles au moins ne soit pas d'ordre 
inférieur. 


Soit alors g le degré de Q, de telle sorte que : 


et soit: : "NE ΜΕ 


Nous formerons l'équation : 
(645) 27 2A? s 


dont les racines seront toutes finies sans étre toutes nulles. Nous appellerons a’ 
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celle d'entre elles dont le module est le plus grand; |a’| sera en général une 
fonction de x, et les courbes de convergence cherchóes auront pour équation 
| générale: . |æ] = const. 

Je prendrai pour exemple les polynómes de Legendre qui sont liés entre 
eux par la relation de récurrence bien connue: 
(1) Pays — 2x (2n + 8) P, νι + 4 (n +1} P, — 0. 

Dans ce cas l'équation (6) s'écrit: -. ὧν, ἀῶ 

4-0 
et l'on voit aisément alors qu'elle a deux racines infinies et que par conséquent 
la méthode générale est en défaut: Posons alors: 
` Pa = P, (n! Y. R 
La relation (1) deviendra: 
P! Ls (n + 2)" (n +1 — 2z (2n + 3)(n 1)" Pai + TA + ne = 0 

et si on prend u = 1, elle s'écrira : 
(195) (n? + 3n + 2) Paps — 2x (2n + 3)(n + 1) PLí4 tin + 1! P, —0 
d’où l'on déduit l'équation : 


[δρ 2 —42+4=0. 
Cette équation ayant pour racines 
got /αἲ-- 


on en déduit comme plus haut que les courbes z convergence sont des ellipses 
ayant les points + 1 pour foyers, ce qui est un résultat bien connu. 
Un autre cas exceptionnel, que M. Gourier a bien voulu me signaler, est 
celui où les racines de l'équation (6) ou de l'équation (6™) sont indépendantes dez. 
Prenons pour exemple les polynómes P, définis par la relation 


τὸ 


d^ a pisai 
tae }= Pae 


et lies entre eux par la loi de récurrence : 


(1) Pays + Psy + 2(n + 1) P,—0. 
L’equation 
(6) 2=0 
ayant ges racines infinies, nous pop 
P, = P, (n Dy 


d'oà résulteront les équations : 
(1>) NEED 4-3) Pops + 22 /n ET Prp 2(n +1) P; = 0 
(67) 2+2=0. 
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Les racines de l'équation (6513) sont + A/— 2 et sont par conséquent indé- 
pendantes de +, de sorte que les règles précédentes se trouvent encore en défaut. 

Pour traiter ce cas exceptionnel, imaginons d'abord une relation de récurrence : 
αχ | XQ, 0 | | 
où les coëfficients Qi sont des polynómes entiers en n et en æ (ce qui, comme on 
le voit, n'est pas le cas de la relation (19*)) et formons les équations (4) et (6) 
correspondantes : = 


(4) aR f= 6 


'(6) | l - Z4 = 0. 

Soit a celle des racines de (6) dont le module est le plus grand; supposons 
que cette racine*soit indépendante de x: | "P 

Que dire alors de la série Σα, P,? Si le rayon de convergence de la série 
Za, t^ est plus grand que |a|, la série Xa, P, est toujours convergente ; si ce rayon 
est plus petit que |a], la série Xa, P, n'est jamais convergente ; enfin si ce rayon 
est égal à |a|, nous ne pouvons rien dire, ou plutôt le critérium fondé sur la 


limite du rapport id se trouve en défaut. On doit donc recourir à d'autres 


critères de convergence des séries; par exemple: à celui-ci. 
On pose : EM Pa 
m τ 
et on cherche la limite de 8, pour n =œ. Si cette limite’a sa partie réelle ‘plus 
grande que 1, la série est convergente ; si elle a sa partie réelle plus petite que 
1, la série est divergente. 
Appliquons cé principe au probléme qui nous occupe. 
Ecrivons la relation (1) sous la forme suivante, en ordonnant selon les 
puissances décroissantes de n: | 
ΣΑΙ Ρ ει + n? XB, Pur: +...=0 
les A, et les B, étant des polynómes en x indépendantes den. Nous savons que. 
l'équation | l ; 
(6) ZA, = 0 
a une racine indépendante de z. Nous pouvons supposer que cette racine est 
égale À 1, car si elle était égale à a, nous poserions: 
Ferre, 
` et nous remplacerions les polynómes P, par les polynômes P, ce qui ne changerait 
pas les courbes de convergence. 


On aura done: : ZA, = 0,’ 
7 Vox. VH. . . " 


9 
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J'appelle F(z) le premier membre de l'équation (6), on aura : 
F()=0. | 3 
Soit. done : 
Pyy= P, (1 — 07) Pan =P, (1f =) (1 — pa., 

Ecrivons maintenant la relation de récurrence (1) en remplaçant les P par 

ces valeurs et en ordonnant suivant les: puissances décroissantes. de n. .Nous 
- aurons en divisant par P, : 

|o cn?EÀ — n? TIEA Ya. + n? ZB,-- des ee en n°, n? δ,,.«Ξ 0" 
Dans cette formule, on a posé: | | 


Yn. 5 = 8, + Bari T. o Baia: 


Si lim β, = 8, on aura μον 
Si l'on remarque que ΣΑ, = 0, on verra que le terme en n?~* qui " le _ 
premier terme s’écrit : n* (EB, — XAw.4u) 
Α la limite ce terme doit s'annuler, ce qui donne : 
βΣίΑι-- XB, 
ou β = ZB, = ZB 
Y= ΣΑ, FQ) 
Considérons alors une série: - Xa P, 
on | | | ee 1— 5 lim y, = y. 
La condition ds convergence s'éerira : 
R(B y)? 1. 
Il résulte de là que les courbes de convergence ont pour équation en 
R (8) = const. 
ou : . R C Em const. 


Ce résultat peut se rattacher à l'étude de l'équation (4) de la manière suivante. 
Pour cette équation le point 2 = 2 est un point singulier, mais nous avong montré 


plus haut comment on peut toujours supposer a= 1. Le point singulier que 
nous avons à considérer est donc z = 1. . On a alors: | | | 
Pati 

p= | 
- et la série ZP,z^ qui est une intégrale de l'équation (4) est convergente dans le 
cercle de rayon 1. Nous supposerons que le point z — 1 est une racine simple l 
de l'équation (6), alors les racines de l'équation déterminante correspondante 
geront: - l 0,1,2,..., p — 2, u. 


lim 
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Cherchons la valeur de u: Le premier membre de l'équation (4) s'écrit, en 
reprenant des notations employées un peu s haut: 


οι: 


d'y αχ γαι 
Zlu ga” ; 
Or si l'on remarque que ces notations donnent: 
Ay = Αμ ME. 
δ —1)\(p—2 
B= diyi + du (pi POP) 
on verra que les deux premiers termes du premier membre dé l'équation (4) 


d? ar 
seront: SA A+ — pXiA dto 12 


qu Up = HIE 'y λα. 


p—1 


pour z= 1, le coöfficient de 2 Y Y Yannule et si on le divise par z — 1, le quotient 


der 


ge réduit à — Ρ' (1); quant au coéfficient de ^Y Ý il ge réduit à 


dr 
| . B, — pF' (1). 

L'équation déterminante s’écrit alors : 

= (1)p(p— 1...(p—z- 1) [35, — PP (pp 2. (p — pd 2) — 0. 


On tire de la _ ΣΒ, 1 
ou μ--β--ι. 


Il est aisé d'apercevoir le défaut de ce raisonnement. Il suppose l'existence 
de la limite 8; je crois qu'il n'y aurait pas de difficulté à démontrer cette existence 
mais cela m’entrainerait trop loin. d 

Parlons maintenant des cas où la méthode précédente ne s'applique pas, et 
d'abord revenons sur l'exemple dont e ayons parlé ‚plus haut et considerons 
les polynómes: | poet E Fer). 

L’équation (1"*) ordonnée suivant les puissances décroissantes de n s'écrira : 

n (Ps 45 + 281) + Vn. EP EG PLE Pap) = 
La présence du terme en 4/n, empéche que la méthode précédente puisse 
s'appliquer. De plus une autre difficulté, spéciale également au cas qui. nous 
occupe, vient encore s'ajouter à la première. En effet, NER 


(6013) | 242-0: 
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a deux racines de: méme module. On en i conus que l'on peut poser 
OOPSQ—Q.t RE, 
Q. et R, étant de: fonctions de + telles que: 


"i mi lim A —iA/2 


tandis qu'en général Pn * né tend vers aucune limite. 


De plus Q, et R, UM à la même relation de récurrence que P. , Posons 








alors: = ϱ' 0 95 R, = R, m F oF 
il viendra: | | | 
QE s n(— Qas Qn) + VT Sin Q ys +. 
(es) n (— Rays + Bi) — A 2n. 2i Es +1 ++ 
" Posons ensuite: 
` Quac Qan i ; = (1 on 





La relation (15) ordonhée suivant les puissances décroissantes de n s'écrira : 


` An (B4, + Baga) + 2n 2im Qu νι... «Ξ90 


d’où | ^ lim 6, (n= ορ) — 24/2. 
Si de méme on pose: ENS 
on trouvera: E . lim. 8! = = 2ix 2. 
Soit maintenant la série : Σα, ΟΖ’, ' 


ΤΟΝ, ρα, “Ἢ SB La- In lim y, =y = yo +: 

La condition de convergence sera: partie réelle: 

| (y + 2im 4/2) > 0. 

En conséquence. les.conditions de convergence de la série 
| Xo, P^, | 
g'écriront 

(partie imaginaire d'a < 2 

ET régions de convergence sont done limitées par deux droites parallèles à ` 
laxe des quantités réelles et situées de part et d'autre à égale distance de cet 
axe, L'ensemble de deux de ces droites forme une courbe de convergence. 

: De méme, en supposant que les coéfficients de la relation (1) soient des 
polynómes entiers en n, au quel cas la difficulté précédente serait écartée, la 

. méthode exposée plus haut serait encore en défaut, si CILE était nul. Voici 

comment il faudrait opérer dans.ce cas: 
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1°. Supposons que .F’(1) soit nul sans que 5B, le soit. .On posera : 
ο ee | 

PP, (1 nk 

Supposons pour fixer les idées, & = 2; la relation (1) s'écrira: 


OC Var HO as) Re 
Il vient en ordonnant suivant les puissances décroissantes de n et en posant : 
- = An? + Ban? t+... | 
n? (A, + A, + Ay) — Bn? ^ (24, + 4) + n? ^! (B, + B, + By) 
+ Agn? B +n?" (yards + Ya ds + yu di) +... = 0. 
Soit: lim y, =y d'où lim (744143 + Ya 43 +n À) = y F (1) 
il viendra en tenant compte de : B | 
i F (1) = 4, +4+4=0 
F'(1) = 24, + 4,=0 


4#®+B,+B+B+H=0 
H représentant des termes qui s'annulent avec i ‘On tire done de là: 
ZB, 


P=— 


s | 3 
Les courbes de convergence ont pour équation générale : 


partie réelle de 8 = const. 

"2. Supposons maintenant que F"(1) et ZB, soient nuls à la fois; dans ce 
cas le point z = 1 est un point singulier pour l'équation (4) dans le voisinage 
duquel les intégrales sont régulières. (Elles sont irrégulières lorsque (F’(1) est 
nul sans que ZB, le soit.) Les racines de l'équation déterminante seront: 

0,1, 2,8,...,p—8, det. 


Si l'on pose 5 "n Pra =P, (1 — E) 


. on aura: T; lim 9, = u 4-1 
u étant celle des racines y et u” dont la partie réelle est la plus petite. 





et en divisant par n?^1 


| ".$8. Résumé, | 
Dans ce travail je me suis proposé plusieurs buts, mais le premier et le plus 
important d'entre eux était de contribuer à l'etude des intégrales des équations 
linéaires dans le voisinage d'un point donné. Si en effet nos connaissances sont 
assez complètes à ce sujet lorsque le point donné est un point singulier à intégrales . 
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régulières, nous ne savons presque rien sur les intégrales irrégulières. J'ai cru 
qu'il ne serait pas inutile de montrer comment on peut trouver une fonction 
simple dont le rapport à l'intégrale étudiée tende vers l'unité quand on se 
rapproche du point singulier. C'était un premier pas dans l'étude de ces intégrales 
irréguliéres. | 

Pour atteindre ce but, j'ai dû employer comme auxiliaire la transformation 
de Laplace, et j'ai 6t6 amené en passant, à compléter la théorie de cette transfor- 
mation, comme nous le permettent les progrés récents de nos connaissances sur 
les variables imaginaires, J'ai rencontré ainsi deux théorèmes qui peuvent 
d'ailleurs se démontrer aisément sans l'aide de la transformation de Laplace. 

En premier lieu, si une équation linéaire d'ordre n a pour coéfficients des 
polynómes de degré p en a, elle ἘΠΕ n—» intégrales indépendantes holo- 
morphes dans tout le plan. 

Le second th&or&me peut faciliter la recherche des cas où une équation 
linéaire admet comme intégrale un polynóme entier. 

© Les équations différentielles linéaires présentent la plus étroite analogie avec 
les équations aux différences finies de forme linéaire, ou en d'autres termes, avec 
. les relations linéaires de récurrence entre % + 1 quantités consécutives : 
Unto πο οσο Unti» us. 

Cette analogie se poursuit dans les résultats, et la móme nemod qui permet 

d'étudier les intégrales irrégulières des équations RO nous donne, dans 


les cas des relations de r&currence la limite du rapport -" Em pour n infini. 


Ce résultat a une application immédiate dans la recherche des courbes de 
convergence des séries ordonnées suivant des polynómes, c'est à dire des séries 
de la forme: ; 
| αρ P, + o PL +... αν κ +. 
lorsque les P sont des polynômes TUS en x et qu vil y a une relation de 
récurrence entre ὦ + 1 polynömes consécutifs. 

Ces considérations font comprendre comment j'ai été conduit à réunir dans - 
un méme travail des recherches en apparence très différentes et expliquent un 

défaut d'unité que je prie le lecteur de vouloir bien excuser. Y 


. PABIS, 10 Novembre 1884. 


NorE.— Dans le mémoire précédent il faut remplacer partout le nom de Bessel par celui de Laplace. 


A Second Paper on Perpetuants. 


By Carr. P. A, MatManon, R. A. 


I here continue the investigation of Perpetuants commenced in Vol. VII, 
Νο. 1 of the American Journal of Mathematics. 

The complete system of the simple or binomial syzygies of the sixth degree - 
is there given, the working out of which led up to the discovery that the simplest ' 
sextic perpetuant is of weight 31; for that weight there is one exemplar form, 
viz.: 65434 
and five non-exemplar forms, viz.: - 

675738 

6532 

63455 

65°43? 

6524392 ; 
the way this came about was that. representing the ie quintic perpetuant forms 
5473, 5°43", 5432; hyper-symbolically by 194, 312, 213 en that 
although the two Dino FS 


213 + 2 124, 
312 — 2 124, 


—— ----- ------ 


"were both: se sue as sextic syzygants, the forms 124, 312, 213 were not 
each separately so expressible. 
Thus far the generating function for sextic perpetuants was shown to be 
4+ O.a%+... 
2.3.4.5.6. ^" | 
wherein as usual a number w in the denominator denotes for brevity (1 — z“). 
It remains to prove that there are no more terms in the numerator and that the 
form of the generating function is in reality | 
at 
2.3.4.5.6? 
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this amounts to showing that of weights superior to 25 there exist no quintie per- per- 


: petuant forms, which, not being symbolised by such a symbol as 1+a, 2+8, 4 sty 
(a, B, y being any. positive, including zero, integers) are not singly connected 
through such fornis with sextic syzygies; in other! words we have to show that 
every quintic perpetuant not of the above form is:expressible by means of such 
forms as a sextic syzygant ; for this will prove that all exemplar sextic perpetuants 
are comprised in the symbol 6* 51+ *4?+8 34+, 
and that consequently the numerator of the generating function is in truth 
monomial. Firstly, consider. the syzygy By of Class 1, Group 5, in the paper _ 
above referred to; this i is | 

B,. 432, 92 tas 32 zz (x — 6) 114 + 116 + 2 124 + 218, 
wherein on the dexter side, reducible quintic forms and forms of lower degree 
are omitted ; in Mr. Hammond's notation we have the operator . 


NS d d. à 
Dear) 
and . D, (A, μι, ΤΊ; M.. » Ag: Us: Ya, Ts. ‚As, Usi Vs; 73 .. :) tee 
| = F (try m M+ + +) Ags Mor πα... τγ(λε; TE EEE 


where Ἢ Abre. À 
the summation including all (including zero) solutions of this equation ; so that 
for instance | D, (433995, 95) = 49323. 2 +. 43339 2 


. take then the operator D, 1% and operate on each: side of the, Syzygy B;; inn 
putting x + 5 for x to keep the weight = 2x + 9, we get 

3839—3 98 + 4382—78, 9 — 8215, 3— - 2 (82) 

UE 1) 102 + 104 + 2 112 + 201. 


À 


or. since 102 and 104 are reducible forms, this may, be written 
: 48898, 2— 812-*.3z 2 112 T 201. Ag | (1) 
but the sinister being a sextic syzygy it must be possible to express itin terms 
of exemplar quintie forms, quintic compounds and forms of lówer degree; in 
‚fact reference to the tables before referred to shows the syzygy 
: As C ἀ839--5 9. 3tor-8 3 = 112; 
whence. combining Ay with (1) w we have 


112 + 201 dude. 
which is well known from the previous tables which give the reductions of all 
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the non-exemplar quintic forms by aid of the exemplar; from the syzygy B,, 
then, has been derived t the formula which gives the reduction of the non-exemplar 


quintic perpetuant 201, and this must necessarily have been so since the syzygy 
B, includes only one form which becomes a non-exemplar quintie perpetuant 
when operated upon by D, D}. 

Secondly consider the syzygy 

C, 4892-5. 28 Gta 39? = 1 (x — 6)(x — 7) 114 + (x — 11) 116 


ome 


+ 2(x — 8) 12442 196 +3 134 + (x — 7) 213 + 216 + 2 223 + 312. 
Operating with D,D} and comparing with B, 


2 211 + 300 + (x — 2) 201 + 208 = — 2 122 — 114 — (x — 8) 112; 
since 501 = — 112, 
and from taking B, and A, together 
208 =— 114, 
this reduces to 2 911 + 800 — 2 122 + 3 3 12, 


which does not exhibit the reductions of the forms 211, 300 by aid of exemplars, 
aut only the reduction of the combination 


2 211 + 300; 

and moreover it will be found impossible to so exhibit each separately by 
consideration of the binomial syzygies; but as & matter of fact we know that 
each is separately so expressible and it follows that there must exist capitation 
syzygies which, in conjunction with the binomial syzygies, will enable such 
reduction to be exhibited ; that is to say, there must exist a syzygy which involves 
the form 223 and no other form which is convertible into a non-exemplar quintic 
perpetuant through the operation of the operator D, D}. 

It appears from this argument, which is a general one, that syzygies must 
exist containing one and only one form which the operator D,D} converts 
into a quintic non-exemplar perpetuant; each such form therefore must be 
expressible in terms of sextic compounds, quintic perpetuants of the form 
1 --α, 2+8, 4 4- y, and quintie perpetuants which the operator D,D} converts 
into directly reducible quintic forms; as these latter perpetuants have all been 
exhibited as sextic syzygants (vide Table of Syzygies, American Journal of 
Mathematics, Vol. VII, No. 1) we have the theorem as follows: 


Vou. ΤΗ. 
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“Each quintic perpetuant of an exemplar form which is convertible to the 
non-exemplar form by the operation of the operator D,D} can, in combination 
with quintic perpetuants of the form 1 +a, 2+, 4 ry, be expressed 88 8, 
sextic syzygant.” mE 

It results therefore by a sextic capitation that every sextic form is reducible 
by the aid of such forms as 6* 5! 4--^3***, and that the only exemplar sextic 
forms are of this type. 

Hence their generating function is 

gt 
and the generating function for sextic syzygies i8 
αἳ a — Αα gh po 

: 2.3.4.5.6. 

$2. Proceeding to consider the perpetuants of the seventh degree, or say 
the septic perpetuants, it is obvious that a form 76“ δ) 4^3* will be such, provided 
only that the sextic form 6*5^4^3" be singly inexpressible as a septic syzygant. 

Suppose the whole series of septic syzygies to be written down and the non- 
exemplars to be expressed in terms of exemplars as they arise; conceive the 
operation D,D} Di to be performed throughout on each; this will result in a 
series of identities and syzygies of the sixth and seventh degrees respectively, 
and the septic syzygies can be reduced by means of the original syzygies to sextic 
identities, as in the previous case discussed ; as before, exemplar and non-exemplar 
sextic perpetuant forms will occur, and we must be able to exhibit the reduction 
of each non-exemplar sextic perpetuant form by the aid of the exemplars; not 
only so but we must. be able to obtain the reduction of every reducible sextic 
form whatever in & similar manner; ex. gr. we have the binomial septic syzygy 
of weight 2x + 31: 

549319", 2 — 41312*, 3 = 6547342" + 2 (5°4°3°2") + 3 (5413*2"—1) 

+ (x + 1) 6483421 4 545332 — 45332, 2 — 5 (413527) 

+ 6 (4389-2) + (κ + 1) 458897 +2, 
and operating with D, Di D and transposing 
| 62* — 42*. 9 — 2(49971) — (x 1) 49 TL 
giving the reduction of the sextic form 6%. 

Just then as in the former case there was a one to one correspondence 
between the reducible quintic forms: and the sextic syzygies, of a weight higher 
by ten, that involved quintic perpetuants, so in this case we have a correspondence 


^ 
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between the reducible sextic forms and the septic syzygies that involve sextic 
perpetuants of & weight higher by 25; thus the generating funcubn for reducible 


sextic forms being z sar 
2.3.4.5.6. 
that for septic syzygies involving sextic perpetuants is 
P 
- 2.3.4.6.6" 
and therefore the generating function for sextic perpetuants which are not septic 
syzygants is g^ af — af? z^ 





2.3.4.5.6 .2.3.4.5.6 — 2.8.4.5.6' 
consequently the theory of capitation shows us that the generating function for 
septic perpetuants is a 
2.3.4.5.6.7 
The form 765°4°3° may be taken as the exémplar septic form of weight 63, 
and then every exemplar septic form of Bas weight ineludes these number 
in its symbol. 
The reasoning above employed is cr ‚general and leads easily to the 
conclusion that the generating function for perpetuants of “ΕΕ n is, (n > 2), 
g" 1 . 
2.3.4. i 
because by operating on the n'* syzygies with ‘the D pos which corresponds 
to the simplest (n — 9)5 perpetuant which is not an (n — 1)’ syzygant, we can 
obtain the identities which give the reduction of every (n — 1)* reducible form. 
The simplest exemplar n'* perpetuant, (n > a may be taken of the form 
n.n — 1.n— 2.n — In — 4... 8". 
The complete system of groundforms to the did of unlimited order, the 
degree being 0 and the weight w, may be stated as the coefficient of a^^ in the 
development in ascending powers of x of 





oo . c gl g” 
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Prüfung grosserer Zahlen auf ihre Eigenschaft 
als Primzahlen. 


Von P. SEELHOFF. 


Die unten stehende Tabelle enthält eine Zusammenstellung von binären 
quadratischen Formen, deren, Determinante negativ und deren mittlerer Coeffi- 
cient Null ist, während die äusseren Coefficienten relative Primzahlen sind. Da 
für die Charaktere, welche ihnen entsprechen, keine andere reducirte Form mit 
derselben Determinante existirt, so muss sich jede Primzahl N mit den entspre- 
chenden Charakteren entweder” durch eine einzige dieser Formen darstellen 
lassen, wenn diese allein steht oder alternativ durch eine von zweien, wenn sie 
gepaart vorkommen oder durch eine von vieren, wenn sie zu vieren verbunden 
sind. Da die Determinanten theilweise verhältnismässig gross sind, so bieten 
sie ein gutes Mittel dar, um selbst sehr grosse Zahlen ohne zu grossen Aufwand 
von Arbeit daraufhin zu prüfen, ob sie Primzahlen sind und auch, um die Faktoren 
zu bestimmen, falls sie zusammengesezt sind, letzteres natürlich nur in dem Falle, 
wenn die Determinante. quadratischer Rest der Zahl, mithin auch ihrer sämmt- 
lichen Faktoren ist. Die Tabelle enthält nur die Formen für Zahlen von der 
Form 8n + 1, und man wird bei genauerer Prüfung finden, dass diese Formen 
alle móglichen Fálle decken. | 

Über die Einrichtung der Tabelle ist Folgendes zu bemerken. Da es erfor- 
derlich ist, dass die Determinante quadratischer Rest der zu prüfenden Zahl N° 
ist, so handelt es sich zunächst darum, wie sich die einzelnen Primzahlen, welche 
erstere constituiren, zu N oder umgekehrt, wie sich N zu den Primzahlen in dieser 
Beziehung verhält. Ist nun N congruent einem quadratischen Reste nach dem 
Modulus a, so ist a in der Tabelle unter + eingetragen, im anderen Falle unter 
—. fo findet man z. B. in der Zeile 33 die Primzahl 3 unter — und 5 unter +, 
in der Rubrik Formen für diese die einzelne Form (5, 9) oder vollständig (5, 0, 9) 


und die gepaarten Formen o τ) d. h.'ist M= 1 (8) und N=1 oder 4 (5), so ist 


N eine Primzahl, wenn es sich nur auf eine einzige Art durch die Form (5, 0, 9) 
darstellen lässt, oder wenn man die gepaarten Formen zur Prüfung wählt, wenn 
nur eine Darstellung entweder durch (9, 0, 20) oder (5, 0, 36) möglich ist. In 
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Zeile 10 findet man, dass 3 ud 5 beide unter + stehen und die duced 
Formen sind 4 an der Zahl. Ist also N= 1(3) und = 1 oder 4(5), so ist es eine 
Primzahl, wenn es sich durch eine der vier Formen einmal darstellen lässt. 
Sowohl in dem ersten wie in dem zweiten Falle gilt ferner, dass wenn man keine 
Darstellung oder mehr als eine fur N findet, dieses nur eine zusammengesetzte 
Zahl sein kann, und dass, wenn sich mehr als eine Darstellung findet, aus diesen 
Darstellungen die Faktoren von N abgeleitet werden können. 

Um zugleich zu.zeigen, wie vortheilhaft selbst die zu vieren verbundenen 
Zahlen zur Prüfung sehr grosser Zahlen verwandt werden können, wähle ich für 
ein erläuterndes Beispiel die Zahl N = 2°! — 1 = 2147470249. Bekanntlich hat 
Euler diese Zahl zuerst untersucht und zwar vermittelst Division durch die einzig 
möglichen Primzahlen von der Form 2482 + 1 und 2482 + 63 bis zu VN = 46339 
und dieselbe als Primzahl bestimmt. 

. Wählen wir zu demselben Zwecke eine Form, welche der Tabelle fur die 
Zahlen von der Form 8n + 7 angehört. Für N=1(3), zz 1(7), =1(11), =7(29) 
hat man die verbundenen Formen (1, 0, 13398), (22, 0, 609), (42, 0, 319), 
(58, ©, 231). Eine und nur eine von diesen muss eine einzige Darstellung von 
N geben, falls dieses eine Primzahl ist; dann ist jeder Versuch mit den andern 
noch übrigen Formen zwecklos. Würde sich keine Darstellung für sämmtliche 
4 Formen ergeben, so wäre N keine Primzahl, ebenso nicht, wenn sich für 
dieselbe Form mehr als eine Darstellung herausstellte. Nun giebt die erste Form 
(1, 0, 13398) keine Darstellung, ich gehe daher gleich zu der zweiten (22, 0, 609) 
über, um an ihr das ganze Verfahren im Allgemeinen auseinanderzusetzen. Da 
also 222? + 6095? = N sein soll, so muss N in solche zwei Theile zerlegt werden, 
von denen der eine ein Multiplum von 22, der andere ein solches von 609 ist. 
Setzt man demgemäss 22a°+ 6095 = 2147483647, | 
80 ist a = 97612810 — 609% 

b = 3 + 22k. 

Da a = æ ist, so müssen die Werthe a für æ so genommen werden, dass 97612810 
— a* durch 609 theilbar ist. 609 = 3.7.29.97612810 = 1 (3), = 1 (7), = 28 (29) 
und da ?=1(3), ?=1(7), 12= 28 (29) ist, so ist et + 1— Tu + 1— 290+ 12. 
Hieraus folgen 8 Werthe für a, nämlich 609n + 41, 104, 244, 302, 307, 365, 505, 
568 bis zu der Grenze 4/97612810 = 9879. Setzt man diese für α ein, bildet # 
und hieraus 5, so ist eine Darstellung gefunden, wenn b eine Quadratzahl und das 
zu x gehörige y = vb. Übrigens kommen alle geraden Werthe für æ nicht in 

Betracht, weil diese in 222? + 609} = N nur Zahlen von der Form δη + 1 liefern, 


266  SmxLHOFF: Prüfung grösserer Zahlen auf ihre Eigenschaft, wu. s. w. 
und von den ungeraden fallen noch diejenigen mit der Endziffer 5 aus, da im - 
Voraus zu ersehen ist, dass sie keine Quadratzahl für 5 hervorbringen können. 
Für x= 7001 findet sich dann b= 1755625 und y = 1325, also 22.7001? 4- 609.1825? 
— 2147483647. Da sich für diese Form keine weitere Darstellung ergiebt und 
da die Zahl somit eine Primzahl ist, so is& die Untersuchung abgeschlossen. 
* Als Beispiel für eine zusammengesetzte Zahl diene N= 165580141. Da 
N=6(7), =1(11), =12(13), so kann man die geparten Formen (14, 0, 143) 
und (26, 0, 77) benutzen und erhält mit der ersten: 

14.1399? + 143.983* — “αρεσει 

14.3089? + 143. 473 = " 
Sind aber a, β und y, ὃ zwei Darstellungen der Zahl N durch die Form (m, n), 

= α 3-7 


80 getze man — — 34:3! und reducire die sich hieraus ergebenden Brüche, so 
dass p ii dem Zähler und g gleich dem Nenner ist. Dann bilde man weiter 
den Bruch x = Er und reducire, so dass hier r gleich dem Zähler und s gleich 


dem Nenner wird. Dann ist f= r -+ s, oder, wenn dies eine gerade Zahl ist, 
die Hälfte hiervon ein Faktor, von N. 
3089 — 1399 169 r 14.169? 


Also in unserem Beispiele P à adm — am. ble = 143.513 ' t= 
3089 — 1399 


Aus D ———  — 7.- findet man den zweiten Faktor 2789, mithin 


983 + 473 
2789.89369 = 166580141. 
Die sowie Zahl ist das 4139 Glied der Reihe 
= 0,1,1, 2,3, 5, 8, 13, 21. 
Zum Schlusse meiner Mittheilung möchte ich noch darauf hinweisen, dass neben 
den Tabellen für die Formen, von welchen die hier gegebene zunächst nur als | 
Beispiel dienen soll, eine genügend weit reichende Tafel der Quadrat-Zahlen und 
nebenbei eine kleine Tabelle nóthig ist, welche für die in den Determinanten 
vorkommenden Primzahlen à die Wurzeln der Congruenz # = r (a) angiebt. 

Die Anzahl der benutzten Determinanten ist 170, davon sind 65 die von 
Euler sogenannten “numeri idonei;” von den übrigen finden sich einzelne in 
Legendre: Théorie des nombres oder sonstwie in mathematischen Zeitschriften. 
Die Mehrzahl derselben habe ich selbst fest stellen müssen. 


«οτε ny Eprron.— The tables used by the author in the following examples do not appear in the 
present article. They have, however, been prepared, and, with some additional matter, will appear in a 
future number of the Journal. 


= 59369. 





BREMEN im August 1884. 


ÜHARAKTERE UND BINÄRE QUADRATISOHE FORMEN FÜR N= 8 + 1. 
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CHARAKTERE UND BINARE QUADBATISOHE FORMEN FÜR N = 8n + 1. 
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Solvable Irreducible Equations of Prime Degrees. 


By GzoRaE Paxton Young, Toronto, Canada. 


- OBJECT OF THE PAPER, 


$1. Let Fe) = — 0 be an irreducible solvable η of the m*^ degree, 
m prime, with roots Τι, 7, etc. The equation being understood to have been 
deprived of its second term, its roots are of the forms 


mn- A+ aA t BA+...+aA 
mn, — oA; + ofa AT + a AT +... + a RAT (1) 
mr, — AT + ofa, AT + GB, AF +... + RN Δι", 


and so on; where o is a primitive m™ root of oe and αι, b, etc., are rational 
functions of A,. If we eu 


ΔΙ, aA, VS. ’ (2) 
the separate members of mr,, I propose first of all to establish the fundamental 
theorem, that the separate members of the root τι can be arranged in groups G3, Gh, 
etc., such that any symmetrical function of the terms in any one of the groups is a 
rational function of the root (§8). The groups Gh, Gs, etc., may be defined more 
exactly as follows. The m™ powers of the terms in (2) are the roots of a rational 
equation of the (m — 1) degree auxiliary to F(x) — 0. Should the auxiliary 
not be irreducible, it can be broken, after the rejection of roots equal to zero, 
into rational irreducible sub-auxiliaries. This being so, the terms constituting 
any one of the groups Gi, Gs, etc., are those separate members of 7,, which, | 
severally multiplied by m, are m™ roots of the roots of the auxiliary, provided 
the auxiliary be irreducible ; but, when the auxiliary is not irreducible, the terms 
- constituting any one of the groups Gi, Gh, ete., are m™ roots of the roots of a 
sub-auxiliary. From the fundamental theorem above enunciated can be deduced as a 
` corollary the theorem of Galois, that r, is a rational function of v, and r}. In fact, ` 
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any symmetrical function of those separate members of r, which constitute any 
one of the groups Gi, Gh, etc. is a rational function of 7, and r, (813). Not 
only is it proved that 7, is a rational function of'r, and r, but the investigation 
shows how the function is formed. An instance in verification is given (815). It 
incidentally appears that if ο be the number of terms in any one of the groups 
Gi, G,, etc. the sum of a cycle of c primitive m™ roots of unity is a rational 
function of r, and r; ($17). : í 


PRELIMINARY STATEMENTS. 


$2. Use will be made of certain general laws of the structure of the roots 
of equations, that were established in. an article published in this Journal . 
(Vol. VI) entitled “Principles of the Solution of au of the Higher 
Degrees." It was there shown that if | 
A, As, EM (3) 1 

be the unequal particular cognate forms e 't Principles” $9) of the generic 
expression A under which A, falls, iere are mt? roots 


Ar, EN At (4) 
of the expressions in (3), such that the value of r, can be exhibited not aly a8 
in the first of equations (1), but also in the following ways: 


mr = Δ} + ade +. ως + 
mn = A; φας Tous + As”, 
and so on ;. where αρ, b,, etc. are what αι, 5,, etc. become in passing from A, to 


A,; and as, 5, etc. what they become in passing to A,; and soon. The separate 
members of mr,, as it is expressed in the first line of (5), are 


À, dA «νο ΔΑ, (6) 

$3. The sum of the terms in (6) is m times the same root of the equation 

F(x)—0 as the sum of those in (2). This implies, as was proved in the 

“ Principles," that the terms in (6) are severally equal, in some order, to those 

in (2). Because A, and A, are unequal, Ay and Af are unequal. Therefore they 

are equal to distinct members of mr, as these are expressed in (2). In like 

manner the terms in (4) are severally equal to distinct separate members of mr,. 
$4. It can be shown that a cycle of c primitive roots of unity. 


0, 0^ ο Vsus à | | (7) 
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can be formed; and that the terms in (2) to which those in (4) are equal are 


those in which the indices of the powers of A: are the numbers 
1:34:95 524457 (8) 

with multiples of m rejected. When (i is called & cycle the meaning is that 

no term in the series after the first is equal to the first, but o" — o. For brevity’s 


sake I may be allpwed, Phere there is no danger of mistake, if gA? be à term 
. in (2), to speak of it as gaz , ^ being A? with multiples of m left out. In like 


s—1 
manner if 0, ω © LAPS «ie (9) 


be a cycle of primitive mt? roots of unity, and if there be a term in (2) in which 
the index of the power of A is b^, the term may be spoken of as σι Av, where 
multiples of m must be understood to be rejected from 6%. Let then AT and 

αἱ 45 in (2) be equal to distinct terms in (4). I will first show that there are | 
terms in (2) in which the indices of the powers of AT are ihe indiees of the 
powers of o in (9). Let AT be the term in (4) to which aA? is by hypothesis 
equal. The Mm in (6) 15 which αι A? in (2) corresponds is mAr. Because 
A AT, a, A = = ya? ab Ar. Hence the term in (2) to which a, ΑΣ in (6) is 
equal must be BAF; ; for, if it were any other term than that mentioned, say 


nA” we should have | WAT Eg AT (10) 
where 5° with multiples of m left out, is not equal to n. But, from the state in 
which algebraical expressions are supposed in the ''Principles" to be presented, 
since no surds occur in σι, αι Or a, except such as are found in A, or A,, the 
equation (10) would require 7, and αλα] to be separately zero; and m again 


would make a, AT, and therefore αι AL , and ΕΗ AS, and ο ο AT, RETO; 
which is impossible. Therefore αλ. 5 βι AF. But, because tA = A. αι Δ᾽ 
is one of the απ cognate forms of A. Therefore also aS AT yi 8 particular 
cognate form of AR , which may be taken to be AS . Therefore B, AF i is equal to 
AS, a term in (4). In like menner it follows that all the terms in (2) in which 


the indices of the powers of AF are any of the indices of the powers of o in (9) 
are equal to terms in (4). Let 


AT, BAT BA", AP ae ’ | (11) 


H 
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be terms in (2) severally equal to the terms in (9, 
AS δὲ δὲ... Δ᾽. | (12) 


We may assume αι AP to have been so chosen that there is no term in (2), as 


σι ΔΣ equal {ο a term in (4), and such that when the cycle 

o, o, δι. 0", (13) 
is formed, v is greater than z. In that case, z must be*equal to c. For 
suppose if possible that zis less than c. Then there i isa term in (4) distinct from 


those 3 in (12), say A, equal to a term in (3)i in which the index of the. power 
of AP is not a power of b, which term in (2) may be taken to be ^A, d not 


being a power of 6. Then, just as we proved that, because δὲ and aA? are 
. terms in (2). equal to terms in (4), any term in (2) having for the index of the 


power of AT any of the indices of the powers of o in (9) must be equal to a term 


in (4), we can show that because A and A are terms in (2) equal to terms in 
(4), there must be a term in (4) equal to, one in (2) in which the index of the 


power of ΔΕ is b"d", W being any whole number. ` Hence there is & distinct 
term in (4) equal to a term in (2) corresponding to each Din term in the 
cycle o, a4, o”, etc. 

Putting A for bd, this cycle is identical vil (13). And Since d is not a power 
of b, the number of terms in the cycle o, of, ete. is greater than that in (9). 
Hence the number of terms in (13) exceeds that in (9). That is, v is greater 
than z; which, by hypothesis. is impossible. Hence z cannot be less than c. 
And it is not greater, because all the terms in (12) are contained in (4). Therefore 
z= c. Therefore there is a cycle of c primitive m™ roots of unity, which may 
be taken to be (7); and, comparing this with (9), 4 may be taken to be 5; and 
the series (11), which may now be written 


1 A az xl τ 

ΔΙ, mAT, βιδῖ,...,γιδι", (14) 

has the same number of terms as (4). Consequently the terms in (14) are those 

terms in (2) which are severally equal to terms in (4). 

$6. Take E, a rational function of Δι; let the generic expression (89) of: 

which it is a particular form be Æ; and when A, passes successively into the c 
terms in (4), let E, become successively | 

E B, ..., E. | (15) 
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By the “ Principles,” Prop. III, each of the unequal particular cognate forms . 
of A occurs the same number of times in the series of the cognate forms. 
Therefore the entire series of the particular cognate forms is made up of & groups 
of ¢ terms each, the terms in any one of the groups being equal to those in each 
of the others. These & groups may be written 


Δι, A, sci A,; 
Š A+; Ass ..y M (16) 
Δι, Ay ee ey Aso, | 


and so on. The entire series of the particular cognate forms of E must consist 
of % corresponding groups of c terms each, 


E, E, ...y E, 
Ei, E,+3 “ng E. (17) 
«οι; Ezta ++ +1 Eye; 


and so on; E, being what E, becomes when A, becomes Δα. ` 

$6. It is plain that if A, — A,, E,— E,. For, since A, is a root of an 
equation of the c™ degree, any rational function of A, may be expressed without ` 
using powers of A, above the (c— 1)*. And E, is a rational function of Δι. 
Therefore we may put 

Hy =8 + Ay +84 +...+6 A5 
and ZE,—e-F&A, +84 +... +8147], b 

where s, δι, etc. are rational. But, by hypothesis, A, = A,. Therefore E, = £,. 

$7. This leads to the conclusion that any symmetrical function of the terms 
in (15) is rational. For, by $5, the terms in any line of (16) under the first are ` 
severally equal to those in the first line. Therefore, by $6, the terms in any line 
of (17) under the first are severally equal to those in the first. ` Let the unequal 
terms in the first line of (17) be δι, ἕν,..., En. Let E, and E, occur a and 8 
times respectively in the first line of (17); then they occur ak and Bk times 
respectively in the % groups of (17). But, by the “Principles,” Prop. III, each 
of the unequal particular cognate forms of E occurs the same number of times 
in the entire series. Therefore ak and Bk are equal, and a = (. That is to say, 
E, and E, occur the same number of times in the first line of (17). In like 
' manner all the unequal terms in the first line of (17) occur the same number of 
times in that line. Therefore, if X, = 0 be the equation whose roots are Æ, 
E, ..., H,, and IX —0 be the equation whose roots are Æ, H,,..., E, 
X= Xf. But, by the “ Principles,” Prop. III, X, is rational. Therefore Æ is 
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rational. This implies that any symmetrical function of the roots of the equation 
A = 0, that is, of the terms in (14), is rational. 


Symmetrical Functions of the terms in (4). 

$8. I will now establish the fundamental theorem that any symmetrical 
Junction of those separate members of mr,, which are m* roots of the roots of the 
equation auxiliary or of an equation sub-aueiliary to the equation F(x) = 0 16 à 
rational function of r,. . When c= m — 1, the terms in (3) are the roots of the 
irreducible auxiliary (see $1) to F(a) — 0. When c is less than m — 1, they are 
the roots of a sub-auxiliary. What we need then to make out is, that any 
symmetrical function of the terms in (4)-is a rational function of τι. 

89. From the first of equations (1), AT is a root of the equation 


eap... + ανα) m — mn m0, (18) 
being at the same time a root of the equation | 
a" — A, = 0. (19) 


Now GAP is not a root of (18) ; for, if it ware, ws should have 
e (oA? Ppt... + (AS) — mr, = 0; 
and therefore, by comparison with the second of equations (1), Ta = f}, Which is 


impossible. In the same way no root of (19) except AT is a root of (18). 
Therefore the highest common measure of the expressions on the left of (18) 
and (19) is zx — Q, where Q is a rational function of σι, Δι, αι, etc., and therefore, 


by S1, a rational function of 7, and A. We may express this, since Af is the 
value of Q, by putting | 


=f (τι; A). 
Similarly, from (5), + = f(r, A), (20) 

= f(n, A), 
and so on. Since f here ης 8 τε function, if the sum of the c 
expressions ΔΕ AS. ete., be Sn both N and D must, from (20), be composed of 


terms of the type ΕΠ; where E’ is a symmetrical function of the c expressions, 
Δι, A, etc. and is therefore, by $7, rational. Consequently the sum of the c 
terms Af, A}, etc. is a rational function of rj. In the same way any symmetrical 


function of these terms is a rational function of χι. Thus the fundamental 
theorem is established. Ξ 
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$10. Setting out from Δὲ one of the separate members of mr,, and d taking 
the c unequal particular cognate forms of the generic expression A under which A, 
falls, we have found that certain m* roots of these, being separate members of 
mr,, satisfy equations (20), and therefore that any symmetrical function of these 
‘mt roots is a rational function of rn. If now we set out from an m™ root of A, 
distinct from AT, say oAr, one of the separate members of mr,, we can in the 
"same way demonstrate that there is another „group of m roots of the terms in 
(8), say SAT ot Dr, DF, Di. 25, - (21) 
by means of which equations corresponding to (20) can be formed. 
$11. It is readily seen that the series (21) is identical with 


| OAT, GA, OF ΔΕ, ..., oa" Ar. (22) 

For, by $4, the series (4) is identical with (14), which may again be written 
L à M Mei 

down: A, AP, DAT, ong yA". : p 


a | 1 A 
Taking the term A; in (4), we saw that A; = a, Af. Therefore a (oA? y= Q MAS, 
; λ 
But, a, Af being one of the separate members of mr, in (1), αι (oA? y is the 


corresponding separate member of mr,. "Therefore o^ Az is equal to one of the 
members of mr, in (1). And its ηθ power is A,, one of the particular cognate 
forms of A. Therefore it must be a term in (21), because (21) is made up of 
‘those separate members of mr, whose mt" powers aro partieular cognate forms 


of A. We may take D: to be equal to o^ AF. In the same way Dr = o" AT, 
and so on. 

$12. Hence the equations corresponding to (20), which ean be formed by 
means of the terms in (21), are 


oA =f (T3, Δι) | 
a AF =f (r, À) (24) 
(0 e Af (ns Δὴ, | 
and so on. In the functions on the right of (24), A,, A,, etc. remain as in (20), 


because the passage from A, to D, or (e AT)", and so on, makes no change in 
Δι, Δια, etc. In like manner, | 


«ΔΙ = f (ry, A) 
o? AT = f (ry, A) = (35) 
GAST n, As), 


and so on. ` 
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GALOI? THEOREM. 


$13. We can now deduce Galois’ Theorem, that 7, is a rational function of 
m and vy. In fact, the separate members of r, can be arranged in groups such 
that any symmetrical function of the members in each group is a rational function : 
of r, and rj. One of the groups is obtained by dividing the terms in (4) severally 
by m. What we have to prove therefore is that any symmetrical function of the 
terms in (4) is a rational function of 7, and 75. 


$14. Square both sides of (24), and divide by ὦ ΔΙ in the case of the first 


1 


line, by o^ Af in the case of the second, and so on. Then, keeping (25) in view, 


i fn, A) Ng — $f (Ts, A)? 





1 
* 
A = 





Qi AT I (rs; Δι) 
a (26) 
at = On Ai _ $F Ad 
~~ o? δὲ F (rs Δ») ] 


and soon. By $7,the sum of the c expressions on the extreme right of (26), 
only two of which are written down, is a rational function of 7, and rs. Calling 


this @ (rs, το), AP APT. AER 9n, n). ο η 
Thus the sum of the c separate members of mr, forming the group (4) is a 
' rational function of r, and Ts. If c=m—1, this is Galois’ theorem. If ο be. 
. less than m — 1, it may be shown as above that the sum of another quite distinct 
group of separate members of mr, 18 a rational function of 7, and rg. And so 
on till the series (2) is exhausted, so that Galois’ theorem still holds. It is obvious 
that, in the same way in which (27) was obtained, any symmetrical function of 


the c expressions, ΔΙ, Aj, etc. can be shown to be a rational function of » and 75. 


Law or THE FORMATION OF THE FUNCTION; VERIFYING INSTANCE. 
$15. It wil be observed that, in the preceding section, the law of the 
formation of the function (1, rs) comes to light. The rule is this: Take x — Q, 
-the highest common measure of the expressions on the left of (18) and (19). 
The expression Q.is f(r, Δι). Then | f 
; 13; A)? = 
j (7 τὸ) =È Md , (28) 
the expression on the right of (28) being the sum of the e expressions on the 
extreme right of (26). 
Vor. VII. : 
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$16 A simple verification is afforded by the Mm 
᾿ - Soo 4 uc 
EC E E l 
Putting A; 253 2 ^/3 and A, = 2— 4/3, the roots of the equation are 
Αι A+ AA 
= oA. +a A Al. | 
= ο) Δὲ + aA At, | Ἢ 
o being a primitive third root of πι ‘This gives IT Ss np we 88 ET value of ο. 


5 nA 1 
Then (28) ‘becomes . 
Δι (375 + A} (8r, TA) A, (875 + Δι) (3s + Δε) ΄ 
9r, = $ (r3, τῳ) = Zu | . (29 
ncs) m ftn Affen FA) Ἔ (Gn AYGn- A) ^ «Ὁ 
This result will perhaps most easily be seen to be accurate, if, by means of . 
equations (30) immediately to be established, (29) be changed into 


ocu A^) + 9A (375 + A). 
- TA . 3r; + à 





Οσσιε or ο Prmarıve Rooms oF Uxmy. 
$17. A result incidentally presenting itself is, that the sum of a cyole of ο 
primitive m™ roots of unity is a rational function of, two of the roots of the a 
© F(z)— 0. For, from (24), (25) and (20) 
er Δι) = Kf (rs Ai)... 
fr, f(rı, Δι) ft (73; A) 
(ns, ΔΑ) f (rs A): | 
fe a. on A) T | (30) 


No F(t A). f(t, A) — 
=F, A) Ft A) Τ᾽ 
| a Fn, ed | eI 
` À λρ-1.. --- BL --- 
Lotat.. Hr ya) σι 
By 87, the sum of the mt roots of unity in the cycle, o, o*, etc., as the sum 
is here obtained, is a rational function of 7, and Τόν of r, and ri, and 80 on. 








On a, Certain Class of Linear Differential Equations. 


By Tuomas Chara. 


The subject of linear differential equations whose coefficients are singly or 
doubly periodic functions of the first kind has been studied by Picard* and 
Floquet,+ and it has been shown that such equations always admit of at least 
one integral which is a periodic function of the second kind. | 

The case where the coefficients are periodic functions of the second kind 
does not seem to have been attempted by any one—and indeed in the general 
case the problem seems almost impossible of solution—though when the multi- 
pliers are roots of unity the solution (at least for singly periodic functions) can 
be easily led back to the case where the coefficients are periodic of the first kind. 

In the following paper I have determined the conditions which are necessary 
in order that a linear differential equation shall admit of an integral which is a 
periodie function of the third kind—in the beginning I limit myself to singly 
periodic functions. | 

I shall start with the case of the linear differential equation of the second 
order, 


Lh | TY + M4 ny ο, mE 
where the coefficients p, and p, are uniform functions of z. What must be the. 
form of these functions in order that (1) may have an integral which is a periodic 
function of the third kind ? 

Suppose y = F(x) to be such an integral, and F(s +0o)=e""t* where à 
and A, are constants; then if we change x into x +o we must have that F(x +o) 
is an integral of 


d d 
9. dabo ἠ-ω) d nim o)y 0. 











* Crelle, Vol. XC. Sur les équations différentielles linéaires à coëfficients doublement périodiques. 
t Annales de l'Ecole Normale, Feb. 1888. Sur les équations différentielles linéaires à coëfficients 
périodiques. lbid. May, 1884. Sur les équations différentielles linéaires à coëfficients doublement 


' | périodiques. 
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Writing then in (2) y = F(x +o); =e "+2 F(x) we have, writing for brevity 
F instead of F(x), 


+ [= 22, trata] + [22 — Api (s +a) + p (s 9)] F= 0, 


also dE ἀξ 
as tni +o,F=0. 


Subtracting we have 
dF 
[— 24+ pi +o) — pi (x)] Ὡς + [X — Ap (@ + ὦ) + pi (Œ + o) E F=0, 
which must be satisfied identically ; therefore 
" ple + ὦ) =p (2) + 3λ 
| ne + 9) = ps (2) + Api (x) + λ᾽ 


Ῥι(α + πω) = pi (x) + 2na 
Me + no) = ps (a) + nap (a) + ra’. 
The first of equations (3) is obviously satisfied by χι (x) = E and the second 


and obviously 
4. 


h 2 3 
by p,(z) = "S. If we use these values for p, and p, we have the equation : 
(replacing à by — u) dy _ 2ps dy qum vy = 
dà — «o dx ο 
of which the general integral is 


y= [o ada (ο) om (@/2)] 


and on giving u the value T $6,A4—— z this.is obviously a periodic function ' 


of the third kind. Changing x into & + o and it is easy to verify that 


y(x +o), =e CE" {a cos(a UE + Vw) + O sin (x VE tpe) 


satisfies the equation. 


MY Po) P -οῤψ-ο. 


The most general values of pı and p, are easily found. Suppose Qf? (x) to 
be a singly periodic function of the first kind, 4. e. f(x + o) = Qf (x) τα give 
i the values 2, 3... n and j the values 1, 2...n. It is obvious now that the 
most general values of p, and p, are given by i 


2 
pate) = e) + 72. 
n) -- φφω) + E à + S 
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Take as another illustration the equation of the third order 


TY n tn? Ty. 
Here we must have E 
Ῥι(α + o) = p (x) + 3A 
Pa (@ + ὦ) = py (x) + 22i (a) + 322 
P(x + 9) = p(x) + Ap (a) + Xp (x) + 22, 


these are satisfied by the values 





ae Lie 
nic y=, Pa) τα’ pale) = 
Replacing À by —.z we have the ee 
dy  Sux d'y |, Se dy p κ6 
dd w Tam ai 


the general integral of which is 


ο ae Dia 


which for u = n is a function of the third kind. The general integrals of these 


two particular equations of the second and of the third orders are thus periodic 
functions of the third kind—this does not hold in the case of an equation of 
this form of any higher order: for example take the equation 


dy — at dy i Ge du κ 
da* o dê © aw dB 


the general integral is 
aoe [A cos (mx + a) + B cos (m, + B)], 
À, B, a, 8 being re and mi, mj the roots with their signs changed of the 
equation , Ομ apo 
+ 3 ET Fre 
The general integral in this case is not a periodic function of the third kind— 
but each of the partomar integrals 


a 
gie cos (mx + a), ο cos (mx + a) 


is such a function if A be properly determined. The general form of the coeffi- 
cients in any case is readily found. Take the equation of the n™ order 





de? 
Ρ(α) mS }- p φ-- Yt SOU + tmy=0. 
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| If F. (a) js: an ΠΗ of P(x)=0, then F @ T o) wil be απ. integral of 
P (α 4-0) — 0. 
Expressing the necessary conditions for this and writing F(z-ko) = = ο F(x) 
we find 


p(z + lo) = ρι(ῳ) + nla 


ala + lo) = pala) + m) One) + no νη 





nel) = pla) + (HD) Bp αυ 
den, or τω eg, Ὁ 
p oT LES hi, | 
"m Pr (x + lo) = p, (x) + Dp, (2) + PH ns (x) +.. HUA 
where { is any integer; the general term may be written briefly 


. at 


πο λα. ο τοσο 


αἱ 








a=0 
These sue are all satisfied if we write 


- n.n—1...n—i4-1 λα 
AP m --ν 





il a 
; n.n — 1 Pe. 
i. e. Pix) = es (a) = ig^ ev ete. 


the general values for P eleink are now easily seen to be 
Ῥι(α) = 9r (x) rM P 


p) — PE (x) + (n — 1) ——— iro (2) 4 tr ὅσ 


e 1.2 “oF 





nla) = φρο) + (+ ay 2 pp EL ο c HER Pee P) pa 
deed €——— dI BERG 


al 
n.n—1l...n—i+1 da 
il P 





+...+ 





ωἳ ων 


P. (x) = $2 (2) + E ap a) ο Pid Pa 
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or briefly - | Er —i+1 ggf? 
Ps λε. itele zs τω Je e 
= » 


S123 ech 
It remains now to show that a differential equation whose coefficients are of the 
kind just found possesses at least one integral which is a periodic function of the 
third kind. It will be quite sufficient to do this for equations of the second 
order. The equation 
d d : 
E T Die = +9y=0 


i 22 
has for coefficients see = 


iP 1 κων 





Ba? 
Δι (2) = P,(z) + s+- 
where P (x) and P,(x) are periodic P of the first kind having o for their 
common period. Assume y =e ™ T (x), 


where $(z) is a simply periodic function of either the first or second kind. 
Substituting this value of y in the above differential equation gives 
3 
AE (p. — 259 (p p e teo. 
Introducing now the above τοι of p, and p, this becomes 
Te PE. Poo. 

Now Pieard has shown that this equation always possesses at least one integral 
which is a periodic function of the second kind (becoming of the first kind for 
the multiplier — 1). We conclude therefore that it is always possible to find 
at least one integral of our given differential equation which is a pert function 
of the third kind. 

Next we seek to determine the: maximum number of integrals of this kind 
that our equation may odd In the differential equation 


an 
ins ne + + Pray — 9. 


Assume y = e ® where er is, in general, & periodie function of the second 
kind, and give p, the value 


at 


AE Y n—i-rFa|n—i 4-1 dx ὢ 


αἱ : w* 





a=0 
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where @,_, is a cn function of the first kind. The equation now becomes 


d$ 
DE aT T F TU E P 


- 


The solution of our problem is therefore led to the investigation of a linear 
differential equation whose coefficients are singly periodic functions of the first 
kind. The theory of this equation has been completely developed by Floquet . 
and it is only necessary therefore to quote his results. mE 

Denote by Fix), Fix)... F(x), n distinct solutions of b — 0. If the 
variable describes any path from x to x + o the uniform functions F(x) become 
F(x + o) while the coefficients. $, resume their original values, consequently the . 
functions F (æ +o), F(z +o)... F,(@+ 0) constitute another fundamental 
system of integrals of D = 0. 

We have then | 
Fi (ᾳ + ὦ) = Απ Fia) + As Ke) +... Aus FL) 

Fy (ο + o) = Ay Fa) + Αμ ὃν (ο) +... + An Fn (2) 


F, ο AaB) + AaB) + + EVEN (e) 
where the determinant 
n V. o.. Ain 
Ay An... Am 
Am Ans. ++ Ann 
does not vanish. 
Suppose now that ® = 0 admits as integral a periodic function of the second 
kind, say F(x), where F (x +o) = F (x), we have then | 
F (9) = m Fi (a) + m Ει(α) +... F nn FG): 
where the constants n cannot all vanish. Now since F (z +a) —F(z) we have 
immediately 
Fi (0) Σ Aan, + F(x) ZAan, +... + FL (ο) EAdun = επι Fia). 
This requires that the constants n satisfy the equations 
(Ay — ε) m+ Aging +e το Ain, =0 
Aym + (Ap — ik Feret Anat = 0 


Ain + ΠΡ de ji (Am j Na = = 0, 
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consequently PME - A; POE 
κ πο ο 
| | Am Ay LE Ann € 


The equation A — 0 is called the fundamental equation, and its roots, which 
are the multipliers of the periodic functions of the second kind, are evidently all 
different from zero. It is also well known that the roots of the fundamental 
equation are independent of the choice of the fundamental system of integrals, 
a fact which was proved by Fuchs.* ΗΠ has shown that the general integral 
of this equation is of the form ` 

ψι(α) --αψω(α) +... t aa, (x) 
ra Vu 5 Toys (z) +... tar, (9) 


Pus (9) + is (x) Fr Lu gs SFR (α)ο᾽ 
where 44, is a periodic function of the second kind whose multiplier is ει. In 
this && ... Em are the paagi roots of A= 0 of the orders μι, Us- -lim 
HDE S 

The general conclusions arrived at by Floquet concerning the equation 
- Ẹ = 0 are as follows: 

I Let ει ει... E be the distinct roots of the fundamental equation A= 0; 
let A, denote the order parting from which the minors of A cease to be all zero 
for e= g: 

1° D = 0 admits as distinct integrals 

| A AS Ss Am 
periodie functions of the second kind arid no more; 
2° There exists a fundamental system of on consisting of 
utat. 
periodic functions of the second kind; And: on 
m — (A AS... + AS) 
expressions each of which is of the form of a polynomial in œ with coefficients 
which periodic functions of the second kind all having the same multiplier ; 

3? The multipliers which appear in this fundamental system either as elements 
or as coefficients in the elements are equal to the different roots ει, & . . . Em of 
the fundamental equation. 





* Crelle, Vol. LXVI, Zur Theorie der Unesi εξ mit veränderlichen Coefficienten. 
Vou, VII. 
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IL. In order that b = 0 may admit of n distinct integrals which are periodic 
functions of the second kind, it is necessary and sufficient that each root of A — 0 
shall annul all the minors of A up to the order which is equal to the degree of 
multiplieity of this root. 

We have a: in the case of the differential equation 
d^—- y 








m κα. . + Psy = 0, 
(where p= μαι = $.—.(2)) 
a=0 - | 
As Apc Ay 


linearly independent integrals which are periodic functions of the third kind. It 
remains now to find the remaining n — (a, + À + . . . Am) integrals, which, with 
those just mentioned, constitute a fundamental system of the given equation. 

It is easy, and, for present purposes, quite enough to verify what these 
integrals are. EDI 

oe y, = ow [Oa (x) + 495 (a) + 9 65 (α) +... + 976, (α)], 

give u, the meaning above assigned to it and let ©,,(«) denote a periodic function 
of the second kind having & for & μη Substitute this value in the 
differential equation i 


S) Lp Tot St. + y= O; 


and give μι, Ps . . . p, the above values, viz. 


α--ἱ 


— — 1 
ολ. ἑ--α[π > Ele): 





a! 
` α-- 0, 
have the d^ a d 
we ave n ay zs $i a y + ds u 1. + $.y — 0 





and this as we nos possesses | 
κ n — (AF As lb AR) 
integrals of the form | 
Ys = Oa (2) + LO g(x) + αμ (x) +... + a^; 71 Oy, (2). 
The solution of the given differential equation is thus seen to depend in all cases. 
upon the solution of an equation of the form 


d^ d'y: dr? 
e + gar + fasce oy 
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| where Du $3... du are singly periodic functions of the first kind, The results 
arrived at then are as follows: 7 | 
L In order that the linear nl equation 


a te 
oY + po + pret .. . + pay=9, 


may possess Aliens which are periodie functions of the third kind, T is necessary 
and sufficient that the ο ως p be of the form 


di xx. ο... λα LE qe), 


ac 
i e of the form of polynomials in c whose coefficients, apart from certain 
determinate constants, are periodic functions of the first kind having « o for a 
period, 
IL Ifa linear differential equation has the above form it always possesses 
at least one integral which is a periodie function of the third kind. The total 
number of linearly independent integrals of this kind is always 
Zutat... Am | 
where à, e and the fundamental equation À = 0 have the meanings assigned to 
them above. 
IIL There exists a findninental en of integrals consisting of 
l λιΓλ Γ... "Ἔλα 
periodie functions of the third kind and: in addition n — (44 +”... F An) 


functions, which are each of the form of [a polynomial in x whose coefficients 
A — het 
are periodic functions of the second kind, all having the same multiplier] x e ™ 


-4. e. a polynomial in z whose coefficients are periodic functions of the third kind. 

IV. The different multipliers of the periodic functions of the second kind 
are roots of the fundamental equation. 

V. In order that the differential equation may have n ρω independent 
integrals which are periodie functions of the third kind, it is necessary ‚and 
sufficient that each root of A — 0 annul all the minors of A up to the order 
equal to the degree of multiplicity of the root. | 


‚Note sur les Nombres de Bernoulli. 


Par F. Qomes- TEIXRIRA, 


Professeur à l’Université de Coimbra et à l’École Pohcimique du Porto. 


Dans un intéressant mémoire intitulé, Some Notes on the Numbers of Bernoulli 
and Euler, publié dans le Volume V du American Journal of Mathematics, Mr. 
Q. 8. Ely obtieht au moyen des séries qui résultent du développement de tang x, 


de cot x, de sec?x, etc., quelques relations entre les nombres de Bernoulli et . . 


entre les nombres de Euler. Le but de la présente note est de signaler encore 
quelques résultats relatifs aux TEDE nombres qu’on peut trouver au moyen du 
développement de sec z, de (1 + ΦΥ, de sec?æ, ete. 
1. Considérons ics ia fonation 
= (14 ey. 
On sait que la dérivée d'ordre n d cette fonction est donnée par la formule 
“al 41 (+e) t 


N arg GIGI IP 
ola, β,... A représentent tous les solutions entières positives de l'équation : 
| m a+ 28+ 3y+...+nd=n; 
et où αι αμα 


Si on fait maintenant «= 0, on trouve 
MS ας sn Hu a "το 

wen) ἔα 

D’un autre cóté, nous avons 
gp»: — =(— ipm 





+ 1: 
et par conséquent 
al. 


2m)! 
Q) By > | “BT aT Al... ALT (ST. (n — ΤΑ’ 
étant noce .+(2n—1)2 = 2n — 1, i=a+B+...+2. 

Nous avons done une formule pour le calcul des nombres de Bernoulli. 
Cette formule fait encore voir que le dénominateur des nombres de Bernoulli ne peut 
contenir d’autres facteurs premiers que 2 et ceux de 2^ — 1, et que le facteur 2 
me peut pas y &re élevé à une puissance ee a n. 
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En effet, on sait par la théorie des dérivées d'ordre quelconque que la fonction 
numérique 





(2) (2n — 1)! 
alfl...Al(21) 81)... (2n — ΤΝ ' 
donne un nombre entier toutes les fois que a, ß,...A représentent une solution 


quelconque de l'équation 
a+ 98 + Sy +... + m — 1) 2n — 1. 

On peut encore envisager sous un autre point de vue, que nous ne ferons 
qu’indiquer ici, la formule (1). Elle établit une rélation entre les nombres de 
Bernoulli et les nombres (2), dont l'étude est importante parce,que ils entrent 
dans l'expression analytique des dérivées d'ordre quelconque.* 

2. Il est évident que chaque formule qui donne une expression de la dérivée 
d'ordre n d'une fonction, donne une expression correspondante des nombres de 
Bernoulli. Nous allons donc employer à cette fin la formulef 


i=n 
"= nl >> E feq) 


t=1 t E 
= E [ων — + (Wr). + e D Qui)" uk. η 
où ψ--/(ὸ, u= pl). 
Étant y= (ite) =u u=1+e 


nous avons ο | À 
Whe ! > — 1 - = D 
γί n: om ( , (1 ejt! 


EIN jose CE ut ue 


. Il faut Ted Em la dérivée d'ordre n de (1+ e*) ^, ce qu'on peut faire 
au moyen de la formule de Leibnitz, qui donne 


[αγ "=a re rre. Tn 


ou 





nl g=»? 
Sa BU cal 
où 5 représente Ja somme correspondante à toutes les solutions entières positives 
de l'équation a+B+y+...+2=n, 


le nombre des quantités a, 8, y, ... A étant à — k. 








* Voyez notre note sur les dérivées d'ordre quelconque dans le Giornale de Battaglini, tome XVIII. 
T M. C. Hermite, Cours d’ Analyse, page 59. 
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En posant «= 9 on trouve 


ende | 











où E ΄ : 
- - L i(i—1)...(£—k--1)2* 1 
ολ I ΕΙ | B SIBI. aM 
D'un autre cóté, nous avons | | 
Him = (— 1)" am. —i ; P7. 
par conséquent, u à η i e 
: pen n = vg = 
ο i tet cs 
ντ ο (G — E+) 1 
λα... Ok S ΤΠ" 
et πια 
Mais | l ; 
T GBS tit. ELEM 
. done 
(i—1)... G@—k4 1) 2 (i — E 
| A= Mc nn RE. 


- Nous avons donc ins des nombres de Bernoulli : 
ON WE sey me ανα, 


où k et 4 doivent recevoir debes les valeurs entières et positives depuis 1 jusqu’à 
2n — 1, et k doit aussi recevoir la valeur zéro avec la condition de substituer 
alors le facteur | $6 —1)... (i—E-4- 1) 

m k! : 








par l'unité, 2 . | 
3. Des expressions analogues à (1) et (3) représentent les coéfficients du 

développement de (1 +e)?” en série. Les résultats qu'on obtient alors en 

. faisant usage des nombres de Bernoulli sont bien moins simples. . 

les coéfficients du développement de (1-- ο) ”, 

nous avons done premiérement la formule | 


υπ” Jy a GU Dos 1) 
Oma = 2 V tea rer. .Al(21).. o 


a + 98 -F3y +H... nA — ΕΟ „+A 





Cai 
- En représentant par 2 
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analogue à la formule (1); et ensuite la formule 
E i—99n-—1 


Con == (2n — 1)! 2 jy, 2RD. (p-E$—1)4 


tei! 








«δες jy ED Gt DREH 
: | ki 


duris à la jue (3). 
4. Considérons maintenant les nombres de Euler. On peut calculer ces 


nombres au moyen d'une formule analogue à la formule (1). En effet, 
l'expression analytique de la dérivée d'ordre n de y — (cos æ) tpar rapport à x 


est ; > π π 
esa (2+ %) cos (+ 25).. . cos (eg) 
αἱ 81... A1 (219 (81)... (n1) cotta 





Nous avons done 


πο enu 
(2n)! 41 cos g COS 2— .. . CODN Ὁ 





4 En = & (— 1) 
(4) male) a!ßl...al(al (81y. (aly 
ola, B, ... A représentent toutes les solutions entières positives de l'équation 
a + 28 + By +... + 2ηλ = 2n 
et .-i=a 8-4... A. 
Cette formule est encore plus simple que la formule (1) parce que 
Sog" ^... cog? 2 7. On = = EN 
608" > 2... conan = = 0, ou = + 1, ou = — 1 
suivant les valeurs de a, ß,...A. 


On peut aussi calculer les nombres de Euler au moyen d'une formule 
analogue à (3), mais qui est moins simple. En effet, en posant 
y = (cos x)’, 
nous avons io --ᾱ € 
E, Lm 4, 


i=1 





ki de ᾿ a nt 
A 2 (— y. i6—1).. ERU ce 9 cos 3 yes cos 2 
al Bl...2! 
où | atB+...-a= 2M, 
a, B,...ne devant recevoir que les valeurs pairs. 


. 5. Considérons maintenant la fonction dont M. Ely s'occupe principalement, 
à savoir y = (cos x) 2, 


κά 


ha : . B 
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pour la i developper en série. Nous avons premièrement 
n! p(p-l-1).. (pH) (+ Del 4-24 5) EM 
al Bl... AND C. (n D. cos? ta 


et par conséquent, en appelant Can le coéfficient de ai dans le développement | 





y= X(— 1). 





considéré, nous aurons- _ 


I +42. «(ο 1— 1) eost Z 0025... on 





C — X(—1* al ß!l...Al(2lp@l)r.. (e 
oà |  .a-28-F3y 4... δηλ cz 2n, i=a+B+.'.+a, 
él οκ ee ee er 
suivant les valeurs de a, B, .. . A. 


Cette formule va nous conduire à un site important. 
En y posant p= p’+ 1, et remarquant que, comme nous avons déjà dit, 
(2n)! | : 
EI Eger ten Zee : 5 
„est un nombre entier, et que 


pP(p+1)... (p +i—1)=(p'+1)(p'+2).. (p ++) = multiple de pela 2. 


nous avons Oin = multiple de p + Zu, 
ou le théoréme : 
(5) . Orn = E. (mod =p — 1). 
De cette congruence il résulte que le-théorème de M. Lucas, à savoir 


NE Bn =/Bingp—1 (mod =p) 6 ΠΠ 
8. &ussi lieu pour les T Ozn, C'est-à-dire que PS 
Osn = (— 1), ων d: 
Oan Ot C, 4p—1 étant les coéfficients da développement de (cos x) (» +», 
De la formule (5) comparée avec la formule (11) de la mémoire de M. Ely. 
on tire la ο ; 
cn [Eat St: Baga Fe. + Ce b + Ent pi] = En 

où δι représente la somme des combinaisons de 13, 35... (p— 2) nàn et où 
_p—1 | 

= 


PORTO, 2 Janvier, 1880. 
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A Memoir on Biquaternions. 


Br Artur Bucuugm, M. A. 


Clifford's “preliminary sketch of see contains an outline of & 
calculus devised by him for the analytical treatment of the theory of screws. 
Besides this: sketch there are four fragments dealing with the same subject. 
Clifford’s object was, apparently, so to extend Hamilton's quaternion calculus 
that it might afford the same help in the study of the screw (that is, of the linear 
complex), as in its original form it affords in the study of the point and straight 


line. This end he attained by the invention of the biquaternion. Hamilton’s 


biquaternion was a quantity of the form g + /—1 g', where g, g are quaternions 
with real coefficients: modern analysis, however, considers all quantities as 
complex that are not expressly assumed to be real, and accordingly it is unnecessary 
to give a distinctive name to a quaternion with complex coefficients. Olifford's 


biquaternion is also a quantity of the form g + og', where g, g are ordinary 


quaternions, but o is no longer a scalar: it is an operator, commutative with all 
other operators, and such that its square is a scalar. This being so it appears 
that a bivector represents a motor (screw), and that a biquaternion represents the 
quotient of two motors, that is an operator which changes & given motor into 
another given motor. 

In the first part of the “ preliminary sketch” Clifford gives these charus, 
and also defines the operator o: the definition gives a? — 0: when we come to 
consider the biquaternion we are stopped by a difficulty which, we are told, can 
be explained by considering our geometry as & particular case of & geometry in 
which that difficulty does not occur. We now come. to the second part of the 
paper: here we have, first of all, an explanation of the fundamental conceptions 
of the non-euclidean geometry: this is followed by a statement, for the most 
part without proof, of the fundamental theorems in the geometry and kinematics 
of elliptic space. The operator o is next introduced by a definition giving o*— 

You, VII. 


u 


ng 
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and then by the introduction of two new symbols we are enabled to write the 
biquaternion in a form which does not present the difficulty that stopped us in 
our consideration of parabolic geometry. The rest of the paper consists of 
investigations of some of the fundamental formule in the theory of elliptic space.. 

Of the fragments above referred to, two contain nothing that is not in the 
. * preliminary sketch"; a third contains the beginning of an investigation of the 
motion of a rigid body in. elliptic space: in this the ideas of the "sketch" are 
employed, and the velocity-system of the body is represented by a bivector. 
Lastly there is a fragment in which two problems of the theory of screws are 
considered: the first problem is that of finding the axis of a given screw, and 
this is completely solved; the second must, I think, have been the investigation 
of the.cylindroid: all that is preserved is an expression for the axis of the sum 
. of two screws whose axes intersect at right angles, and for the angular distance 
of this axis from the intersection of the other two. 

There are, besides, a few notes dealing chiefly with the geometry of elliptic 
 Bpace. i 

In a paper “On the application of the Ausdehnungslehre and of Quaternions ` 
to the different kinds of uniform space ” published in the Cambridge Philosophical 
Society’s Transactions, Mr. Homersham Cox has-added the value of o? for hyper- 
bolic space to what had been done by Clifford, but though his paper is interesting, 
it cannot, I think, be considered.as containing any new development of Clifford’s 
calculus. : 

I have considered the case of elliptic space in a paper, “Qn the Theory of 
Screws in Elliptic Space,” published i in the “Proceedings” of the London Mathe- 
matical Society. In this paper I solve the fundamental problems of the theory’ 
of screws, and prove most of Clifford’s theorems: but the methods used are 
Grassmann’s and not Clifford’s. ` In the present paper I give what appears to me 
to be a tolerably complete development of Clifford’s calculus, in the hope that, 
if it serves πο; other useful purpose, it may at least have some interest as a 
commentary on the “ preliminary sketch.” 

Starting with the definition of a biquaternion I investigate the fundamental 
metric functions: I then consider the analytical problems answering to the 
elementary problems in the theory of screws, and give some formuls relating to 
parallels. In all this I consider the general biquaternion, and there is no attempt 
at geometrical interpretation. The results of this first part are used in the second 
part, where they receive a geometrical interpretation. 
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‘It will be seen that I have found it necessary to introduce several new 
symbols: this is to be regretted, but it was quite unavoidable. One of these 
symbols is of such fundamental importance that it will be worth while to consider 
it here. - I mean the e which occurs in all the formule when developed : this is 
defined by the equation o? = οὖ: in. elliptic space we have e— 1, in parabolic 
space e= 0, in hyperbolic space e= #— 1: this quantity e is in fact the 
reciprocal of the radius of curvature of the space: it is the 1/4 which occurs in 
Lobatchewsky’s formula: it is only by the introduction of this scalar that the 
formule, can become applicable to the three kinds of space. 

Another change that I have made calls for some remark. I differ from 
Clifford in representing the point not by a vector, but by a biquaternion: the ' 
result is that the biquaternion represents all the forms that occur in a space of 
three dimensions as well as their quotients. Lastly, I remark that the operator 
o is essentially a matrix. 


Part I. BIQUATERNIONS. 


1: The Biquaternion. 

The whole theory of biquaternions depends upon the introduction of & 
symbol o of which the geometrical meaning need not at present concern us: all 
that we require to know is that in all combinations.it may be treated as if it 
were a mere scalar multiplier, and that its square is a scalar. This scalar I 
denote by &. 

The biquaternion Q is defined 22 the equation 


) 


= q+ of, 
where q, g are ordinary ον. 
It follows that ως = eg + aq. 
It is convenient to denote g, ο’ by functional symbols involving Q, and accord- . 
ingly I write | _g=0Q 
d — 09, 
80 that :Q — 09 +Q, 
and then oQ-—e0Q-FoOg. 
We can therefore say that O(oQ)— @QQ | 
Q(oQ)- VQ. 
‘Now take two biquaternions : =q + og 
=r + or. 


Then = Gr + er) og qn). 
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Therefore Ἢ ' U(QR) = UQ.OR + éQQ.OR 
Q (QR) = UQ.QR +QQ.UR. |. 
These equations are of fundamental importance. 
| “Let À = a + ob be a biscalar: then 
(a + eb)(a — ab) = αἳ — e», 


ος. . PET ob. - a= = -— 
Therefore ^ . Lin a ωῦ 
= | ato a 
2. Dae: 


In all that follows I use Hamilton's symbols SVK in their ΠΠ sense, I 
also use his N to denote QKQ.. T is not used here to denote the square root of 
this, and is defined belów. ; | 

‘We obviously have XQ = XOQ + oXOQ, or 

2 OX = XO 
OX = ΣΩ 
if y denotes S, Vor K. 

I now define all the metric functions used in this paper. 

Q being any biquaternion I write 

| TQ — + VONQ = + VO(QKQ) 
so that - TQ-—O0QOKQ-J-eé0QOKQ 

E. = 09K(0Q)-réQQK(QQ) 

= N(OQ) + eN (QQ) 
Two biquaterhions Q, R determine three angles defined as follows : 

cos (QR) — OSQKR (5) 

sin e [QR] = eQ8QKR (+) 
in {QR} = TVQKR Bx 
- Divisor = TQ. TR in "à cage. 
I write [9] for [Œ]: we have by definition 
va l NQ = PQ(1 + or sine[Q]). 

We have NV (QKR) = NONE — S'OKR. 
Therefore ONV (QER) = V (NQONR) — OS? (QKR) 
= UNQ.ONR + éQNQONR — (USQKR) — e(Q.SQKR, 

or r POPR sin*f QR} =(1 + sin e[ Q] sin e[R] —cos (QE) —sin'e[ QE ]) T QT* R. 
Therefore is QR} = 1 + sin e[ Q] sin e[R] — cos (QR) — sin*e[ QR]. 
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T either [Q] or rR] vanishes, and FOR] also vanishes, we get 
| sin? f QR} = 1 — cos (QR) 
{QR} = (QR). 
I now define as follows: 
(QR) is the M" of Q, R 
[QR] is the moment of Q, R. 
f QR? is the distance of Q, R 
[Q] isthe pitch of Q. 


3. Axes. 
À ον of zero pitch is called a special Bigunternions that is, R is a 
special biquaterhion if Ὃ UNR = 0. 


Let Q be any biquaternion: then & special biquaternion R such that ϱ-- AR, 
"where À is a biscalar is called an axis of Q: it will be seen that the determination 
of the axis leads to a quadratic equation, so that in general & biquaternion has 
two axes, and it appears that they are of the form R, oR. 





We have: R=40 
and «4 must be determined 80 that 
| QNR = 0. 
That is QN(4719) = 0 
or — : Q (ANQ) = ο. 
Therefore . . divi Q + 04^ Q0NQ = 0. 
But if f =a-+ ob 
| ` ja α-- .. 
f= Baap . 
d a? + eb? — 2wab 
Ten C 
Therefore we have o= ο + PJAN — 2αδ0 Ν Φ : 
or Pd | 2ab  — 9NQ 
a’ + ¢ +e ENQ 
= i sin e [ Q] 
nn sap nelo]. 
This is obviously satisfied by . ον EM ` 


& 


b=etsine + 
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And here I stop to make a remark of some importance: all biquaternions are 
only determined to a scalar factor pres, and therefore we can take the values just 
written as the actual values of a, b. I now introduce two symbols which are 
constantly used in the sequel, viz. I write 


es p =e sin ep 
ec φ = cos ep. 
I also write $ for [Q] the pitch of Q: we therefore have 
a = ec £ 
. b — es T . 
And then . . a? — ep = eco. 
We therefore get Q= (ec 5 Har ds 5) R, 
ec ok = (ec $—o es £) Q. 
Thi gives ec 9.oR — (— & es S. o ec 5) Q, E 
and it can be immediately verified that | | 
ane 
— e eg g' 995 


are the other roots of the equation giving 5 and therefore, as was stated above, 
the two axes of Q are of the form R, oR. | | 
There is an important case in which the investigation fails, viz. the case in 


Ir 
2 
the axis becomes infinite: the fact is that, as will be seen below, the axis is 
really indeterminate. 

Let Q, Q' be two biquaternions; R, R' two of their axes, and $, $ their 
pitches. 


which es $ = + e! or ej = E or —: we have ec $ = 0, and the expression for 


Let Q= AR 
Q = AR 
we have ΑΞ ους toc: 
disse. docs 


9 9 


or 
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Therefore 


or 


2 2 
4. Vectors. 
I now introduce two operators, £, 7, defined as follows: 
1 -- 6 τω 
1-6 τω 
n — 9 








-Α--1-!-ωθβφ 

AA! = eof E +o es TF 

NQ = ANR. 
Therefore : TQ = DADNR 

= UNR 
= PR 
since QNR = 0, by definition moreover 
QKQ = AA. RKR. . i 

Therefore | OSQKQ' = OAA'.OSERKE + OAA.QSRKR' 





cos (QQ) = arzt . cos (RR) + 45. es nn es [RE]. 
We have also  QSQKQ = OAA.OSRKR + QAAOSRKR 
sin [QQ'] = ec Er [RR] + es EFF eos (RE) 
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It is important to notice that, like o, £ and η can be treated as if they were 


mere scalar multipliers, 
We have 


Similarly 


“Moreover 


.1-4-2«o-- 6? o? 





4 er 
14-2 o 4-1 
CE 4 
deo 
2 
=n c 
foe cbr C2) 
tow 
Es 4 


= 0. 
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If £Q — 0, Q is called a £-vector; if nQ — 0, Q is called an y-vector, as 
the word vector when used in this sense is always accompanied by a reference to 
the two species of vectors there need be no confusion between this kind of 
vector and the ordinary vector of quaternions.: 





. We have polt Q. 
Therefore . | QEQ = zen . 
If Q is a £-vector we must have iro s OE£Q = 0: these equations agrée 
in giving QQ = — VQ. 
Therefore Q=(1— c UQ 
= 2509. 


Therefore any £-vector can be written in the form πῶ: and in fact it is obvious 
that nQ is a &-vector, because £y = 0: in the same way any s-vector can be - 
written in the form £Q. It is as well to notice that in these expressions, £Q, 
nQ, Q is a simple quaternion, not a biquaternion, and that, if R=E£Q is an ` 
y-vector, we have | Q-—20R, 

and this is of course also true if R=nQ is a £-vector. 

Any biquaternion can be written, and in one way only, as the sum of a 
£-vectór and an 7-vector. Let Q bea given biquaternion, then if we are to have 
Q=R+S 
wie Risa E-vector, and S an #-vector, we have also 
l e loQ-eoR-Fea8 


* =—R+S, 
by definition: therefore ^ > S= Q--c'oQ 
= £Q 
and ms KR -—Q. 
‘Therefore » . Q=nQ+EQ 


is the only decomposition of a biquaternion into a £-vector and an y-vector: it 
is obvious a priori that this is such a and what we have proved is 
. that there is no other.. 


‚At the end of (4) it was stated that if [Q] =~ ; Or Eg we cannot; find the 


axes of Q: I show now that this happens if Q is an. Κον. or a E-vector. 
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Let £g be any y-vector: g being a simple quaternion. 


We have N (Eq) = £g. KEg 
= Eq Κα 
= E(Nq). 
Now QNQ = 0 because Q is a simple quaternion. 
Therefore o N 
: | (Eq) = 7 
à i 
. An =. 
Therefore ; es [Eg] =e? 
sin e [Eg] — 1 
To 
[Eq] = = te 


In the same way we get eae == 
It should be noticed that if Q — £g is an E we have εο-- ο, and in the 
same way if Q = ng is a £-vector we have nQ = Q; and, conversely, it is obvious 
- that these equations Q = £ ο, Q= nQ define Q as an n-vector or a E-vector 
respectively. | 
Let £g, nr be two vectors of different species: we have - 
Eq. mr = En. qr 
-- 0, . 
This of course breaks up into a scalar and a vector equation: and we can say 
that if Q, E are two vectors of different species we have 
YQR—0 Ἢ 
SQR = 0. 
Each of these equations breaks up into two, giving two vector equations and 
two scalar equations; the scalar equations give | 


(QR) == 
[QE] = 0. er 
δ. Parallels. 


Let Q, R be two biquaternions: then, if £Q — ER, Q, R are said to be 
£-parallel : ‘if nQ= — RF they are said to be y-parallel. All£-vectors are £-parallel, 
and all 4-vectors are „-parallel. If two biquaternions are both £ (η) parallel to 


the same biquaternion they are £ (n) parallel to each other. _ Since all biquater- ΄ 
Vor. VII. 
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nions are only She to a scalar factor près, so that AR is the same as R if 
λ is a simple scalar, we can say that QR are parallel if EQ=AER, or if πο nR. 

If Q is both £-parallel and - -parallel to R, Q is of the form = ur unk: if 
we have EQ = ER, nQ = nR we have 


Q=ËÉQ+nQ | 
= ER + nR . | 
= R - 
and the two biquaternions are identical. Now let 
EQ — AER 
nQ = unk. 
Then . | : Q=EQ +n | 
| | = AER + unk. 
This gives | ο r+ TER op 
Conversely if we have Q = a E + bok 


where a and b are scalars, Q is £-parallel and η- -parallel to R. 
To prove this I observe that — - 





£o = an Q 
e + ta? 
2 
το, w +e 
™ 9 
Similarly . χῶ = —en. 
Therefore if : ` Q=ak + δω] 
| iQ ας + BfoR 
| me = (a + be) ER 
and = (a — be) nR. ` 


Therefore, as was stated above, ie is £-parallel and s parallel to R. In particular, 
it follows that the axis of a ως is &parallel and »:parallel to the 
biquaternion, 
Now let £r be an n-vector, and Q any biquaternion: we have i 
re Qe (EQ +09) Er 
= £Q.Er. 
- Similarly if Q is any other biquaternion, 


Q'Er = EQ.Er. 
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Therefore if Q is £-parallel to Q so that EQ = £Q' we have 


Q.£r = ϱ.ἔν. 
In the same way if Q is 7-parallel to. Q' we have 
: Q.nr = Qnr. 
If we have ; EQ=ER " 
wegeb —— NEQ= xN (ER). 
But | NEQ=EQ.EKQ 
=£QKQ 

| = £NQ. 

Therefore U(NEQ) = ENQ z ON Q 


Q(NEQ)— οσο. . 


Therefore we have 


Τ30 (1-Fsine[Q]) = T*E(1 +sine[R)). 


In the same way if EU=EW 

. TU(-sine[U]) = ΤΥ (1 4- sine[W]). 
Moreover : E(QKU) =E (RKW). 
Therefore 


TUTQ (cos (QU) -- sine[QU]) — TRIW (cos (RW) + sine [RW ]). 
Therefore, finally, 





ew(QU)--sine[QU] ᾽ — ce(RW)-sne[RW] | 
Fein e[@ Fsm ο[ ΤΙ — At sin eL R]*-(1 Feine WD 
If aQ + boQ + cE + doE — 0, 


and Q, R, oR are not connected by a linear relation, Q, R are either £-parallel 
or 4-parallel: this can only be the case if ® = 1. For operating with o on the 
equation aQ + boQ + cR + doE — 0 
we get aoQ + ὃ + cok + δά} = 0. 


Substituting for o Q in the first equation from the second we get 
ebd eb 
o(a) r(t) +ar(a 2 = 
ο by what was stipulated as to Q, R, oR, 
a = &b 
ac = & bd 
ad = be. 
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The first equation gives a= + eb: substituting in the second and third we 
get either a = 0, e = 0 (this case will be considered below), or 
e — + ed 
d= +e. 
These equations are inconsistent unless ® = 1: assuming this to be the case, and 
substituting, we get | 
| ἐπ 0. 
g ded PR -ο. 
That is Q, R are either £- m ΟΙ η- ΜΉ 
If we have a — 0, e— 0, we get 
- boQ + cR. + doR — 0, 
and then operating with o we get c — 0, and the equation reduces to 
boQ + doR-—0. — 
Now ife=0, 229=(1-+ co) Q becomes oQ, and 25 Q becomes — 26 1ω6): 
therefore the last equation is 


That is 


Qta? R. 


Therefore the theorem holds in this case UN except that the two ze of 
parallelism coincide. 

In the other excluded case in which we have a relation 

| aQ + bR +coR= 0 | 

we get the case considered above in which Q, R are both £-parallel and y-parallel. 

Therefore we can neglect all distinctions of cases and say generally that 
Q, E are parodie] if there is any relation of the form 

aQ + bQ + cR + doR = 0. 

I now prove that, as was stated above, the axis of a vector of either species 

is indeterminate. Let £g be a vector: R an axis: we are to have 


£q = ak + bok. 
Therefore 0 = Eng = ax E — bn. 
Therefore a = eb. 
Therefore £g = a(1 + € lo) Β. 


Therefore E may be any special biquaternion satisfying this condition. 
Therefore, the axis of an y-vector is any special biquaternion £-parallel to 
it, and the axis of a £-vector is any special biquaternion -parallel to it. 
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6. The Oylindroid. 
Let A, B be two biquaternions: they determine & linear κ infinite 
series of biquaternions AA+uB where A, u are scalars: this set is called a 
cylindroid, so DS if 6 is any biquaternion of the cylindroid (4, B) we have 


0 — 24 + uB. P 
Every cylindroid contains two special biquaternions (v. def. in (3)): for we have 
C — 24 + uB. 
Therefore KC -—AKA + “KB 


NC = CRO = XNA + ?2AuSAKB + NB. | 
Therefore if C is to be a special biquaternion, so that ONC = 0, we must have 
Ris + en + ura = 0, | 


ge [4 + fa n AB] + 7 en] co. 


This purs determines the two values of À — corresponding to the two 


or 


special biquaternions: if A, B are special binen and such that [AB] = 0, 
the equation is an identity: every biquaternion of the cylindroid is a special 
biquaternion, and it can be ess at ο. > that we have also [AC] = [BC] — 0. 
The roots coincide if [AB] = e^! sin” 

Every cylindroid mg in ule iwi biquaternions C, 6, ἡ satisfying the 
two conditions SCKO'= 0. 


Let ΟΞ- 14 +uB 
"O0 m XA B. 
Then SOKO! = ΛΙΝΑ + (ut + Xu) SAKB + ug NB. 


But we are to have ΩΦΟΚΟ' = DSCKC = 0: therefore 

AMO ΝΑ + Qu + Vu) OSAKB + uw ONB = 0 
i . ANQNA + (Au! + Au) OSAKB + uu'ONB = 0. 
Therefore " La are the two roots of 


p 
— 2 g? 
XA OSAKB UNB 
QNA  OSAKB QNB | 


Every eylindroid contains, in general, two biquaternions C, 0’ such that 


| = FC = 0, 
If | = ΛΑ + uB 
we are to have. Ἢ 0=UNC 


= UNA + 22:0 8AKB + y "NB. 


P 
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This is an identity if TA = TB = 0, (AB) = ---: the roots coincide if (4 B) —0. 


If a cylindroid contains an infinite ms of special biquaternions, or 
an infinite number of biquaternions whose tensor vanishes, it contains an 
infinite number of pairs such that SOKC'=0. This is obvious. from what 
precedes, | | 

Let Q, E be any two biquaternions: we have ` 

V(AQ + wh) Κ(λ' Q + wR) = (au — Xu) VORR. 

Therefore VOKR is the same (to a scalar factor près) for every pair of biquater- 
‘nions of the cylindroid (Q, B" this bivéctor VQ is called the axis of the 
cylindroid. 

 If£Q-—EE-U we have EVOKR = V(EQ. EKRj— VUKU= 0: therefore 
if two biquaternions are parallel, the axis of the cylindroid they determine is a 
vector of the same species as the parallelism. Moreover, if P = AQ + uk we 
have EP = A£Q + u£R = (A+ u) U: therefore all the biquaternions of the 
cylindroid aré parallel. E u | 

If EA = EB, EC = ED, we have 1 

| ~ E(AKO) = E(BED), 
and therefore EV(AKC)=£V(BED). 

Now if E, F are two biquaternions of the cylindroids (A, C), (B, A 
respectively, and such that | E= 24 + uC 


| F — AB + uD. 
We have EE — DEA + u£C 
—AEB-FuED > ue 

< = ẸF. 


Therefore to every biquaternion of one cylindroid corresponds a parallel 
biquaternion of the other cylindroid: we may therefore say that two. parallel 
pairs of biquaternions determine two parallel cylindroids, and the axes of parallel 
cylindroids are parallel. In all that precedes £ stands for £ or n. 


‘Part IL. (πΟΜΕΤΑΥ. 


In the first part we have considered the analytical theory of the biquater- 
"nion, apart from any interpretation. In the second part we make use of the 
results of the first part, and interpret them geometrically. The greater part of 
the first two sections of Part II is foreign to the object of this paper, which is 


Bvouugm: A Memoir on Biquaternions. 307 


the development of metric geometry from the definition of the biquaternion : 
but they will, I think, make the rest of the paper more easily intelligible. 
For convenience the sections of the whole paper are numbered consecutively. 


7. The Absolute. 


Suppose the tetrahedron of reference self-conjugate with respect to the 
absolute ; and suppose, moreover, that the ο. of the absolute is 
δ (α }- y +) +0 -- 
then the plane-equation is /? + m? + πὸ 4- ep? — 0, aad the line equation (the 
condition that a line may touch the surface is /? + g ++ d +2. {- οὴ-- ο, 
we know that in elliptic space the absolute is 2? + γ᾽ + + — 0, and that in 
hyperbolic space it is ὦ) — (αἳ + y + 2) — 0: in parabolic space the absolute 
becomes a-plane conic (an infinitesimal quadric) in the plane at infinity, so that 
its point equation is (const. = 0. if (const.) = 0 is the plane at infinity, and its 
plane equation is /? + m? + nè? = 0: we therefore see that we can represent the 
three geometries by taking for the three equations of the absolute 
e (α} + 1’ -- 2) --ως--0 
Lym HH ep 
P -- ο +R + εἳ (αἳ + δ) +) = 0 
with the following stipulations. 
I. In elliptic space e= 1 
: In parabolic space ®= 0 
In hyperbolic space & = — 1. 
II. In parabolic space ὁ = 1 for all points at a finite distance and p = 1 for 
planes not passing through (0001). 
III. In parabolic space a line is considered to touch the absolute if it meets 
the “circle at infinity”: for the absolute consists of this curve taken twice over. 
The generators of the absolute are the tangents of the “ circle at infinity”: 
each tangent represents two generators, one of each system. . 
If (a, B, y, à) is any point, its polar plane with respect to the absolute i is 
(δα, eB, èy, δ), and if (abefgh) is any line its polar is (fgh, da, eb, &c): and 
we can say more generally that this is the polar of the screw (abcfgh). 
If a screw is its own conjugate we must have 
a= Af, berg, c= ah, f= fra, g = eab, h= ere. 
This gives . AM X 
Aue 
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Therefore if a screw is its own conjugate its coordinates are of the form 
(He if, eig, teh, f, g, h). . 
If a line is its own conjugate it is a generator of the absolute and we get as 
the coordinates of a generator of one system 
(fi g, ελλ, J: 9; h) 
and as the coordinateg of a generator of the other system 
ef, — etg, —e th, f, 9, À). 


8. Interpretationa. 

There is in three dimensional space a o? series of points, a o? series of 
planes, a οοὗ series of screws (motors, linear complexes): the line is a particular 
case of the screw, and need not, at present, be considered separately. The 
biquaternion g + ag’ contains eight scalar constants, but it is determined (not 
but by their absolute values but) by their ratios: there is therefore a «7 series 
of biquaternions. Therefore, there is a c»? series satisfying four scalar conditions, 
and a οοὗ series satisfying two conditions: therefore we can make a biquaternion 
satisfying four conditions represent a point or a plane, and a biquaternion 

satisfying two conditions represent a screw. ^ 

These conditions are chosen as follows: The biquaternion q + og’ represents 

a point if Vg=0, Sg = 0 
a plane if Sq = 0, Vg = 0 
l a screw if Sq = 0, Sg = 0. 
Moreover, if (αβγὸ) are scalars, we say that 
| ô + o (ai + Bj + yk) 
’ αὖ + Bj + yk od 
represent the point and plane respectively whose coordinates in the system of 
(7) are (a8). l i 

Lastly the screw (abefgh) is represented by 

| (fé + gj + yk) — o (ai + bj + yk). 

I justify this by showing, in a single instance, that these determinations give 
metric formule agreeing with those in (7): the representation of a screw will be 
justified by the expression for a line obtained below. 

The angle and distance of two points are given by : 


| SSPKP' 
cos (PP) p pt’ 
: 2SPKP' 
sin {PP} = πρ TP 
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Now let 
P — ὃ + op — ὃ 4- o (ai + Bj 4- yk), P=% }- op =Y 4- o (af + Bj 4- yk), 
we have ' PEP = (ὃ + op)(9 + op!) 
= 65 — epp + o (pò — pô), 
| ῬΚΡ-- δ ep. 
Therefore cos (PP) = — t 25; 
an 99 + la + ββ' + r7). 





LE AQU PE PIRE δία’ ἠ- PE TIR 

But this is the known expression for cos PP with & + e (à? + @ + 5?) — 0 as 
the equation of the absolute. 

Moreover, we get at once [ΡΡ'] = 0, and therefore by (1) { PP} = (PP). 

Now, writing (ay) for at + 8j + yk, let 

| P= ô + ω(αβγ) 

be a point: then oP = é (aßy) + of. - 
. But this is the plane (da, 8, ey, 3) which is the polar plane of (αβγδ) with - 
respect to the absolute: therefore oP is the polar of P. In the same way if Q 
is a plane or a screw, we see that o Q is the polar point or screw with respect to 
the absolute. 

This is the geometrical interpretation of o referred to in (1). 


9. Lines. 

If P, P' are two points, the line joining them is the axis of the cylindroid 
(oP, P^): for this is the same for all pairs AP + uP, and for such pairs only: 
but AP + uP’ is a linear œt series of points containing P, P': therefore it is the 
points of the line (PP’): therefore V(oP. KP") can be taken to represent the line. 

We have, if P=d+ op, P' Y + op 

V (oP..K P") = V(ép + ωδ)(δ' — op) 
l = — do Vpp' + & (pl — pô), 
or, dividing by e, the line joining PP’ is 
` pò — dp’ — o Fpp. 
" This is a bivector (a + œa’), and we can verify at once that Suo! = 0: therefore 
a + oa! is a line only if Sax = 0, that is [a + oa] — 0; moreover it will 
appear below that if Saa’ vanishes, a + aa! is always a line. 
Vou. VII. 3 
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The conditions that a point may be on a line can be found as follows: Let 
ὃ + op, 9 + ap’ be two points on the line a + oa’: then we must have 





ρδ' — δρ = 
Ῥρρ' = — al. 
The required conditions are to be found by eliminating -(9’, δ), the first 
equation gives ο pi —a 
peu 
Substituting in the second we get — Vea __ y 
à $ 
or | - Npa — da = 0. 


This gives three conditions: we know that this is one more than we require, but 
it is convenient to keep them all, and indeed to add a fourth, obtained by 
operating with S.p, we thus get as the complete set 


Vpa, — da! = 0 
. Spa = 0. 
If we operate on the first with Sa we get the known condition Sao! = 0. 
The last condition gives p = Vue, 


-where e is some vector: substituting in the other we get 
Va Vale + da’ = 0 
or εδαα — a’ (Sae — à) = 0. 
This equation is possible, if, and only if Sac! — 0, and then it gives ô = Sas. 
^ This proves that a + oa! is a line if Saw = 0, and that any point on. the 
` line can be represented by. Sae + o Vae. ο 
Moreover it can be verified at once that the point 0 + oa is a on the line. 
To find the intersection of two concurrent lines, and the condition that two 
straight lines may intersect, let α--ωα, B + ωβ' be the lines: ὃ + op their 


intersection: we must have Spa! = 
| δρβ' = 0 
E Vpa — da’ = 0 
VoB — δβ' = = 0; 


The first two give p=xVa’/ß’, and then 
c V.o Vo/B' + i= 0 
x V.8 Va B’ + ὃβ' — 0 
or x (β' Saa! — αβαβ!) + dx = 0 2 
v (β' δα'β — a’ SBL) + 88  — 0. 
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Now Sao! = SBB! = 0, and therefore these equations are consistent if, and only 


if | : Sa! + Sas = 0, 

and then they agree in giving ὃ--αδαβ' 

; = — vsa b. 

Therefore we can take _ o Val B' + Saf! 

for the intersection of α + aa’, 8 + of', and the condition of intersection is 
Saf’ + δαβΞ-0. 


It can be verified at once that this is 


[ία + ea'((B + αβη] = 0. 


Therefore if Q is a bivector [Q1= 0 
is the condition that it may represent a line 
[eg] — o 


is the non that Q, Q' may intersect. 
In exactly the same way the conditions that a plane où $ p may pass through 
a line are Spa = 0 
ρα — δα = 0 
and the plane of two complanar lines is Va8 + ωδα/β. i 
If P= ὃ + op is a point, and dp gi + o3 is a plane, P is in II if 
δδ' — Spp = 0. 
Now consider the plane 
II = Vpa.— δα — apa’. 
We can verify at once that this plane passes through P and that if a + au’ is a 
line TI also passes through the line. That is, if A = P + oa’ is a line the plane 
TI is the plane (PA). If Ai is not a line II is said io be conjugate to WP with, 
respect to the screw A. 
Let p = (αβγ): let II = («'8'y) + ωδ': let a = (fgh), α’ = — (abe), we get 
ὠβθγδὴ--ς 0 h —g αγαβγὸ). 
— À 0 Tod 
pee cant 
--α —b --ο 0 
If ΠΠ’ are two planes, their line of intersection is the axis of the cylindroid 
(II, II): that is, if II = w + oe, IT = w + we, their intersection is 
— Vww + o (we — we). 
To show that this agrees with the former definition of a line I prove that if 
P, P! are points and both are in both of the planes III, that the line joining 
PF is the same as the line of intersection of II, IT. 


312 Bucuusm: A Memoir on Biquaternions. 


We have if P=3 + op, P'— + op 


Spa — de= 0 
Spa — δεξ- 0 
_ Spa’ — δέ = 0 
δρα — δε = 0. 


The first two equations give, if we eliminate & 
0 = δ' ὅρα: — δδρσ 
= Sw (pd — pô). 
Similarly the third and fourth give | 
zZ 0 = Sa’ (pd! — pô). 
Therefore pò — pS = s Vow, _ 
where x is a scalar. 
Operating with Vp we get 
— ò Vpp = € V.p Vow - 
= a (w Sow — wSpo’) 
= δα (ws — ew) 
or Vpp! = æ (me — σε). 
pv #2 Vo 
Vow! we! — ws 
which proves the theorem. 
It is obvious that O(Q.oQ) =E AQQ 


Therefore 





, 


Ω(Φ.ωφ)-- 099. 
Therefore OS(Q.KoQ) = @O8(QKQ) 
QS(Q.KoQ) = OS(QKQ): 
T (oQ) — «ΤΩ. 
These equations give cos (Q.oQ) = sine[QQ'] 


sine[Q.oQ'] = cos (QQ). 


Now let Q, Q represent lines: then since [Q@]=0 is the condition that 
QQ may intersect we can say that Q is at right angles to Q if it meets oQ: or 
calling oQ the conjugate of Q we can say that if one line cuts another at right 


angles, it cuts that line and its conjugate. 


10. Serews. 


We have seen that a biscalar represents a screw, and that a bivector repre- 
sents a line: therefore the axis of a screw Q is a line R such that 


Y= AR 


where A is a biscalar. 
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Let Q be another screw, I its axis, and let Q = AR. Then 
SQKQ = AASRKR. — 
. Therefore if SRKR —0, SQKQ = 0, and conversely, unless AA’ vanishes: 


but it can be easily verified that AA’ cannot vanish unless QQ’ are lines. 


Therefore if the axes of two screws cut at right angles we have (QQ) = EN 


2 
[QQ'] — 0; and conversely. 

Therefore if we denote the axis of the cylindroid (QQ) by RB we see at 
once (since S(Q.VQICQ) = 0) that the axes of all screws of the cylindroid cut 
the axis of R at right angles. 

It is worth while to show that the expression for the axis of a screw agrees 
with the known formule for parabolic space. 

We have, if Q — a + oo! 


ec o. = (e c£ —o es £) (a + ao?) 
= (a. ec £ — δα es κ) + a(a ecf — aest). 


Now put e= 0: we get ER aa À 
e,;,=1:85=5 
R=a+o(d—a: 2) 
Now g _— aa 
2^ Ta: 
Therefore Sad 





R=a + o (a — o 


which agrees with the quaternion expression I have given in Vol. XII of the 
Messenger of Mathematics, p. 130, if we write a for a’ and — ß for a. 


11. The Cylindroid. 


The word cylindroid is used in two senses: it means either the set AQ + uQ, 
or taking Q, Q' to be bivectors, so that their axes are lines, it means the surface 
which is: the locus of the axes of the screws of the set AQ + ug. 

I proceed to find the equation of the cylindroid. ; 

I premise that, as is easily proved, the six edges of the tetrahedron of 
reference are t, J, k, ωἱ, af, ak. | 

The cylindroid contains two screws whose axes intersect at right angles: 
take these as the screws defining the cylindroid, and their axes as edges of the 
tetrahedron of reference. | 
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Let the screws be À = fi + aoi 
: B= gj + δω]. 
Let Y= A4 + uB be any screw of the cylindroid: let Y= αχ + yoX be 
its axis. Then Er 
X = Afi + μα] +0 (^ai + ubj) . 
Y= A (f + day) + uj (gx + eby) + o (M (aw + fy) + uj (be + gy)}.. 
Therefore the coordinates of Y are | 
— A (az + fy), — u (bx + gy), 0, ^ (xf + day), — u (xg + by), 0. 
Therefore if the point (αβγδ) is on the axis we must have 
(i) λα (σα -- uf) +uB(xb+yg) =0 
(ii) A9 (xa + yf) — uy (zg.-- δν) = 0 
(ili) Ay (af + ay) + uà (αὖ + yg) — 0 
(iv) AB (af + day) — ua (ag + &by) = 0. 
We have to eliminate A, u, x, y. 
Eliminating A, u, first between-(i) (ii) and then between (i) (iii) we get, 
after a rearrangement of the terms, 
æ (gay + 636) + y (5 δαγ + 988) = 0 
a (aað ---/8Υ) + y (fad — δαβγ) = ο. 
Eliminating x, y we get the equation of the cylindroid in the form 
0 = (gay + DBI) fad — Pay) — (aad — fy bay + 988) 
= (a3 + B°) yò (Jg — dad) — aß (2? + ag — Vf). 
Now let 9, + be the pitches of the screws | 





, 2ea 
sın ed = we + fi 
sin ER 
2 Ga +f) 
cos v — f 





2 (ea +f) 
Therefore the equation of the cylindroid is 
| ec $ (OTE) + 87) yò — es 3 (6 — p'er + δ) ag = 0. 
For parabolie space this is - 
(a? + βὴγδ--.5--5 vag =o. 
Thus there is a factor ὃ, and putting ô= 1 in the other factor we get 
po 


/ 
> aß — 0. 
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But it is obvious from the expression for $ in the last section that’? 18 double 
what is generally called the pitch, therefore this last equation agrees with the 
known form for parabolic space. ? 





Writing a= B tan à 
y= etd 
ane = Bn ef 


we get from the equation of the cylindroid 
es oy = _ 84(9— eid(o—7).. n 29. 


- eed (v Fg) j^ 
Now we have . X=AA + uB. 
Therefore E | SAKX — ANA. | 
NX = NA. + wNB. 
SBKX = uNB. ` 
Therefore . cos (AX) = . L 
sin (AX yes JA E: rs 


Let (4X) — 1. Then es [-X] = eos? es [A] + sin?! es [B]. 

It can be shown that we have 

` Bin 2/.es $ (ø — 
NA a ited’ 

It is hardly worth while to stop to point out how these forum agree with 
the known formule of the theory of screws. 

Prof. Ball has* shown that the cylindroid can be represented in a. plane by 
means of a circle: the relation he uses is 

| (p—mrhtg-m,. l 
where p is the pitch of any screw of a cylindroid: z is the Hindi its axis 
makes on the axis of the cylindroid; and, P,, P, being the pitches of the two 
screws of reference, 
P,— £(P,-- P); m= £(P,— Pp). 

The general formula is, if y is the pitch of any screw of the ‘eylindroid, and - 

Φ, φ', y have the same meanings as before 


ς΄. κκ. ἁ op $— f. ? 
= et? αυτα μας (es y — eo). 


*Ball. On a plane dynamical representation of certain dynamical problems in the theory of a rigid 
body. 4 Proc. R. I. A., 2nd 8. 29. 
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This equation is got by combining the value of et 2) with the expression 
for the pitch of any screw in terms of l: it is not hard to show that this reduces 
to Prof. Ball's equation if we take e — 0. 


12. Vectors. 
Clifford says that the vector of either species answers to Hamilton's vector: 
it is worth while to see how this comes about. 
Let a + oo! be a bivector, and suppose it is to be an w-vector: we must 
have if a = (gh), a’ = (abe) | 
Sit gj + Ai + o (ai + bj + ck) = e (ai + bj + ck) + oe (fi + gj + ck). 


Therefore . f = ae 
g = be 
h=ee. 


Therefore in parabolic space, that is for e = 0, we get f = g =h = 0: that is, in 
parabolic space the vector is of the. form wa, which is a more precise form of 
Clifford's statement. 

13. Parallels. κ 

In this section we shall have to make more explicit use of the absolute than 
in what precedes, and the methods used will be mixed: partly biquaternions, 
partly geometricals, and partly algebraic. 

We must bear in mind the stipulations in (7), especially the third. 

Any straight line meets four generators of the absolute: for it meets the 
absolute in two points, and there are two generators through each point. 

A generator is either a £-vector or an n-vector (7); call these two systems 
E-generators and n-generators respectively. Two lines are parallel if they meet 
the same two generators of the absolute: there are two cases: the generators 
may be of the same species or they may be of different species. In.the former 
case the lines are said to be a-parallel: in the latter case they are said to be 
B-parallel. The conception of a-parallel lines is due to Clifford and Lindemann :* 
B-parallels are what is generally known as parallels. I proceed to find the 
conditions for parallelism. 

- The coordinates of any £- or y-vector are of the form 


(abe + ae, + be, + ce), 





* Clifford. Preliminary Sketch. Lindemann, 7 Math. Ann. . 
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Moreover, if the vector is a line, we must have 


af + bg + ch — 0, 
and this gives- α -Ἴ- ὁ) }- ο-- 0. 
We can therefore take a:b:c— i:coBS:sin S, 


and the coordinates of any generator will be | 
(i, cos 8, sin S, + ei, + e cos S, + e sin 3). 
Now we must stop to consider the distinetion into species. 
If a + oo! is an y-vector we have 


a + oa = e pss E) 


= ea + 6- 
That is a = eo’: now if (abcfgh) are the dem of the vector we have 
a= (fgh), a! = — (abe): therefore for an y-vector we have f=— ea, ete. 


therefore the coordinates of an y-vector are 
(abe — ea — eb, — e 
and the coordinates of a E-vector are 


(abe ea eb ec). 
Moreover . 


2 5 (a + on!) = (f F ea, ge, he, —a dc etf, —b 3 elg, —c+e'h). 


Now let (abcfgh) be any line: if it is to meet, the ᾽ generator 9, we must. 


have 0 — fi + g cos ἃ + A sin ὃ + eai + eb cos ο) + ec sin à 
= i (f + ea) + (g = eb) cos 8 + (h + ec) sin 8. 
That is the line A = (abcfgA) meets the £-generators, for which $ has the values 
determined by  £(4- ae) + cos 3 (g + eb) + sin ὃ (A + ec) = 0. 
Similarly A’ = (aU € f'g ;) meets the £-generators, for which $ has the values 
determined by i(f' + ae) + cos ὃ (g' + eb) + sin S(# ἠ- ed) — 0. | 
Therefore if A, A’ are to meet the same two £-generators these two equations _ 
must coincide, and we get 
a+f _be+g  ce+h = 
de--f' berg σε ^ 
That is nA = nA. 
That is A, A’ are »- επάχα[εῖ:.. 
In the same way if A, A’ meet the same two n-penerators they are £-parallel. 
It follows, from what was proved in (5), that parallel lines meet the same 
generators: we have now proved the converse of this. i 





Vor. VII. 
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What we have proved is that a-parallelism, as now defined, is the same as 
what we called parallelism in (5). 

I now consider the condition for β- ETE this is known to be that the 
: lines intersect and that their angle vanishes: I show how this comes out from. 
the definition given above, viz. that the two lines meet the same £-generator and 
also the same y-generator. Take the equation determining the.£-generatör. cut 
by a line, viz. (f+ ae) + cos ὃ (g + eb) + sin ἃ (A + ec) — 0. 


Write 2 cos $= a +> 
i 1 1 
2sin3=3(e— —) 
we get — 9x (f + ae) + i (a* + 1)(g + εὖ) + (A+ οο)(α”--- 1) — 0, 
or aj τ 22 (f+ ae) + fi (ᾳ + eb) — (h + ο)! = 
Say this is + 2Bx "RO ο. 
In the same way the line we U df! g'h) gives an equation, 


Al? 77 + 2B's +0' = 0; 
If the lines are ß-parallel the resultant of these equations must vanish : 
that is we must have 
(AC' + A'O — 2BB'y = 4(A0 — B)(4'C' — κ... 
We must remember that 
0 — af + bg + ch = af + Ug + d | 
We have 40— B= [i (g+ 8) + tagte) (f+ ae 
— (g + D} — (h + ec? — (F+ ae) - 
(PHPH eet E+E) 
ost say. 
Similarly Α0-- ΕΡΕ ^e 4+ Ye + οὐ δὴ 
ME 
` AO'+ A'0 — 2BB = ji (g + eb) + (A+ εο)} (i (g + aie (A! + ed)] 
HG 4) Qoa) iG d) Qoa] H a+ α " 
— 3 (- D(F + ο) + 2 (B + ee er) 
— 2(f+ ae(f +de) 
— 9 (ff! + gg + Ah! + ade + bbe + ede?) 
— 2e(chi+ dh + bg + bg + af + af) 
— 2Y — 2eZ, say. E 
Therefore we must m (Y+ eZ? = XxX” E 
OP c . FY+eZ= XX. 


A 


w 
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But the two lines must also meet the same n-generator : this gives another 
equation which is obviously got by writing — e for e: therefore we must have 


Y + eZ = XX' 
Y— eZ = XX. 
Therefore we must have ` Ζ--0 
Y= XX. 


But Z — 0 gives af + af + bg + bg + οἷν - eh — 0, 
that is to say, Z — 0 is the condition that the lines may intersect: and Y= XX' 
gives 1= Sf +99 +h + & (ad + bU + οὐ) 

(PE e EP PEL PALS + PEM att oT aay 
if $ is the angle between the lines. 

Therefore if two lines are B-parallel they intersect, and the angle between 
them vanishes. It is worth noticing that in parabolic space the condition Z= 0 - 
disappears, since both resultants only give 

Y= XY. 
Moreover, the condition for a-parallelism is 
fo dde 
F gf w 
which gives cos $ = 1: so that the conditions for the two species of parallelism 
coincide, as of course they should do. 

The investigations which follow are mostly ΗΓ of (4) on p. 192 
of Clifford’s papers, and of Note (i) on p. 642. 

Through any point we can draw two lines parallel to a given line, viz. they 
are the two lines drawn through the point, one cutting the two »-generators cut 
by the line, and the others cutting the two £-generators cut by theline. To find 
the locus of parallels to a given line drawn through the points of a given line. 
Let the given lines be A, B: suppose the lines are to be drawn »-parallel to A: 
then they must meet the two £-generators cut by A: but they also meet B: 
therefore they are one system of generators of a quadric and B and the two 
£-generators are three lines of the other system. 

Now B meets two n-generators: these also cut the two £- -generators: there- 
fore the quadric contains two £-generators and two z-generators: all its generators 
. of the one system cut B and the two £-generators, and all its generators of the 

other system cut A and the two y-generators. | 

Therefore one system of generators of the new quadric (call it the quadric X) 
consists of lines through B, 7-parallel to A, and the other system consists of 
lines through A, £-parallel to B. 


= co8 $, 
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Let ἕι, &, m, 7 be the two &-generators, and the two n-generators of X : let 
A, À! be two generators of E, of the same system as ἕι, ἕν: let B, B' be two 
À 4 & other generators, cutting Α.Α'ξι £j in a, α’, αι, To β, 8, yi Yas 
E & respectively : it need hardly be remarked that the figure is 
7 η .\ not supposed to represent the actual state of things, but 
only to show on what lines the points are supposed to lie. 
We have by the fundamental properties of a ruled quadric 
jaa! 2,25) = {BB Ys} 
if the |} denote anharmonic ratios: but αι, 23; Ya, Yz are the points in which ad’, 
BB cut the absolute. Therefore, remembering the anharmonic ratio definition 
of distance, we get aa’ = ββ'. MO | 
That is to say, any two parallels of one seu cut off equal intercepts on two 
fixed parallels of the other system. 
| Now consider the equation proved in (5), viz.: - 
cos (Qu) + sine[Qu] = eos (RW) + sine[RW] 
(1 + sin e[Q)A(1 + sime[u] ^ (1 sin e[R]}. (1 + sine[ WIN 
Let UVWR be lines, and let Q, U intersect, and also R, W: then we have 
-[U]- [Y] 2 [W] 2 [R] = [QU] 2 [RW] . Ä 
and we get cos (QU) = cos (RW). 
Then we can take U= W, and we get 
cos (QU) = cos (RU). 
That is to say, if two lines intersect, they make the same angle as any two 
parallels to them that intersect, and in particular, any line meeting two parallels 
makes equal angles with them... We see from all this that the geometry of the 
surface X is the same as the geometry of a parallelogram : for in a parallelogram 
we have two parallelisms, and every line of one parallelism makes equal angles 
with every line of the other parallelism, and two fixed lines of one parallelism 
make a constant intercept on all lines of the other parallelism : and all this is 
true for the generators of the surface X. 


e 


I shall now find the equation to the surface >, referred to the rectangular 
system used in this paper. 
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Let the line through which the parallels are to be drawn be the intersection 
of the planes ζω + my + nz + po = 0, Væ + m'y + na + pe0. 

Let a'4zc be a point on this line: (xyz) a point on the required locus: 
then, since the line joining the two points is parallel to a fixed line, and since 
(’y'Zo') is on the given line, we have a set of equations 

do + eyz — ey — o'x = λα 
— ez + y'o + ezz — oy = AB 
ey —eyzd-go — o'z ry 

ζω + my tng + po! = 0 

l'a? + my+n nz + po /— 

Eliminating A, 2’, y, 2, o' and writing abefgh for the coordinates of diei inter- 
section of the two planes we get 


Ω εἴ — ey --πα 
— e Q ex --ῃβ 
ey — ευ o —gy |=0 
ἶ m n po 
H m! n po 


or α[α (δα) a) + of (y+ 2) + (coh) (eie — γω) + (eb — g)(exy + 20)] 
+ B [b (£y? + οἳ) + eg (9 +) + (ca—f)(exy — 29) + (ec — h)(eyz + xo)] 
+y [ο (P? + ὦ) + eh (i? ^) + (ed — g)(eys — aa) + (ea — f)(x + yo)] 
= 0. 

It is worth while to see how this quadric reduces to a plane in parabolic 
space :: we have to put e = 0, and then there is a factor o, and 1 putting o= Lin 
the remaining factor, we get 

0 = a (a + hy — gz) + B (b + fs — Rx) + y (e + ge — fy). 

In this form we see that the plane contains the given line Geo), and 

writing it in the form 
0 = aa + Bb + yc + x (gy — hB) + y (ha — fy) + 2 (/8 — ga) 
we see that it is parallel to (αβγ), as, of course, it should be. 

Inow change the axes of reference, and take 

S = ro — yz = 0 
as the equation of the absolute, and . 
Z = ro — Ayz = 0 
- as the Sandi of the surface 5: so that the four common generators are 
(αγ), (22) , (oy), (o2). 
The polar of (x" y” g'o") with respect to S is 
χω" — yg! — zy" + ox" = 0. 
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Therefore the pole of (Imnp) is (p, —n, — m, 1). 
The tangent plane to X at (7 y'z o) is 

eo! — Ay? — Azy + ox . mise * 
Therefore its pole with respect to S is (a, Ay’, AZ, a’), and the line joining this _ 
pole to (t'y Zo), that is the normal at (xyz«') has = its coordinates the 








minors of | d'y zo 
x αὐ Ay Az ||} 
or (0, zz (1 — 2), ey (à — 1), 0, ‘yo(1—2), so (1 — 9), 


or dividing by (1 — 2) (0, zz, — zy, 0, yo, zo). 


. Therefore all the normals meet yz and qw; therefore through any point not on 
the surface we can only draw one normal (instead of six) to the surface: this | 


normal is the line through the point cutting yz, zo. 
The coordinates of the generators of Σ can be easily proved to be of the 
form ϱ, — p^ 0, Ap, À, 0) 
for the one system: call this the y-system. And 
l (— p, 0, £^ Ap, 0, 2) 
‘for the other system: call this the £-system. 
For the generators of $ we have, therefore, 
- (ps — 950,0, 1, 0) 
and (—p, 0, @, p, 0, 1): 
Therefore a line meets the 7-generators on. by 
| fp — gp +a +b=0, 





or | | gp — (a t f)p — 50. 
Therefore two lines are £-parallel if 
a 00... 
αρ g 


‚In the same way two lines are -parallel if 
a—f ο ᾖ 
deg UNO 
The normal at a point (zyzo) of E was nnd to be 
(0, a, — zy, 0, yo, zo). 
' Therefore the normals at S (nga), (dyda') are £- parallel if 








yo (on 
| 2 = ys (A) 
They are 7-parallel if (0 Ry εω 


AG | (B) 
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Now take equation (A): this asserts that the normals at all points of the 
intersection of (X) zo — Ayz with yo — uzx are parallel: and in the same way the 
normals at all points of the intersection of zo — Ayz with zo — vay are parallel: 
now I say that all these intersections are straight lines, and moreover that the 
systems (xo — aye, γω — uzx) are orthogonal, as also the systems (αω — Ayz, 
ζω — vgy), and that at every point of zo — Ayz the other two surfaces cut at a 
constant angle. : 

Consider the surface yo — uzx = 0: we have 


= Je 
— s . 
But we have also at any point of E, ao — Ayz, 0, or 
L ew d. 
| À 2 T 
Therefore at any point of the intersection of the two surfaces we have 
—)Ÿ 
. USAT 
Therefore the surface u = const. cuts the surface A = const. in two generators. 
determined b i Y, ΤΊ 
y 3x2. 


Moreover the surfaces have the lines (αγ), (zo) in common: therefore u = const. 
cuts A = const. in four straight lines: in the same way we can show that » = 
const. cuts A = const. in four straight lines, two being (zz), (yo), and the other 


iwo given by z y 
το 


Now to show that u= const, A — const. are orthogonal ‘Ihe tangent 
planes at 27/7 are ao! — ayz — Day + ox = 0 
— uzz + yo! — uw + ay = 0. 
Now the plane equation of the absolute is [p — mn = 0: therefore two 
planes (Imnp) (/'m'n'p) are at right angles if 
lp + Up — πον — m'n — 0. 
In the present case this is | 
0 = o'y — ur? — Aude + Ayo 
= (ay — uatd Y + 2), 
which is right, since o'y — ua? = 0. 
We can say more generally, that if we take any point on u = const. its 
tangent plane is at right angles to its polar with respect to À = const. 
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The same is obviously true for the surface » — const. 
Now consider the two surfaces f 

yo — uzx = 0 

go — vey = 0. 


— ux? + yo! — pea! + oy = 0 
— vgy — vyx + 20 + oz = 0. 
Therefore the angle between them is given by 
Ὅν, 
dude code τομ Zee 
2 (pala! — py Z vate! — vy 7) 
noo iso me ET 
^ 2» (Υω' — yz) 
Now, leaving out accents, we have 


Their tangent planes are 











-- y? 

m TZ 

l| 

— ry’ 

and therefore -- αἱ 
j rtg 


Therefore the numerator of cos à becomes 


a4 70, POL St 
τι, 


Ξ 2 (zo + γα) 


= 9A/pw (zo 4- yz). 
yz + sw 
yz — vw 

«14. 

—T . 
if ro = Ayz 18 the surface of the A-system passing through the point: therefore 
all we can say is that for all the intersections of three surfaces, 4 = const., 
-u = const, v = const., the tangent planes to the last two cut at the same angle. : 

There is another way of treating the theory of parallels, which should be 


Therefore ES 


noticed. 

If we take any two lines, Q, E, there are in general two lines meeting 
them both at right angles: for it is obvious from what was proved at the end of 
(9) that these are the four lines meeting Q, R, oQ, oR: it may, however, 
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happen that there is an infinite number of such lines: if this is the case we have 
Q, R, oQ, oR connected by a linear relation of the form 

aQ + baQ + cR + doR = 0. 
And then it ollow by what was proved in (5) that Q, R are parallel. 


14; Ripe nione. 
. If Q is any biquaternion its reciprocal is defined by 
Ki 
ο... πο 
where τὸ = (NQ) as defined at the end of (1). We then get 


= 


Now taking a, @ as two screws we have to see what the actual operation is 
which changes 8 into a: but this can obviously be done as follows: take the 
shortest distances of the axes of a, 8, move an axis of along them and make 
it coincide with an axis of a: then alter ΝΘ until it is equal to Να. 

And this operation is a biquaternion :-and we get an equation 

(a + ωφ)ία + 00!) = B+ 06": . 
and we have S.V(g + og \a + ax) =0. . 
We can say that a biquaternion Q can operate upon the bivector a if Sa VQ = 0: 
that is, if the axes of a cut the axes of Q at right angles. In this way, I think, 
we can get an explanation of a difficulty noticed by Clifford (p. 179). 
Clifford gets the equation ' m 
(q+ ar)(a + o8) — y + ob. 

Then the difficulty is that the expression “g +r does not denote the sum of 
geometrieal operations, which can be applied to the motor as a whole; and the 
ratio of two motors is only expressed by a symbol as the sum of two parts, each 
of which separately has a definite meaning in certain other cases, but not in the 
case in point." 

Now I submit that we have no more right to break προ + or into its 
components q, r and expect each to operate upon «+ of, than we should have 
to take the equation ga = y, to write g in the form 

a+ αἱ d yj + zk, , 
and to expect each of the three parts a, æi, yj, zk to operate separately upon a. 
Vor. ΥΠ. 


so that α/β is a biquaternion. 
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The cases are entirely analogous: a biquatérnion g J-or, considered as an 
operator, is one and indivisible in exactly the same way as the. quaternion 
a + αἱ yj + zk is one and indivisible when considered as an operator. 

Clifford says that the difficulty does not occur in elliptic space: this is.only 
because we can evade it by writing the biquaternion in the form £g + ην, and 

then we have (g+ χη)(ξα +78) = & (ga) + n(r8) and both quaternions can 

l operate if a, 8 are perpendicular to the axes of q, r respectively. If we say 
that two bivectors A, B are at right angles if SAB = 0, and if we call VQ 
(a bivector) for the moment the axis of RQ we can say that a biquaternion can 
operate upon any bivector at right angles to its axis, and changes it into another 
bivector at right angles to its axis. 

In this sense, the axis of α/β is the axis of the cylindroid (a2), and just us 
in bivectors the eylindroid takes the place of the plane, : so the axis of the 
cylindroid takes the place of the normal to the plane. 
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On the Syzygies of the Binary Sextie and their 
Relations. 


By J. Hanoi 


(D. The Irreducible Syzygies of the Binary Sextio, as far as the eighth degree, with the Linear 
‚Relations connecting Compound Syzygies, as far as the ninth degree. 

1. Following Prof. Cayley’s notation, “Tables for the Binary Sextie” 
(American Journal of Mathematics, Vol. IV, p. 380), the capital letters A, B, ... Z 
are used to denote the 26 covariante. These. are identical with those given by 
Prof. Cayley, with two exceptions, viz. J’ and R’, which are connected with them 
by the relations J' = BO — J, 8R/ = BK — 6Q +R. . 

The syzygies are as follows: 

Deg. Order. 
(5.16) AL+OH—DG=0., 
(6.8) AM—2ABE + B'D — BO —30J' — 3601 + 36EF =0 
(610 | AN— OK -- EG —0 
(612) — 8A'I —8ABF + 2ACE + BOD — O — 3DJ' + 27F* —0 
(614  AO—20L--3FG —0 | 
(614) AO—DK+EH=0 
(6.16) — AS/— ABO + 12A0F + 4075 + G—0 
(618) AK — ABH + AOG — 12DL -++ 18FH =0 
(6.20) ΑΕ -- A!BD — 2A'0' + 18ADF + 12CD? + 3GH =0 
(624)  A*F— A'OD + 4D! --H1—0 
(8) — 9AP--12ABI —3B'F + 4BCE — OM — 12EJ' + 108FI = 0 
(7.10) 19ΑΟΙ + AE? —3BOF + 40'E — DM — 9FJ' —0 
(7.13) AQ + 2EL — 3FK — 0 

. (119) AR — GJ! — 200 —0 
(7.12) ` 00 — DN — EL-0 
(1.12) ABK — B'H + BOG — 600 —12EL—18FK + 36HI—0 
(7.14) A’M — A!*BE — 6ACJ’ + 18AEF + 3GK + 12CDE — 0 
(7.16) ACK — BOH -+ O'G — 6DO — 18FL =0 
(7.16) 3ΛΟΚ + AEG — ABL — 6DO — 3HJ' —0 
(7.18) A*OE + 2ABOD — 2A0° — 3ADJ' — 180DF —3GL —0 
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Deg. Order. - 
(7.18)  2A'T— A'BF + ACE—2ADJ' + 4D'E + HK — 0 
(722) ADE —8A'0F — ABD'-+ ΑΟΡ + 18D'F + 3HL—0 
(88) . AS--4OI — EM — J^—0 i 
(8.8) 4AEI — 4BDI + 40'I — 2BEF + 30E — FM —3DP —0 
(810)  AT—2E0—J'K—0 
(810 CQ+EO—3FN=0 
(810)  SBOK — BEG — 60R + 6EO —36FN + GM — 3J'K = 
(810)  2B'L— BOK —3BEG — 18EO + GM — Y2IL + 3J’K —0 

. (812) SAP + 4A!BI — 4AEJ' + 4DE'+4 K! —0 
(812) 2ABOE-+ ACM —3AEJ' — 6017’ — 180EF + 3GN =0 
(814 ABO —ACN J-3AGI —9F0 —3J'L—0 
(814 AEK — BEH + OEG + 6DQ — 18F0 — 0 
(8.14) BCL —20'K — OEG + 3DR' —3J'L.—0 
(814) ^ ABO--2ACN — ABK -- 2BOL — 40K — 18F0 + HM — 0 
(816)  GO—HN—KL—0 
(8.16) —-4A*0I — ABCF + 2AO!E — 3AFJ’ — 20DJ' T G0—0 
(8.16) — 6A'OI —83ABOF + ABDE + 3AOE — ADM —18DEF — 3KL=0 
(8.20)  A'DI— ABDF + AOF + 9DF + I4 — 0 
(830) AGK — BGH + 0G! — 6HO — 121? — 0. 

2. By a Compound Syzygy is meant either a simply divisible syzygy, %. e. 
one which is divisible by a power or product of the covariants A, B,...Z, or 
else a linear function of simply divisible syzygies. The consideration of the 
simply divisible syzygies will serve the purpose of the present article. 

The linear relations connecting them are as follows: 

Deg. Order. 


(8.18) A(00—DN —EL)—O0(A0— DK + BH) +D (AN — CK +- EG) 
4+ E(AL + OH — DG) =0 


(899) A(AOK-—BOH 4-O'G— 6DO —18FL) — 0 (A'K — ABH + AOG —12DL 4- 18FH) 
+ 6D (AO —2CL -- 3FG) --18F (AL+ CH — DG) —0 


(824)  A(A'OE--2ABOD —2A0' —3ADJ' —180DF — 3GL) 
— C(A:E — A*BD — 2A?0 4- 18ADF + 120D? --3GH) c 
+3D (AS! — A’BO-+12A0F + 40'D +0) + 3G (AL+0E—DH=0 


(8.28)  A(A!DE—3A!O0F — ABD? -+ AO'D + 18D°F + 8HL)-+ 80 (A*F — A*OD + 4D! 4- H?) 
— D (A*E— ABD — 24A0'-- 1SADF --120D*4-3GH) —3H (AL + OH— Ῥ0)--0 


(9.14) 8A (4AHI — 4BDI + 40I — 2BEF --30E — FM — 3DP) 
— O (12ACI + AE'— 3BOF + 40*E — DM — 9EJ^) 
+D (9AP + 12ABI — 3B!F + 4BCE — OM — 12EJ' + 108FD 
— 4E (8A'I — 3ABF + 2AOE + BOD — C'— 3DJ' + 27F*) 
--3F (AM — 2ABE + BD — BO! — 30J’ — 36DI + 36EF) = 0 
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Deg. Order. 


(9.16) 


(9.16) 


(9.18) 


(9.20) 


(9.20) 


(9.90) 


(9.20) 


(9.22) 


(9.22) 


. (9.92) 


A (OQ -+ EO —3FN) — Ο(ΑΩ + RBL SR) — B (A0 — 201-386) 
--3F (AN — CK + EG) = 0 


A(8BOK — BEG — 60R' + 6EO — 36EN + GM — 3J'K) 
+ A (2B!L — BOK — 3BEG — 18E0 + GM — IL + 3J’K) 
— 2B' (AL + OH — DG) + 60 (AR' — GJ’ — 200) 
— 30 (ABK — B'H + BOG — 600 — 12EL— 18FK +36HI) . 
--12E (AO — 20L + 3FG) + 36F (AN — OK + EG) 
— 2G (AM —2ABE + B'D — BO — 3CJ' — 36DI + 36EF) 
+ 721 (AL + OH — DG) —0 


A(2ABOE + ΑΟΜ — 3AEJ' — 6031’ — 180EF + 3GN) 
— O(A'M — ΑΒΕ — 6A0J’ + 18AEF + 120DE + 3GK) 
+ 3E (AJ — ABO + 12A0F + 40°D + G*) — 38 (AN — CK + EG) —0 


A (AEK — BEH + OEG + 6DQ —18F0) — 6D (AQ + 2EL —3FK) 
— E (A*K — ABH + AOG — 12DL +: 18FH) + 18F (A0 — DK +EH) —0 


A (BOL—20'K — CEG + 3DR’ —3J'L) + O($AOK + AEG — ABL—6D0 —3HJ") 
— 8D (AR! — GJ’ —200) -- 87’ (AL + CH — DG) =0 


A (ABO — AON + 8AGI—9FO —3J'L) — AB(AO —20L + 886) 
+ AO(AN — OK + EG) — BO (AL + OH — DG) 
— O (ACK — BOH + C'G — 6D0 —18FL) 
+ O(2ACK + AEG — ABL — 6DO —3HJ') + ΘΕ (AO — 20L + 986) 
— G (BAI —3ABF --2AOCE + BCD — O —3DJ' +. 27%) 
+33’ (AL + OH — DG) —0 


A (ABO -- 3AON — AEK + 2BOL — 40Κ —18F0 + HM) — AB(AO — DK + EH) 
—2A0 (AN — CK +- EG) — BC (AL + OH — DG) 
+0 (RAOK + AEG — ABL — 6Ώ0 — 3HJ”) 
— D (ABK — B'H + BOG — 600 — 12EL — 18FK + 36HI) 
-- 18F (AO — DK + EH) + E (A'K — ABH + AOG— 12DL + 18FH) 
— H (AM —2ABE + B'D — BO — 3CJ' — 36DI + 36EF) — 0 


A (G0 — HN — KL) — G (A0 — DK + EH) + H (AN — OK + EG). 
+K(AL+0CH—- D)=0 : 


A (6A*0I — 3ABOF + ABDE + 3ACE — ADM — 18DEF — 3KL) 
— 80 (2A°l — A'BF + A'OE — 3ADJ' + 4D'E + HK) 
+ D (A'M — A:BE — 6A0J' + 18AEF + 120DE + 3GK) 
| --3K (AL-+ OH — DG) 0 


3A (44°01 — ABCF + 9Α0Ε — 3AFJ' — 20DJ' d 60) 
— A’ (12AOI + AE! — 3BOF + 40'E — DM — ΘΕ’) 
— D (A'M — A’BE — 6AOJ' + 18AEF + 3GK + 120DE) 
-FE(A!E— ABD —2A*0*4- 18ADF 2-120D*4- 3GH) —3G (A0 —DK 4-EH)=0 
Vou. Vil. 
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Deg. Order. " 
| (9.32) BA (4A°0I— ABOF + 2AC*E—3AFJ' — 20DJ' 4- GO) 
—4A0 (8A*1— 8ABF --2ACE + BOD — C* — 8DJ' + 27P°) 
+20 (A*CE + 2ABOD — 2AC' —8ADJ' —180DF —3GL) | 
+ 9F (A3J' — ABO +12AOF + 407 + G*) — 3G (AO —20L + 3GF) —0 


*(9.24)  A*(ABK — B!H + BÓG — 600 — 12EL --- 18ΕΚ + 38HT) 
` — AB (A'K — ABH + AOG — 12DL + 18FH) — 6AC (AO — 20L + 8FG) 
--12A40(00 — DK + EH) -- 12A E (AL 4- CH — DG) —12C' (AL J- OH —DG) 
— 12D (AOK — BOH + CG — 600 — 18FL) 
+12D QACK + AEG — ABL — 6DO — 3HJ") 
+ 18F (ΑΚ — ΑΒΗ + ACG — 12DL + 18FH) 
— 12H (8A*I — 3ABF + 2ACE + BCD — C'— 3DJ' + 21783 — 0 


(436) 3A (ADI— ABDF + AC'F -- 9DF* + 15) 
— AD (8A'I — 3ABF + 2ACE + BOD — C — 3DJ' + 9183 
+0 (A*DE — 8A'CF — ABP’+ AC*D + 18D'F + 3HL) 
+ D (A'CE + 2ABOD — 2AC'— 3ADJ' — 180DF — 3GL) 
— 8L (AL + OH — DG) —0 | 


($36) A(AGK—BGH-+0@— 6HO — 1217) — G (A'K — ABH-+ AOG— I8DL-FISEH) 
+ 6H (AO — 20L + 3FG) + 12L (AL + CH — DG) —0 


(9.00) 2AD (8A71—3ABF + 2A0E + BOD — C* — 3DJ' + 27F) 
^ + — 4-20 (ADE — 8A*UF — ABD'+ ΑΟ + 18D'F + 3HL) 
— 8D (2A'I — A!BF + AE — 2ADJ' + 4D'E + HK) ` 
+ 3E (A*F — A!CD + 47» + BY) 
— 3F (A'E — A!BD — 94:0: + 18ADF + 120D' + 3GH) 
+3H (AO — 20L +- 3FG) — 3H (AO — DK + EH) —0 


(9.38) A? (AM —2ABE + ΒΡ — BO? — 80J' — 36DI + 36EF) 

— A? (AM. — A*BE — 6ACJ' + 18AEF + 120DE + 3GK) 

+ AB (A'E — A*BD.— 2A'0? + 18ADF + 120D' + 3GH) 

— 3A0 (A*J' — Α ΒΟ + 12A0F + 40°D + G7) 

+ 12AD (8A!I — 8ABF + 2AOE + BOD — CO — 8DJ' + 97F*) 
— 12D (A'OE + 2ABOD — 2AC* — 3ADJ' — 180DF —3GL) 
,—18F (A'E — A*BD — 2A°0 + 18A DF + 1807» + 38H) 

+ 3G (AK — ΑΒΗ +-ACG—12DL + 18FH) — 0 


*(9.28) | A*(3AOK + AEG — ABL — 6DO —3HJ") 
- — RAC (AK — ABH + AOG — 12DL + 18FH) 
— G (A*E— A*BD —24A'0'4- 18A DF 4- 120D? 4-3GH) —120D (AL 4- OR. — DG) 
+ ΑΒ (AL + OB. — DG) + 6AD (AO — 20L + 8FG) | 
+ 8Η (AJ! — ABC + 12A0F + 40°D + G?) = 0 
* Also relations of deg. order (9.24), (9.28), (9.80), and (9.84) obtained by multiplying the relations 
ot deg. 8 by the sextio Á. 
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Deg. Order. 
*(9.80) 3A? (2A'I — A*BE + A*CE — 2ADJ' -|- 4D'E + HK) 

— 2A? (3A°l — 3A BF + 2AOE + BOD — CO? — 8DJ^ 4- 2185) 

— 3AB (ΑΕ — A?CD + 4D° + H5) 

+ AO (A'E — A!BD — 2A:C + 18ADF + 120D° + 38H) 

— 190 (A*DE — 3A*CF — ABD + ACD +18D’F + 3HL) 

-- 54F (ASF — AOD + 4D* + H?) 

— 8H (A'K — ABH -+ AOG — 12DL + 18FH) —0 

(9.32) A*(AO —20L + 3FG)— A*(A0 — DK + EH) 

+ 2A°0 (AL + CH — DG) — AD (AK — ΑΒΗ + AOG —12DL 4- 18FH) 

— 12D (AL + CH — DG) — 3G (ΑΕ — A°0D + 4D + H?) 

+H (A'E — ABD — 2A'0' -- 18ADF + 12CD' -- 38H) —0 

These relations take the place of Prof. Sylvester's syzygants of the second 
grade, defined as rational integral functions of irreducible ones of the first grade, 
which vanish when expressed in terms of the covariants (see American Journal 
of Mathematics, Vol. IV, p. 61). Those of the present article are linear functions 
of the syzygants of the first grade, given in the preceding article, the coefficients 
being covariants.+ They are written at full length to exhibit clearly their 
property of vanishing identically when expressed in terms of the covariants.f 
In the following articles it will be shown that the list is complete. 


- (II). Digression on the Generating Function for Syzygants of Binary Quanties. 
3. If, for the quantic of order à, and for its covariants of deg. order (m, n), 
there be a, asyzygetic covariants, 
8 syzygies, 
y groundforms, 
ὃ compound covariants, . 
it is well known that - atB=y+6 (1) 
Now suppose that the groundforms are of deg. order (r.s), (5. 8),... and 
let (1 — a^ a^)(1 — a" a)... be denoted by IL (1 — aa’), then 
πας σσ + Aare... (2) 


In this we can by means of (1) replace y + ὃ by a + 8, and if, moreover, we 





* Bee the preceding note. 

T To make my meaning perfectly olear, such a compound syzygant as (AL + CH — DG)’, should it 
ever occur, is not considered except as a linear function of AL (AL + CH — DG), CH (AL + CH — DG), 
and DG (AL 4- CH — DG). 

{Τη this paper the word syzygant has the meaning originally given to it by Prof. Sylvester, loo. cit. 
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write Xaa"a^ = $ (a, x), (a, x) is the generating function for covariants, and 
(2) becomes Baa" — Tuus — o(a, a) | . (3) 
This is the generating function for syzygants; its use is limited. by the one 
assumption made in finding it, to those quantics for which we have a complete 
and correct list of groundforms. It matters not how such a list may be found, 
but the proof of its correctness and completeness must be independent of the 
now disproved Fundamental Postulate of Tamisage. 

4. The principle that the only compound syzygants that need be considered 
are linear functions of the simply divisible syzygants is of vital importance to 
the theory, and gives an immediate interpretation to each term in the numerator 
of the Generating Function for Syzygante. For if X denote a ground-syzygant, 


and A, B, C, ... be the groundforms; all the syzygants that can be formed 
from X, 2. e. all the simply divisible syzygants, are found in the expansion of 
2 ge 


GA Bü—9)..- Now the Generating Function for Syzygants can be 


resolved into a series of fractions of precisely this form, and hence the terms of 
the numerator will correspond to ground-syzygants. 

It must be understood that there are syzygants not only of the first and 
second grades, but also, as Prof. Sylvester has remarked, of the 3d, 4th, and 
higher grades. 

À Syzygant of the second grade is defined as a linear function of the simply 
divisible syzygants of the first grade, which is identically zero when considered 
as à function of the groundforms. 

A: Syzygant of the third grade is defined as a dp funcüon of the simply 
divisible syzygants of the second grade, which is identically zero when considered 
as a function of the simply divisible syzygants of the first grade. 

And generally—a Syzygant of the grade n + 2 is a linear function of the 
simply divisible syzygants of the grade n + 1, which is identically zero when 
considered as a function of the simply divisible syzygants of the grade n. 

The Σ of the present article may be taken to be a syzygant.of any grade, 
the first article of this paper contains examples of syzygants of the first grade, 
the second contains examples of syzygants of the second grade, and a simple 
example of a syzygant of the third η occurs for the deg. order (11.24) for 
the binary sextic. 
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The sextic has in fact a syzygant of the second grade of deg. order (10.18), 
viz. 
(10.18) C (AEK — BEH + CEG + 6DQ — 18FO) 
ο — 60 (CQ + ΒΟ — 3FN) | 
— E (ΑΟΚ — BCH + CG — 690 — 18FL) 
+ 18F (CO — DN — EL) = 0. | 


In this, let the syzygants of the first grade, within. brackets, be denoted by 
single letters, so that the syzygant of the second. grade is 


(10.18) Ca — 6D8 — Ey + 18F6 =T suppose. 
Treating the syzygants of the second grade, given in Art. 2, in a similar 
manner; the syzygants of deg. order (8:18), (8.22) and the first syzygants of 
deg. order (9.16) and (9.20) respectively give 


(8.18) | A-— A8 --0ε +DE + Ey 
(8.22) | OG — Ay — O0. + 6D. + 18Fy 
(9.16) A-—Ag—Ox -- Τι +3FE 
(9.20  Q.= Aa — 6Dx — E0 + 18Fe. 


And then the Syzygant of the third grade referred to is - 


(11.24) — AT — OQ + 6DA + EO — 18FA 
= A(Ca — 6DB — Ey + 18F8) 
— . Ὁ (Λα — 6Dx — E0 + 18Fe) 
+ 6D(A8— Οκ — E: + 3FF) 
+ E(Ay —00 + 6Ρι-- 18Fy) 
— 18F (A8 —Ce. + DE + Ey) — 0. 


5. For the Binary Bextie, we have, see Prof. Sylvester's Tables of Generating 
Functions, etc. (American Journal of Mathematics, Vol. II, p. 225), 


II (1— a'a") = (1 — az’)... (1 — a”), 
where there are 26 factors, one for each groundform. And $ (a, x) = 5, where 


N= 1 --- αἳ (σἳ + af + ot) + af (ot + a* + οἱ) + a (ο) + οἱ + a9 — 2") 
+ a*(a* + 219) + α (a? + HF MN) + a? (a? + ot + a$— x) 
20 πα (a + a5 — 2 — οἳ) 4 a? (αἳ + ot οἷ--- 2") + a! (at + a*— 2 — ο) 
+ a? (a? — a3 — 2? — gt) + a (αἱ) — a? — a — ο") + a1 (— 247? — ο) 
+ αἲ (1— a8 N) + a (— a — a1 — οὔ) + a! (— zf — a? — «Y — gH) — oe, 
D = (1— d — a*/(1 — OL — IL — NL — AL — aa). 





Vor. VII. 
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. Hence the numerator of the Generating Function for Syzygants 


— (a, x), is 
1—N fa — 1 — A) — AL — EL — ate*)(1 — ataf)(1 — ate") 


rar 
I — az) 


o 
^ 
o 


(1 — afa*?)(1 — AL — a) — atas (1 — afa?)(1 — afas)(1 — ai?) 
(1 — del — a®2*)(1 — a?*a*(1.— a") 
viz. N is multiplied by those factors of II (1 — αα”) which do not occur in D and 
the result subtracted from unity. 
The result would be an expression of the 139th degree in a, and of the 
106th in c, for the numerator. The denominator is of course IL (1 — a'z*). 


The numerator for Syzygants of the Binary Sextic is 


aba! + af (a8 fa! of 9M ap aig ανα) 

al (ϐ a 4 4a? - al 4 Dal 4 Qa a) 

+ a (2° do 4 23 4 4a 4 Bat E e 920 gh git) 

H d? (αἱ + 4a? -I- 2a! + Bel? + S4 — Qai 4 229 4% — 43. — a dg — 0 gt) 

The numerator of the Generating Function for Syzygants may be called the 
Numerator for Syzygants, for two reasons; first, for the sake of brevity, and 
secondly, since it gives the number of ground-syzygants of any grade. Results 
obtained from it are, however, liable to correction, whenever ground-syzygants 
of grade n coexist with ground-syzygants of: grade n + 1 of the same deg. order. 
Two such cases occur in the present example, viz. there is one ground-syzygant 
of the second grade and deg. order (9.14) and one of deg. order (9.18), so that 
the corresponding terms in the Numerator for Syzygants of the Sextic should be 
‚written (4 — 1) “+ (3 — 1) à?g*. When this is done the positive terms agree 
with the numbers given in Prof. Sylvester's Table of Syzygies (American Journal 
of Mathematics, Vol. IV, p. 59), except a?a, where it will be shown hereafter 
that there is an error in the table; and the negative terms agree with the 
syzygants of the second grade given in Art. 2 of the present paper. 

6. For Quantics which have groundforms and syzygies of the same deg. 
order a complete list of groundforms cannot be obtained by tamisage, and if 
Π (1 — ασ’) is formed from an incomplete list this will involve a correction of 
the Numerator for Syzygants. D 

In fact the preceding article shows that the Numerator for Syzygants ig of 
the form 1— NM, where N is the numerator of the generating function for 
covariants, in its representative form, and the multiplier M consists of those 
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factors of IT (1 — ασ’) which do not appear in the denominator of the generating 
function for covariants. Ifthen a factor 1 — a^a? has been omitted in IL (1 — ατα”) 
it will also have been omitted in M, and the corrected Numerator for Syzygants ` 
will be 1— NM (1 — a^a"). If more than one groundform has been omitted the 
correction will be of the same nature. 

The correction for those cases in which Ground-Syzygants of grade n exist 
simultaneously with Ground-Syzygants of grade n 4-1, of the same deg. order, 
consists in multiplying N by each factor of M successively and separating those 
terms, as they occur, which in 1 — NM will correspond to Syzygants of dilereni 
grades, and thus preventing their combination with-each other. 

In the case of the Sextic the work may be arranged as follows: 


N=1+ N(1—a*z?) -- 1 -ἷ- 
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and so on until N has been ωάριο by all the factors of M. In performing 
this first multiplication it has been assumed that all the negative terms of N 
correspond to ground-syzygants, and if this is not so, considerable uncertainty 
arises; thus if the term — az‘ in N corresponds to a compound syzygant, 
formed by multiplying a ground-syzygant of deg. order (7.12) by the groundform 
of deg. order (3.2), it ought to be removed and the two terms — ax! and 
+ az in N(1— af) ought to cancel one another; but if it corresponds to a 
ground-syzygant these two terms will correspond to a ground-syzygant of the 
first grade and one of the second grade respectively, and ought to be kept distinct. 
The same reasoning applies to the deg. orders (12.12), (12.14), (13.14), (14.12), 
(15.12), (15.14), (16.10), (17.14), and (20.16). A similar assumption is made 
&t each successive multiplication, with the object of making the list of ground- 
syzygants of the first grade coincide, as closely as possible, with Prof. Sylvester's 
- table, referred to above; and by these means the cases of disagreement have 
been reduced to three only; viz. there are found, one syzygy of deg. order (9.6) 
and one of deg. order (11.6), not given in the table, and two of us order (15.6) 
where the table gives three. 


The factor (1 — ax) has been chosen for the first multiplication, because 
all those terms in the positive portion of N which correspond to contpound forms 
can, by its use, be removed at one operation; and no other factor possesses this 
property. For the Quintic, the only factor possessing this property is (1 — a52) ; 
a circumstance of which Prof. Cayley has taken advantage in the arrangement 
of the terms in the numerator of his “Real Generating Function” (see his Tenth 
Memoir on Quantics, Phil. Trans. Part II, 1878, p. 608). In Quantics higher than 
the Sextic no such factor occurs. | | 


The second, and all the remaining Qu ae are performed in the 
following manner. 


Let NG — de) = 14+T—2,+4+ δὲν 
then Ni —@e)\1 — as) = 1 1- Τ' — ΣΙ + Σε --- Σε, 
where I'—r-—ax 
iex wr 
Ia = 2 + wax 


Σι = aa’ Σὰ . 
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Here T denotes the first positive block, whose terms consist exclusively of 
ground-types, X, denotes the negative block and typifies syzygants of the first 
grade (supposed to be ground-syzygants), and X, denotes the second positive 
block and is exclusively typical of syzygants of thé second grade, provided those 
of Σι are ground-syzygants, but not otherwise. 

7. After the first, multiplication, the method of the preceding article cannot 
be followed with certainty without a preliminary investigation to show precisely 
what the terms of each block denote (e. g. whether all those of the second block 
denote ground-syzygants), and hence what terms, if any, will cancel one another. 
But, in the case of the Sextic, since all the terms of the first block have been, by 
the first multiplication, made to typify groundforms only; all the terms which, 
originating in it, are placed in the second block after each multiplication, neces- 
sarily correspond to ground-syzygants. For they typify syzygants containing a 
term which is either the square of one or the product of two groundforms, and - 
these cannot possibly be compound syzygants. Precisely similar reasoning shows 
that, after any block has been made to contain only terms typical of ground- 
syzygants of its own grade, all the terms which, originating in it at each multi- 
plication, are transferred to the next block will necessarily typify ground-syzygants 
of the grade proper to the block to which they have been transferred; In fact 
no syzygant of grade n + 1 can possibly be compound which contains, as one of 
its terms, a compound syzygant of grade n formed by the product of a ground- 
syzygant of grade n with a single groundform. 

The form of the Generating Function, when corrected for cases of coexistence 
of a groundform and syzygant of the same deg. order, will μεν, place the 
whole in a clearer light. 

Suppose then that, after all the groundforms that can be found by tamisage 
have been removed into the denominator, the Generating F'unction has been put 
in the form . 

1— 3,4 3,— X4... 
II (1 — az’) 


3 
the correction for the coexistence of a groundform and syzygant of deg. order 
(p.c) gives it the form 


1 — (aa + Σ) + (az 3,4 5) — (a9a7 3, + Σι... 
(1 — ax) H (1 — a^a") | 
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‘Now if X, contains one term which typifies a ground-syzygant (δ) and 
another term which typifies a compound syzygant formed by multiplying S by 
the groundform (p.c), a term of the first block will cancel with one of the second, . 
and this term of a?x°2, has been wrongly placed in the second block; but if ΣΙ 
contains no such terms, every term of a?a"X, has been rightly placed in the second 
block. An examination of the syzygants denoted by Σι is therefore necessary 
to. find out which of them, if any, is divisible by the groundform (p.c) The 
syzygants denoted by- a’a’=, may all of them be considered as compounds divisible 
by the groundform (p.o); but with this difference, those of them that are used to 
destroy compound syzygants of the block from which they originate, are con- 
sidered as compound syzygants simply, but those that are transferred to the next 
block are considered as single terms of syzygants of the next higher grade. Hence 
. when Σι contains only ground-syzygants the compounds α/α΄Σι will be the products 
of ground-syzygants with a single groundform, and having been all of them 
transferred to the next block, will stand (as sample terms) for ground-syzygants 
of the next higher grade. The reasoning is of course unaltered if we write 3, 
for Σι throughout.* ; | 

I will conclude this section (which is an improvement on what I called the 
“ Automatic Method of Tamisage ” in the J. H. U. Circular for April, 1883), by 
remarking that 1 — NM (Art. 6) has no factor in common with II (1 — ασ), and 
consequently the generating function for Syzygants is a fraction in its lowest terms 
whose denominator consists of factors typifying all the groundforms; but its 
very complicated form for the higher quantics sufficiently indicates the impracti- 
cability of finding this generating funetion by any method which does not involve 
& previous knowledge of the groundforms. 


(III) Exemplifications and Applications. 


.8. It seems proper, at the commencement of this section, to give the leading 
terms of the covariants J’ and WY, and to state why they have been used instead 
of J and R. | 

Copying the leading term of J from Prof.. Cayley's tables, and forming that 
of BO by multiplication, we have | 








*It was by such reasoning as this that I was led to consider the syzygant of the third grade of deg. 
order (11.24), given in Art. 4, a sample term of which is the ground-syzygant of deg. order (8.18) 
multiplied by the single groundform Ε'. 


Haxwowp : On the Syzygies of the Binary Sextic and their Relations. 339 








| Here J'— BO — J, and it is to be noticed that the part independerit of a, 

or residue, of the source of O, is simply the residue of J’ multiplied by 5. Such 
an arrangement, when possible, greatly facilitates the use of the method of 
residues. Thus (see Prof. Cayley's Tables for the Pony Sextic, American Journal 
of Mathematics, Vol. IV, p. 381 and 382), 


Res. G = — 20. Res. O, and Res; O = b. Res. J’, 


so that the syzygy 200 + GJ' = AR’ is immediately verified. An inspection of 
the syzygies given in Art. 1 of the present paper will show that this is not the | 
only syzygy whose form has been simplified by the use of J’ and R’. 

The source of Ris given in the following table, together with Prof. Cayléy's 
Q, R, and BK. 


bce? 


bd?e* 


o'dg 
oef 
ed*f 
c'de? 
cd!e 
d^ 
a^btfg 
b*ceg 
b'of? 
b*d3g 
bödef 
b3e! 


b*o*dg 


b?e'ef | 
b*cd*f 


b*ode? 
b?d?e 
betg 
be df 
bete? 
beidte 
bedt 
of 


BG ust 


i+ +i 
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It will be seen that 8R/ = R 4-.BK — 6Q. The only apparent advantage 
in using R’ is that it is somewhat simpler than R. The source of J’ has also a 
special property which that of J does not possess, viz. operating on the invariant 
I, of the fourth degree, we have 
(ad, + 358, + 6cà, + 10d8, + 15e8,) I = source of J’. ` 
9. In what follows a Syzygant will be denoted by one of its terms placed 
within —-; thus the four Syzygants, for the-Sextic, of deg. order (7.12) may be 
denoted by AQ, AR’, DN, and HI; but remembering what has been said above 
(Art. 7), this set of four syzygants is here represented by DN, EL, FK, and GJ'; 
and then DN is the syzygant typified by the term — a'z? in the unmultiplied 
numerator, and the pair of syzygants corresponding to — 2472? in the numerator 
after the first multiplication is DN, EL. This notation is followed, in the list of 
ground-syzygants given below, whenever the theory indicates a syzygant con- 
taining, as one of its terms, & binary combination of the groundforms of the 
numerator. When this is not the case the presence of syzygants is, in general, 
indicated by an asterisk; but it is not certain that all of these are ground- 
syzygants (see Art. 6). The five syzygants DG, DN, DQ, DS and DT have been 
inserted to complete the list as far as degree 9. 


(5.16) (68) (6.10) (612) (6.14) (6.16) (6.18) (6.20) (6.24) 
DG EF πα F EH @ FH GH © 
NS 


(7.6) (110) (7.12) (014) (316) (7.18) (722) . (8.8) (8.10) (819) (814) (916) (8.20) 
























































EJ TJ DN GK FL GL HL ΜΝ EO GN DQ GO HO 
EL Hy HK J" FN KT FO HN TF 
FK | απ "HM KL 

Gy TK JT 
(9.6) (9.8) (9.10) (9.12) (9.14) (9.18) (10.4) (10.8) (10.8) (10. 10y (10.12) (10.14) (10, 16) 
JM EQ DS υ GQ HQ "as ET XS. + 5 # | HT 
ER KN FQ GE HE MN N FY Gr HS ΤΩ . 
JN FR κο IO es κ LW 
KM JO LN JG ER OF 

LM JR NO 





a 


,. 


342  Haïwonp: On the Syzygies of the Binary Seatic and their Relations. 


(11.6) (11.8) (1110) (1112) (114) (13.4) (12.6) (12.8) (13.10) (12.12) (19.14) (12.16) 
# m HU MS EV x * zoo 8 HV 




























































































JS. # HU MS | 
I Mu IS IT JU KU -FV GV 
JT KT σᾳ MT NT OS IU 
KS .NQ σὺ NS oT 
MQ NF € 
ME ᾿ QR’. 
E 
(18.4) (13.6) (13.8) (13.10) (13.12) (18.14) (14.4) (14.6) (148) (14.10) (14.12) 
MU # 8 GX ᾱ ΕἼ 8 # # κ * 
oO NU FX τ HX € XX EX «. π 
| ἂν ο Lv MV NV ov 
gs u ST QU 
(15.4) (15.6) (15.8) (15.10) (15.12) (15.14) (16.4) (16.6) (16.8) (16.10) (16.12) 
EY NX 8 GY x * U » KY . # + 
MX TU FY 0X HY # Qe - MW 
Στ qv JY wx 
EV 3 Sv TV 
(17.4) (17.6) (17.8) (17.10) (17.14) (18.2) (18.4) (18.6) (18.8) (18.12) ^ 
* N :. δν EZ UX m Gh HZ 
MY TX oy QY 
SX UV RY 
| | "ve 
(19.4) (19.0) (19.10) : (20.2) (20.4) (20.8) (20.16) (31.6) 
JZ KZ Τα MZ NZ Of + QZ 
o N ) UY | ἘΠ 
| ΤΣ x vy 
(22.2) (22.4) (23.2) (24.4) (25.2) (27.2) (80.0) - 
B TZ UZ ΥΖ ΧΖ Υ͂Ζ 7 
XY | XY 





If we now assume that each asterisk corresponds to a ground-syzygant, which 
is in fact the same as the assumption made in Art. 6, the list gives exactly the 
same results as Prof. Sylvester's table, except in the three cases already noticed. | 

10. When certain fundamental syzygants are known, all the rest may be 
caleulated very easily by common algebra. The method will be applied, in this 
article, to the caleulation of the syzygants of degree 9, for the Sextic. 


4 


[Ἵν 
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We have, from Art. 1, using the notation of Art. 9, 
’EF= J' (AM — 2ABE + B'D — BO! —30J' — 36DI-+-36EF) | 
AB EJ'— AB (9AP + 12ABI —3B'F + 4BOE — OM — 12EJ' + 108FT) 
. BY FY — B! (3A'I — 3ABF 4 2ACE + BOD — C —3DJ! -+ 278") 
BO EF = = BO (AM — 2ABE + B'D — BO? — 30 - — 36DI + en 
O J7 = 0(AS + 40° — FM — J”) 
FEJ = F (9AP + 12ABI — 8B!F + 4BOE — OM — 12EJ' + 108FI) 
IF? —I(8A!I — 3ABF + 240E + BOD — O'— 3DJ' + 2183 
Whence, 3. EF— ABEJ + B! Fr — BOEF.— 90 J? + oF EJ! — 361 FF 
— 8A (J'M —3AB!I — 3ABP — 36Al! -+ 3BEJ' + 36BFI — MOEI— 308 + 27EP) 
Now, since the left-hand side of this is a compound syzygant, the right side 
is-one also; and dividing by 3A we have the value of the syzygant (9.6) or JM, 
given in the list, but not in Prof. Sylvester's table. Atthe same time is found 
the ground-syzygy of the second grade . um 
(10.12) ΕΞ ΒΟ EF — 90 J^ + oF EF — 361 F —3AJ'M. 
Again if / 





CEO = 0 (AT — 2E0 — J'K) 
OJK= 0 (2B'L — BOK — 3BEG — 18EO + GM. — IL + 3J'K) 
EEL = E(AQ-+2EL—3FK) 
ETK = E (ABK — B'H + BOG — 600 — 12EL — 18FK + 36HI) 
EGJ = E(AR — GJ’ —2C0) 
GET = G (9AP + 12ABI — 3B°F + 4BOE — OM — 1280" + 108FD) 
IEE —I(AO—DK + EH) 
[FG —I(AO—30L + 3F@) 
J'EG = J' (AN — OK + EG) 
K EF = K (AM— 2ABE + B'D — BC: — 30J' —36DI + 36EF) 
.B'EH = B’ (A0 — DK + EH) 
. BG = B'(A0 —20L+3FG) 
BO EG = ΒΟ(ΑΝ — ΟΚ + EG) : 
we have EGJ -+ V EG — 0 EO = A (ER + J'N — OT) 
|" . B'FG — 361 FG— BOEG- 30EO + OJ'K + GES’ —12E GJ' 
. sss A (B'O — 3610 — BON + 30T + 9GP + 12BGI — I2ER/) 
— P'EH— 361 BH — BO EG — 30 EO -EFK -- K EF -- 6E EL 
= A (B'O — 3610 — BON — 30T —EBK-+KM+6EQ). Ἢ 
Here the method only gives three of the four syzygies; the fourth is a 
fundamental one, introducing the covariant U for the first time, and must be 
found independently. It is 
KM + 2E (BK — ο 6Q) = 3AU. 
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There is no other fundamental syzygy of degree 9 but this; all the others are 
found by a mere repetition of the work given above, and are therefore non- 
fundamental; to each of them corresponds a Erunt of the second grade 
of degree 10. 

The complete list of syzygies of degree 9 is here given, the corresponding 
syzygies of the second grade are omitted for the sake of brevity. The names 
correspond to the list of Art. 9. ᾽ 


Deg. Order. Name. 


3AB/I--3ABP --36AP—2BEJ' —36BEI --240EI--308 — 37 FP— J'M = 0 








(9.6) IM 
(9.8) EQ  B'0 —3610 — BON —30T — BEK + EM + 6EQ— 0 
09.8) ! ' B'O— 3610 — BON + 30T + 9GP + 13BGI — 12ER’ = 0 
(98 IN  OT—ER-—JNz-0 
(9.8) KM 8AU—2BEK + 6ER’+ 13EQ — KM —0 
(9.10) DS ABOI+ACP—AIJ’ + BEJ' — 20EJ' — EF + D8—0 - 
(910) KN  12ABOI-L- ABE! + 9ACP — AEM.— 60EJ' — 18E'F --3KN —0 | 
(9.12) DT | BEL—20EK — E'G — 3J'0 J- 3DT — 0 , 
(912) FQ 8AIK + BCO —3BFK — C'N + 30EK —3DT + 9FQ=0. 
(942) FR 2800 —20*N + 60GI — 3J'0 — 9FR/ —0 | 
(9.12) i 6AIK — 2BEL — 3BFK — 12BHI + 70EK + 2E°G — 9HP — 6J’0 = 0 
(912) LM AEN—6CGI—3J’0+LM= =) 
(9.14) -G@Q 2LN —K0 —GQ—0 . 
(9.14) GR — ABCJ'— BACH — AJ^-- 2BO'F — 40E — SORT’ — GR’ —0 
(9.14) KO 2A*HI—4ABDI— ABEF + AOE' — 3ADP + 2DEJ' — KO —0 
(914 IN | A'EI—ABEF — 2AC!I + 30EJ' + 9EF — LN —0 
(9189 HQ  AK'-—BHK + CGK — 1210 + 6HQ — 0 
(9.18) HE B@L—20GK — EG: + 610 + 3HR' — 0 
(9.18) LO | 2ACDI-F- ACEF —3DFJ"+ LO —0 


11. The arguments in favor of the completeness of the list of formulæ given 
in this paper may be summarised as follows. The “Numerator for Syzygants,” 
(Art. 5) gives an inferior limit to their number; the corrections of Art. 6 give, on 
the other hand, a superior limit, and actual calculation shows that this superior 
limit is attained in every case hitherto considered. It is, however, extremely 
doubtful whether this will happen for degress from 10 to 17 inclusive, or for the 
deg. order (20.16); for degrees above 20, and for 18 and 19, the superior and 
inferior limits coincide, as will be seen by an inspection of the asterisks of Art. 9. 


ea 


Reduction of Alternating Functions to Alternants. ` 


By Wu. WooLsEY JOHNSON. 


Denoting by 9 (a, bod ... D) any function of the n quantities a, 5, c... 0 | 
which is symmetrical with respect to all of the quantities except a, the deter- 
minant | 


dla, bed...1), Bla, bed...l),... dla, bed... 1) 


(1) (b, acd... 1), (b, acd. c.l), ... 9, (b, acd .. :0) | 


Φι(ῖ, abc... k), $(l, abc... K), ... a(l, abe... k) 
is obviously an alternating function of the n quantities. | 
If each of the functions contains only the leading letter, the determinant 
takes the form | 
Ala), Ala)... fala) | 
AB, AO), -fa (0 


? 


(2) : 
AQ) AQ)... A) 


and is an alternant. The alternant (2) may be represented by means of its 
principal term | 
(3) A (a). (b). (0) - -A (1). 

Suppose now that the principal term of the alternating function (1) can be 
Separated into parts of the form (3) ; then will the sum of the alternants repre- 
sented by these partial terms be equal to the given alternating function. To 
prove this it is only necessary to notice that, since an interchange of two rows 
in (1) is equivalent to an interchange of the corresponding letters, any term in 
(1) may be derived from the principal term by a certain. transposition of the 
letters, and in like manner, the corresponding term in each of the alterıfants may 
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be derived from its principal term by the same transposition of the letters : thus 
. every-term in the expansion of (1) is equal to the sum of the corresponding 
terms in the expansions of the alternants. - 

If a determinant of the form (1) be expressed by enclosing its principal 
term in [ ] with periods separating the several elements, the theorem is that the 
periods may be dispensed with and the symbol treated as an ordinary algebraic 


quantity. Thus 
bed, 1, a, d 
odas dicc, AD T 
dus 1 à = [b5ed.1.c.d*] = [ed] = ἅία, b,c,d), 
abc, 1, d, d? 


the difference product of the quantities a, b, c and d. 
"When the elements of the alternating function are rational and integral, it. 
may thus always be expressed in terms of simple alternants, that is, alternants of 
powers; and, since a simple alternant vanishes when two of the exponents are ` 
equal, it will frequently happen that many of the parts of an alternating function 
whose elements are polynomials will vanish. For example, | 
1, B+, a + be : 
1, +a, P+al= [ee] + [αρα] + [abe] + [abe], 
1, + ο + ab 

all of which except the last vanish ; the ene is, therefore, 


[1. ^ al ο (a + ο b, ο). 


On a Formula of Reduction for Alternants of the 
Third Order. 


By Wa. WOOLSEY JOHNSON. 


1. Denoting the simple alternant of the nf? order 
' ar, αἵ,...α 


br, δη... δ' 

P, Un... 
by A(p,q,...t), the exponents, p, q, etc., being integers and all different, the 
quotient: A(p,q,...t)- 


A0, 1,...n— T) 

is a symmetric function of the n quantities a, 6,...¢, whose value was first: 

expressed by Jacobi in the form of a determinant whose elements are 

complete symmetric functions of the n quantities a, 5,...7. The denominator 

ÀA(0,1,2,... n — 1) is the difference product 

Bere... (Loa) (9B) vv D) os ESD 
of the n quantities, or in Sylvester's notation ζλ(α, b,c,...1) ; and if we denote 
the quotient by a (p, q,... t), Jacobi's result is expressed by the equation 
| H,, H,, TA 

Ἑ B-s oH 


(1) a(p qo. t)m | ? a " 


| ik nus ee Res 7 
where H, denotes the sum of all the powers and products of powers of the pt 
degree, or what is the same thing, the sum of all the single symmetric functions 
Σα’, Xa?b, etc., and it is to be understood that M, = 1 and H_a = 0.* 


* Mr. O. H. Mitchell has shown in this Journal that this result, obtained by Jacobi and others by an 
indirect process, is readily derived directly by elementary principles, American Journal of Mathematics, 
Vol. IV, p. 844 (December, 1881). j 
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2. We need of course only consider alternants of which the lowest exponent 
is zero; thus, when the alternant is of the third order, we have 


| OH, ἃ 
(2) EE a (0, P, q) =| 0, H,-1. H,-ı = Hy i Ha iz Hy aHa 
0, H,.. 3; H,-3 | 








` but, even in this the simplest case; the expansion of the result in ie symmetric. 
functions is very laborious, the ordinary process producing, when p and q are 
moderately large, an enormous number of terms which cancel one another. The 
same is true to a great extent of the process given by Mr. Muir in his Treatise on 
Determinants, although this.process shows that the first term of the result is 
Xat-?b?-—. The result is, however, readily obtained by means of the formula 
of reduction established below. | 


3. We have 
AE. uw. cat 
` A(0, p, g9) =| 1, ὁ”, b Be E T QE 
1, ο», (d s 








Assuming g y» p, by adding 0 = die PP oP. — ai? brer, this may be written in 
the form | l 
4 (0, p, q) = et (b? 2 - a?) — αἲ 202 (b? = a?) c Bt (c? = a?) + at? bP (c? == a?) 
= 05 (05 mE αθ)(οἵτ» = ad?) — b? (c? = a?)(b7— 9. ο P); 
A (0, p; 9) 
(b. — a)(e — a)(e — ὁ) 
c? (bP—14 bP Fat... H a? (ασ arg E... Hari). 

(00 — DP (cP? 1+ cP Fat... Harb Bf? 3a +... + at-2-1) 
by c—b. Expanding the products, and grouping together similar positive and 
. negative terms, we have, for the value of (c — 5) a. (0, p, q), 

b? —-ic?—-l(et— p.p P) + ab?— 3oP—? (dp +1 __ 5-211) +... E 
| | | + a? 7? be(ct* — 5179) + a? (et 1— bel) 
+ ab?»-1c»—i (et-?-1— pr) + br Tor (ar — Bt?) +, 
+ a?7! be m 01-9) + a? (=? — hit) 


hence a (0, p, g) = is the quotient of 


. 


+ ar 1h? 169 1e — ὦ) + at rye Σο. (c — b?) go ; 

+ at—*bc (ec? 1 — 52-1) +a -s (eP — pp), 
in which p (q — J binomials are written in g — p rows and p columns. Replacing 
- the binomials by their quotients by ο--- b, we have. the expanded value of 


a (0, p, q). 
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Now, if we remove the first row and the last column of the rectangular 
array of binomials written above, we see that the remaining terms, when divided 
through by abc, constitute the value of (e—b)a(0, p — 1, g— 2). Hence 
, a(0, p, q) — abc.a (0; p— 1, q — 2) = | 
b?-191—3 -- Brett, + be? -Fa(b?-*o0t73 4 pris, -- 027 ue +... 

+ are + ῥοῖ- ΣΕ... . + b2- 3j + a? (ct— 34} bct—* 4... st 5-9) +. 

+ af? (c9 —1-- bc? ^ --... 223. 

It will be noticed that this is & symmetric function of a, b and c in which . 
every product of the degree g + p — 3 occurs once, except those in which there 
is an exponent greater than g — 2. Denoting this function, which may be called 
a curtailed complete symmetric function, by H,_s,,—1(in which the sum of the 
᾽ suffixes indicates the a we have the formula of reduction 
(3) a (0, p, = H,—s, p-1+ abe.a (0, p — 1, q — 2). 

4, The formula may also be proved directly by division, as follows: we have 
A (0, p, q) — c! (b? — a?) + ac? — (the result of interchanging b and c), and, in 
like manner, abcA (0, p — 1, q — 2) = übet-1 (b? —! — ar!) + at bc? — (result 
of interchanging b and c); hencé A(0, p, g) — abcd (0, p —1, g — 2) — 

et (b? — a?) — vun — ar!) — ac? (b — a) — (result of interchanging 
b and c). 
If, therefore, we divide these terms by (b — a)(c — a) and then subtract the 
result of interchanging 5 and c, we shall have the value of 
(c — b)[a (0, p, q) — abe.a (0, p — 1, g — 2)]. 
Dividing the terms written above by b — a, we have 
ef (b?! 4 ab? +... + art) — abet! (b? + ab? -* +... + a? 7?) — ate? 
or dE aD + ab? (e—a) +.. 
4- a?e- 1(e — a) + αλ” 165 (7? — ar); 
and, dividing this by e—a, 
στο pas? 0 puse P hel μα σι Por μας ess patto 
Finally, subtracting the result of interchanging b and c, we have 
22--1032”-1 (ct p. 5077) + ab? δρ» — (ot -9-F1— api. + ...+a?”?be (ct? — 57) 

+ a? l(gt-1— — 61) + α”. (7 3 573) +...+ a? er bP). 

as before, and dividing by e — b, the result is 
a (0, p, q) —abc.a (0, p —1, q —2) = H, 3,1. 

6. When p= 1, the formula reduces to 

(4 a(0,1,9)= Hea « 


Vou, VII. 
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which results directly from Jacobi's theorem, equation (2) ; but, starting from this 
result, we may give an independent proof of the formula (3) as follows: If we write 
down all the terms in the complete symmetric function H,,, for three quantities 
a, b andc ina triangular form a't’, b^ **and ete being the terms at the vertices, 
it is readily seen that the curtailed function H, , is obtained by cutting off a ` 
small triangle of terms at each vertex, and that the terms in the first of these 
triangles are the same as those of the expression α t 1H, ,. Thus | 


(5) mE H, = a Bat, Hi 
in which the curtailed function is expressed in terms of complete symmetric 
functions. -Putting + o 2ande=p—1, 


Ha p-1— Hc, UT 2at H; ~s, 
and, by equation (4), 
Hi p-1 = 0 (0, 1, q+p—1)— Zaa (0, 1, p), 
or ζί(α, b, ο). H-2, p-1 A(0, 1, Γρ-- 1) — 2a? A (0, 1, p) 


1, a, att» 1, a, a? (a1 4- bi git 1, a, a? (bt 4 α- Ὦ 
—|1, b, bt *»-11—|1, b, b? (at1-- bT cf!) — —|T, b, b? (c1 + at) |: 
1, e, ctt»! 1, e, c?(a$1--5*71-4- οὔ] -7 |1, e, e? (at + 6*7!) 


But, by the theorem in the preceding paper, this alternating function is equal to : 
— [1.5.a276? + pt ler]  — [at^!bc? + ber] — — A(g—1, 1, p) — A(0, 4 p). 


Hence a,b, e). Hy», p1=A(0, p, 9) — 4{1,χ, 1—1) 
= A (0, p, q) — abc A (0, p — 1, q— 2), 
or a (0, B q) = H, 5,51 abca (0, p — 1, q — 2) as before. 


6. As an example of the.use of the formula, let us find the value of «(0, 5, 7), 
that is the quotient of A(0, 5, 7) by the difference product of the quantities 
a, bande. We have 

a (0, 5, T) — Hs, + abea (0, 4, 5) - 

000 = Wa + abeh, s, ; 

since a (0, 3, 3) vanishes :.or, writing out the values in single symmetric functions, 
a (0, 5, τ) = Σαΐθ' + Xa5b5c + Sale + 2Xafbfc + Ebe + 2a. 

Again, to find a (0, 3, 8), we have 
a (0, 3,-8) = Hy, η. 2, 6) 

= Πιο + abeh, ı + ea (0, 1, 4) 

= Ty, + abel, , + PCR, ; 
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or, in single symmetric functions, 
a(0, 3, Ms = Zab’ + Ea be + Lab’ + Zabe + Zab* Sabe Hab’ + SEE 
"+ abe [Zab + Σα) + Eafbe + Rabe] +’ [Ea? + Xab] 
= La? + Xafbc + Zab! + abe + Σα!δ' + Wath e+ 8Σα!θ}9 + 3Xasbie. 
In the final expansion, it. is to be noticed that, for a term in which the 
highest exponent (in this case 6) or the exponent zero occurs, the coefficient is: 
unity; otherwise it is 2, provided the next higher or next lower exponent 
(5 or 1) occurs; but if not, it is 3, provided the next higher or next lower . 
exponent (4 or 2) occurs, and so on, This is the general rule with, however, the - 
restriction that no.coefficient must exceed the.number of H’s in the development 
which is the least of the numbers p and q — p. The restriction takes effect 
whenever the last H Das a suffix greater than 2, as in the first of the ue 
‘above. TN 
7. In general r 
(6). ά(0, p, q) = Ayes, o1 + aboH, 4, ps + DH, s p—s F ete, 
the series ending either with an Hin which the two suffixes are equal, as in the 
first example above, or with one in which the second suffix is zero, that is, with 
a complete symmetric function, as in the second example, 
The first of these cases corresponds to the ea 
a(0,pti1,p+2)=4Z, ,, 
a case of the more general theorem 
(7). a(0,p+1,p+2,. ee 


where H, ,,... denotes the symmetric Santos of n quantities in which. every 


' product of the degree (n — 1) p:occurs ‘once, except those in which there is an 
“exponent greater than p. This theorem is readily derived from 


(8) A(0, 1, 2,...n.—2, p --n— 1) — ği (a, b,c, ... ἐ). H, 
(which results directly from Jacobi’s theorem) by substituting for the » quantities 
their reciprocals. 

8. Equation (5), in which the η symmetric function is expressed in 
terms of complete symmetric functions, holds for any number of quantities ; 
hence by virtue of equation (8) the process of §5 is applicable to n quantities, 
the curtailed function being thus in general expressed as the sum of n — 1 
co-factors of alternants. The result is, however, not generally available as a 
‚formula of reduction for an alternant: but, in the case of four quantities, if 
we put r=s= pin d ne we have 

m Hy — Dartı, H, p~l} 
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whence ¢#(a, b,c, d). Hp, p= A(0, 1, 2, 2p +3) — Zart!,4(0,1,2,9+ 2) 


1, a, a, a» t$ 1, a, a, aP t? (art! + δΡΕΙ 1. ortl gett) 
_ | 1, b, &, Bets. : b, P, 57? (g8*1-p peti 4 οὗ ΤΙ -- gett) 
1, ο, & eet? | | 1, ο, P, efti (go 1p 01 --- opti 4 grtt) 
1, d, Æ, d?» +3 1, d, d, pans une epu 


= — [1.5.2.dP +? (art! py c? tty 
=—A(p+1,1, 2, p+ 2)— 4(0, p 4- 2,2, p 4- 2)— A(0, p gud. d 2). 
Hence: 2? (a, b, ο, dH. = a0, 1,p+2,p+8)—A(1, 2,p+1, p+ 2), 
or ^ 
(9) a(0,1,p+2,p+3)=4, p + abed.a (0, δν, 
a formula of reduction for an altérnant of the form A (0, 1, p+ 2, pd- 8). 
By repeated application of this formula, we have 
(10) a(0,1,p+2,p+3)=H, 5 + abod B, dps “-ΦῬΟΦΗ, —4, p—4 F ete; 
in which the last term is (abcd)* or (abad) "Xab, according as p is even or odd. 
For example, ` 
I, a, a’, a? 1, a, a, a? 
1, b, δ], δ 1, b, δ) δ 
1, ο, οἵ œ c 1, ο, &, οὗ = h, s + abcd Hy, + PO, 1 
| 1, d, d, à 1,d,d,d | | 
= = Xa! + al + Sate + XaSb'cd + Saba + Sabte ae 2%a'd*cd 
+ 2a’ + abd + Waite? + Wahid + 3ER, 
in which the coefficients follow the same rule as in 96, but no restriction need be 
observed with respect to the highest coefficient. 


Bibliography of Linear Differential Equations. 


By H. B. Nixon AND J: C. Finto: 


The following list contains the titles of papers on the modern Theory of 
Linear Differential Equations as.it has been developed by Fuchs, Thomé, Frobe- 
nius, .Hermite, Poincaré and others. The list is probably incomplete, but . 
addenda to it will be published from time to time. Again there may be titles 
included which strictly-should not be, as the authors have not been able to see 
all of the papers referred to. If any one discovering such titles will kindly- 
communicate with the authors, a proper correction will be made. 


ANDRÉ, D. Intégration des équations différentielles linéaires à coefficients quel- 
conques. (QC. R., Ixxxiv, 1018-1020. 

—— Integration, sous forme finie, de trois espèces d'équations différentielles 
linéaires à coefficients quelconques. C. R. Ixxxviii, 230-232. 

— —Intégration, sous forme finie, d'une nouvelle espèce d'équations différentielles 
linéaires à coefficients variables. C. R., xcii, 121-123. Résal, J. (8), vii, 
283-288. | 

— —JIntégration de trois espèces d'équations différentielles linéaires. Liouville, J. 

(3), vi, 27-49, Ἢ 

Note sur les développements des puissances de certaines fonctions. Bull. 

S. M. F., vi, 120-121. 

APPELL, P. Mémoire sur les équations différentielles linéaires, Ann. de l'École . 
Normale (2), 391-424. ` 

Sur une classe d'équations différentielles linéaires binômes à coefficients 

algébriques. Ann. de l'École Normale, 1883, 9-46. i 

— — Sut les équations différentiellés linéaires à une variable indépendante. C. R., 
χο, 1477-1479. 

—— Sur la transformation des équations différentielles linéaires. C. R., xci, 
‘211-214. | 
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Sur les équations différentielles linéaires. C. R., xci, 684-685. 

—— Sur une classe d'équations différentielles linéaires. C. R., xcii, 61-63. 

— — Sur une classe d'équations différentielles linéaires à coefficients doublement 

périodiques. C. R., xcii, 1005-1008. 
—— Sur des équations différentielles. linéaires dont les ΠΠ vérifient des 
. relations d'une certaine forme. C. R., xciii, 699-702. 
Sur une classe d'équations différentielles linéaires binómes à coefficients - 
algébriques. ©. R., xciv, 202-205. 
APPELL, M. Sur les fonctions uniformes affectées de coupures et sur une classe 
d'équations différentielles linéaires. C. R., xcvi, 1018-1020. 

AUTONNE, L. . Sur les intégrales algébriques des équations différentielles linéaires - 
à coefficients rationnels. C. R., xcvi, 56-58. 

ΒΑΒΑΝΙΕΟΚΙ, M. A. Beweis eines Satzes aus der Theorie der hypergeometrischen 
Funetionen. Par. Denkschr., viii (Polish). 

BELTRAM E RAZZABONI. Sopra la memoria del Prof. D. Besso intitolata: Alcune 
proposizioni sulle equazioni differenziali lineari. . Rom. Acc. L. (3), vi, 12. 

Besso, D. Sopra una classe d'equazioni del sesto iat E per serie 
ipergeometriche. Rom. Acc. L. Mem., xiv. 

» ——$ul prodotto di pid soluzioni particolari d'un equazione differenziale lineare 

omogenea e specialmente dell’ equazione differenziale del terz’ ordine. Rom. 

Acc. L. Mem., xiv. 

Di aleune proprietà dell equazione ele lineare omogenea del 

second’ ordine e di alcune equazioni algebriche. Rom. Acc. L. Mem., xiv. 

Di alcune proprietà dell' equazione differenziale lineare, non omogenea del 

second’ ordine. Rom. Acc. L. Mem., xiv. 

Brioscet, F. La théorie des formes dans l'intégration des équations différentiales 
linéaires du second ordre. Olebsch Ann., xi, 401-412. Rend. Ist. Lomb. (2), 
x, 48-58. | | | 

— Sur les équations différentielles linéaires. Bull. S. M. F., vii, 105-108. 

—— Sur une équation différentielle du troisième ordre. Proc. of London M. &. 

xxvii, 126-128. : 

Sopra una classe di equazioni differenziali integrabili per funzioni ellittiohe. 

Acc. Rd. L. (3), iv, 241-246.. 

Sulla origine di talune equazioni differenziali lineari. Rom. Acc. 1.43), 

42-47. : 

Sopra una classe di equazioni differenziali lineari del secondo ordine. Brioschi 

Ann. (2), ix, 11-21. 
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The Addition- Theorem for Elliptic Functions. 


By Winuax E. Story. 


The form of the addition-theorem given below [(33)-(35)] is attributed by 
Clebsch* to Hermite, whose note I have not seen, but the same result, presumably 
obtained by the same method, is given by Bertrandf and Koenigsberger$ ; of the 
two latter writers Koenigsberger alone investigates the effect of the equality of 
two or more of the arguments added, and neither considers thé validity of the 
result when a certain intermediate equation (9) has equal roots. For this reason, 
and because the treatises cited are probably inaccessible to many American 
students, it seems allowable to present, even in a journal devoted to original 
research, the whole investigation in a brief but practically complete form. 

Let R(z) be a given cubic or quartic polynomial in z; we are concerned 
with the m — 1 (where m is any positive d integrals 


J I dz f 
2E ý Ar : [Tam COR SEG) 

whose ines limits 4, 5, ὃν ον +5 Sal and lower limits 2; 2,, 25, - + - 3 Zm—1 
have any given values, and the sign of 4/R(z) for any value of z is determined by - 
any convention consistent with continuity. It is to be observed that the number 
of integrals is odd. Now if p (z) or p is an ..arbitrary polynomial in z of degree 
m, and q (z) or g an arbitrary polynomial of degree not exceeding m — 2, then 

— q\/R( contains m + 1 + m — 1 = 2m arbitrary coefficients, which (t. e. 
rios ratios) may be so taken that 
(2). —9VR() = 

* Geometrie, I, p. 605, footnote. 

mi Ber sur le calcul REA et le calcul m in Lacroix: Caloul diff. et int., 6th ed., Paris, 


1 Calcul intégral, pp. 578-588. 
3 Elliptische Functionen, II, pp. 1-17. 
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for each of the 2m — 1 upper limits of the integrals (1); and if these upper 
limits are all different, this determination of the relative coefficients of (2) is 
unique, 2. 6, p and g are determined to a common factor près: Then (1) ration- 
alized gives 

(3) p —gR()— 0, 

a rational equation of the degree 2m satisfied by the 2m — 1 given upper limite 
and therefore by one other value, say zm}, which is thus completely determined 
by the 2m — 1 given values. Then 


(4) p. — q Rz) = A (z — m) — s)(a— m)... (@— t); 

where A is a constant (depending on the common arbitrary factor of p and q). 
If the given upper limits are not all different, suppose µι of them equal to x, 
Us equal to %,..., u, equal to zg, so that μι μι... + u, = 2m — 1, then 
the coefficients of p and g can be determined, to:a common factor près, in only 
one way, 80 that | 

for , p —q^/R(z) and its first u, — 1 derivatives shall vanish, 
u pope qw R0) « “u By — 1 ww u 


"OR, p— -ανπΏ T pi ^ b 

Now it is easily seen that if, for any value of z, p — qA/R() and its first u — 1 

derivatives vanish, then also will p? — Q*E (z) and its first u — 1 derivatives vanish 

for the same value of z;. hence | 

(5) . P — R2) = 4 (z — a)" (z — g)" . . . (z — z.) (2 — 5). 

where z,, is a value determined. by the 2m — 1 given upper limits, and A is a 

constant. Similarly if χι (α) or p, is a polynomial of degree m in z, and g, (z) or 

qı à polynomial in z of degree not exceeding m — 2, the coefficients of p, and q 
_can be determined in one way only, to a constant factor près, so that 

(6) | ετσι () —0 | 

for each of the 2m — 1 lower limits of thé integral (1), if these lower limits are 

all different; if any lower limit z occurs u times, then p, and g, are to be so 

determined that p, — qı R(z) and its first u — 1 derivatives shall vanish for 

z = 7; and the coefficients of p, and σι so taken determine a value 2,, so connected 

with the 2m — 1 given lower limits that i 

(7) p — ÀR (a) = B (2 — g) — 246—242)... (2 — da), 

where B isa constant. The value of δρ. satisfies (2) as well as (3), and zsm satisfies 

Vou. VII. 
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(6), viz. the sign of VEÇ) is to be so taken for zm and zim that these equations 
shall be satisfied. The values z,,, and e determine another integral 


(8) | = SE. JEG’ 


whose relation to the 2m — 1 given TE we have to investigate. 
Let a new variable 4 be introduced, and for any given value of A let 
Las Lay Cas» + + Sam be the 2m values of z which satisfy the equation 


(8) 0 (pd Ap) — (q +20) V R(à) — 0, or 
(9) . (p+ Ap — (q+ Aq E (2) — 0, 
go that 


(10) (p-F Ap Hr RG)— ve) = Ole I) 59 — 63) (6— Im) 


If à varies continuously from 0 to, the roots of (10) vary continuously . 


from Zi, 4, Aare rer Zam tO Zis ZZ, me It is of no consequence if any 
' upper limit does not pass into the lower limit of the same integral by this 
continuous variation of A. Since ἕι, Ča, Ga, ++ + Sam and O are functions of A 


defined by (10), i.e. this equation is an identity, we may differentiate it with 
respect to A and obtain | 


α(»--λρἠρι-- 2-29) (9) = rm LE Re] 





; "Ed. pcm 
(11) ὃς Wa ὂ 90 
“η À + À +...+ δὲ z1 
τον ζι--2 ζα--2 . Cam — 2 σ 

but | (q+ Aq R (2) =(p + 2) — ψ (9), 

(q + ^g — GP) g (2) 

(+ Ag)m—~ Vas RO —n—rP9)t3pg 
i. e. (11) may be written i 
on ls Km OC 
(p + p:) gd (2) — 
12) 2 
03 Teig PP Ee svo 2 + E t j a | 
If a represents any one of the numbers 1, 2, 3,... 2m, 
9 (2) EN . .09 (Ca) _ ah 
νυ = erg 
and by (8) an p (Ca) + Apr (Co) 
| πο ante) ΡΟ 


and (12) gives 


2 RCE) [3 (Ca) s (6) pie a] m — ve), 
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4. €. . 
des | 
(13) OR .. g0C)m(C)—p(C)m(C). 
^/ R (Ca) PK) 
and hence 
2m = 
q (tp. (C) — p (C0) "T 
4) oz ni > P (Ca) 


by a ses theorem of dion fractions, since qp, — pq, is of degree not 
higher than 2m — 2, and 4 (z) is of degree m (see Todhunter's Theory of Equations, 
p. 325, example 13). If Z, is a multiple root of (9), say of order µ.Ξ 2, then 
ie contains (z — Z,)"«—! and (12) shows that qp, — pq, contains (z — (,)"a=! 


a 





since τ L^ = AR (Ca) does not in general vanish. But differentiating (1 2) 
1/8650 HE 


ua — L times and putting z = č, we obtain 


Tn Cana] = ER GE 
= WHE) ο =» Ga. 











ME QE XC PC) aC 
(18) = BM 


QU 


Now Jacobi has shown* that if (x) and ψ(α) are polynomials in z such 
that the degree of ψ (x) exceeds that of (x) by at least one unit, and if a is a 
multiple root of order u of ψ(α) — 0, so that 4 (x)= (x — a) (x), then the u 
29: 

2 (2) 


become equal = a are replaced by 


119 Cp Ga = pe. )g (Ca) 
| ap (Ca) | 


terms in the development o in partial fractions whose denominators have 





























aa 9 PN 2m. at / g(a) 
h(a) . A ϕι(α) Φι(α dar h (a) 
en, T Ten + 21 (z — a} —? Di dus nen 
1 = is g (a) p 9 (a) 
RD dar! ee) Su (0 — a) ZEO a), 
αὐ 








* Disquisitiones analyticae de fractionibus simplicibus. Inaugural dissertation. ‘Werke, heraus- 
gegeben von Weierstrass, Vol. ΤΠ, p. 11. 
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so that 


16 ur 
i Je) — 2X (a "I 
; zm 
where the summation extends to every root a of V (z)—0 and its index of 
multiplicity u. Writing æf(x) instead of (x), where f(x) is any polynomial 
whose degree falls short of that of 4 (x) by at least two units, we obtain from (16) 


af (2) NT 31 af (a) | 
(c — 








$() Lome Qa a) £2 0 
er 
and hence, for «= 0, 
= gh af (a) =! / fla) 
(17) = Σ “ Jami er im > Sa = 
δα” 
which is the N of the formula eited in connection with (14). This 
formula applied to (15) gives 
Οζ. 
(18) Me NE 
WR (Ca) | 
where the summation extends to every root £, of (9) and its index of multiplicity 
la. But (18) is only what (14) becomes when u, values ὅ, are equal. We have 


then m Of, 











where the summation extends to Cir Car Coreia ον whether these are ; all different 
or not. Hence 











2m 0 ot. Im fa ; $m 
d. 
- (19) Qr um | „ey; 
DE ROUE ο 
1. €. : . 
(20) Vem = — (vy + Ὅν + ++ Ym-ı) ; 


which is the relation between v,, and the 2m — 1 given integrals corresponding 
to the relations above mentioned between z,, and the 2m — 1 given upper limits 
and between z,, and the 2m — 1 given lower limits. The latter relations may 
- be put into a simpler form (evidently this is only one of 2m analogous relations), 
viz. (4) and (7) give, if the constants À and B be taken equal to unity, 


2) (0) — g (0) R(0) 42s. m) (0) — gi (0) E(0) = zit -ms 
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i. 6, 
21 ee, 1 PO) = 0 RO, | 
en ioa Ham NO AA emi 
In particular if l 
(22) RE (ο) =z (1 —2)(1 — kz), z= æ, v= en (u, k), 
then | 
en dau, R(0)=0, 8 (9-0, R (3) o, 
. (23) 
fr = af N re p» 5 
andif  .  sg-—sn*u, gea ECT MEILEN 
| A = snu, A = sn, = BR Ug, . . . Zom = BD hey, 
then 











By de 
Jg = Ute) 
and (19) and (21) become l | 


$m 2m 
(24) Sous dou, 
1 1 


Zi — . po κ 3 25 = 3 
. O mu m ABB ee m 
*. €. ` 


| Sn Uy BN 4; EN Ug .. . BD Um : 
Assuming the same particular form of R(z) and the same values of A and 
B in (4) and (7), we obtain from the two latter equations 


p0)—20)89)— #0) 0—20—2—2.. ds 


= cou, cn?u, en*u; . Dêem» 


r-eas SAOR. ehe 


= E dn*u, dn*u, dn*u, . . . dn?*u,, ; 


(25) SD ty, = + P 


and hence follow 


"€ p(1) 
(26) : en (tam) = E u CN Ua CN Ug « « « CN Uema 








(27) | ` dn (ta) = 4 wp (3) | 
ν- dn u, dn uy dn ti... dn um_ı 
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It is to be observed that the signs of the right members of (25), (26) and 
(27) have yet to be determined. 
If we assume still further 


(28) = BEBE... Ami = 0, 

we have Ll 

(29) κ ESI SIE αι 0, 

and, by (7), 
Go) . RE (e—a); | 


now the degree of the A term in # is even and that of the lowest term in 

qi R (z) is odd, so that these terms cannot cancel eae other, and the degree of 
| its second (the apparently lowest) term in #™—1!(z — 2,,) is 2m — 1; this second 
term cannot arise from y? since it is of odd degree, and it caimot arisé from 
qi R (z) since the lowest term in AR (z) is of degree not d than 2m — 4 +1 
= 2m — 3; therefore it does not exist, 2. e. 


(31) Am = 0, Vim = 0, 
and (24) becomes | m 
, 2 au, = 0, 
2 
1. 6. 
(32) Vigo, = — (Uy + th + Uy +... + tami): 
Equations (25), (26) and (27) may then be written 
i Tana p (0) 
(83) sn (ey + t ET Es T Yan-ı) Tan BN ty Bl t... ED Mas α΄ 
p(1) 


(34) Dr Tea. a 


(35) dn (ty + us tut... + Ur) = EE PP 
dn u dn tg dn%...dnum_ı 


’ 





where the coefficients of p are to be determined by the conditions derived from 
(2), namely | 
p (en) — q (sna). mu, ΟΠ 141 dud 0, 
p (en?) — q (gn*u,).sn u, en uy dn u, = 0, 
(36) p (8n*u;) — g (sn?u;).sn uy cn u dn uj = 0, 


e 9 © © © « è s ' « o ο « 9 a4 a » : 09 : 


»o€* © © © © © o s 5 o 5 : o 5 9 c * a 9 5» 


P (SD ely, —1) — 4 (Dtm .,). ED Ugm—1 CD Um AD m = 0. 
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If we put for convenience Ἢ 
snu=s,cnu=e, dnu-d, mu, = ba, enu, = Ca, dnu,—d,, 
we may write - | 
(37) ; | p(z) — (G) R(2 m 8" + as? + ast. ds 
+ (be + ον + bm) scd 
which must then vanish for 8 = 81, 8, 63. am, À 4. €. à, Oy, .. 19m ὃν νεο ὃ 
are determined by the linear equations 


"———————— Hn 
ta. H ba) ed, 
O = εὖ" γαι tal), κ 





(38) 
0-4 a sim —1 + aim -$4-.. au 
+ (bei it mt + .. + δρ) 83m — 109m — 105, — 1: 


and we have | 
P (0) Ξ- dm, 
(39) pj=1l+atatat...ta,, - 


p (45) = pa tak + ad + ad +... an). 


Write for convenience 


SUE E s Li cc, si” ed, ..., ^ 660 

nec, ant, tt) 8, 1, 85"? od, 85” eds, eg 850503 

s, Be ds at od... 8” Cody, abs EA 

Somi» An κ. ο m 1 ? Sm Com—1 Im Simi Com —1 bmi» ce.) 88m 109m 1 (EET , 
I Bon, an, oe T 8, 1, ge Cade; ge Codey ΠΠ; 8,0... 
μας er ee.) ES 








and similarly for any determinant whose rows differ only in the suffixes involved 
in them ; then (38) and (39) give 


qim Om over Bis lU. Oh XU T ne, OOO. 
a=1, 2, " , 2m — 1 

a dn ELLE | 8i επ Fed. eed; a ut 8.0.4, 
dt 2, 3,..., mom d 


πο 
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a, cd, ..., 8.0.4. 

p (1) um , 2m — 1 | 
] JE Rat ,1,0 ,0 2 OR 

de se 1, ed; , Sad pos ndi 

= r of" ss ,1,87 ad, ; $^ ον ee. 85033 





ee Bai T. θα Com — 1 Dam —1: 81m Cm 1m —1: 7 , 83m—1 Cam 105 1 
Ni dus ND reci diet ων “Cathe 6" eda, IEEE 
rie 1, 2,9. ni | 
: get aoe cy pha es δ She 
(=) κ 


SG Te: gie ino ^" 














pers 2, 3, .., 2m —1 
1 : | Be 
8” ia, mtg χα » 8 δ ed, ,6 edy η 

= 3” 1 58 ds PC RER Be , 1 7 83 cady ) 83 Cd TERES A | 
Sim 


—1: 3 m, δῆπι- 1; 1 m Cami am —1 ee ER vn. Sym 1Ομην Lam 1 
[sna Qu ον B, dt, dod, od, ...ν διοιᾶι]. 
a= 1, 2, 3,..., 2m —1 : 
and (33), (34) und (86) become 
(40) en (us + ts ts rt... tami) PER gies 
qno ge header teda Ge Cadar. o e3 Cla 
Loa 1e 1,2, 8,..., 9m— 1 | | 
E dint... 1, δν o d, o2 o d, ++ oy θ,οιαῖς 
a=1,2,3,...,2m—1 - 
(n LE E E | 
qu Ru Cas E Id, alm δις s nud, 
a= 1, 2,8,..., 2n —1 Le, 
En ro am ed ess Balala 
a= 1, 2,3,..., 2m—1 
(42) αν + Um-ı) E 

en y 8,0, | 

uq m s dnce] : | 
gh» nl. de edi Et Pod. i800, 
a=1,2,3,...,2m—1 | 














= + 
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df | i User — ER Ba — ı=0, mm, ml, 
(40), (41) and (43) become, on putting m—1 c | 


“en (uy + us + + .+ un) 

















ον, Bes pame sed. ge Calas rry θιομά. 
: EN US en | 
qe L gh ex AUR AS o di, a A REUS | 
Se a 2, a , 2n. | 
(44) ο ο. το, ; 
a le, er se à θά, g— “dar suey da 
—  _le=1, 2, + p l À 3 
E jal e. 18 ἐξ rod Ada, ..., Geda 
ke 2, 8, ..., 2n l 





(45) dn (ty + us Huc. + tan) > ο 
PE. oe Ἢ EE un Ore gas) Care RE pea ee amd HER 
jt | Lien JAEN. 

ae a . } δα) ac, ο dalas 559 Le 
a= 1, 2, B, ien, 2n E 
. which are then thé addition formuläe for an even number of arguments. 
. Formulae (40)-(42) give, witha choice of signs which is at present arbitrary, - 


(46) δη (i +++.. 2 + Uma) Lm 

T nao e SN η "ed, t dis εν, CA, 
E 9,8,..., 2n +1 
a, oF 1, en led, 8° =, era δα, 
g 1, 2, 3, Pos NE Te S | 
(ar). mn t + s +1) POEM. : Lm 

A Bou 16. sre adorat ood, |. 
a MET | 





? 

















=(-1y 


M 














Te 95-5,.... 1, ted, Pedy, ...; nud. | 
. bel, 2, 8,..., N+ 1 e 
(48) dn n (u Tus + Ug Tte "m sn +1) "D | 

, T da, ie | ἆ,, Ca ee, Σ is Eala | 





A Γ εφ ΘΝ eut J 1, ed, mto da, 5-55. CAR " l 
: a=1l,2,3,..., +1 >- , - 
: Vor. VII | as PE f : 
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from which we get, on putting LI 0. τ dividing numerators and dénomi- 
nators by TT -o + δι; ; 


49. ο pr 




















| ghe uon d 36d, La ΜΈΝ 
αμ 2—1,2,3,...; 2n 2 = 
s : ~ [an CAU ea 
Pls q 21;2, 3, on — tos 2 l 
m) TD ο a "E AE ae 
m M qo δε TIO S vea ὃς Ius ae deseo de 
Peewee Ta aoe 8,, = SEE M 
ET, ^ed, ..., od, | 
a=1,2, 3, i | | 


(1) ds scis ku) c8 TEL SS 
mg st td, s t Sadas δε Nus ΝΩ͂Ι 











la = 1,2,8; vun. i pee 
= we Ta a qu ποπ πα. Be" ον. +05 Cala 
yug ds a=, 2, Ir m, | 








and nun these again y we obtain, on patine à than = = 0 and dividing numerators and 
denominators by. 818585 .. "In 
| (n E dh dpa Κι 
αν ση 6a" Cale, δὲ οιάα,... 
—1,4;8,..., m l E EN ES 
; τα, ας, dn DR vas 
|a = ως 9n — 1 
saute + men ο ο "n2 n 
| se, y a ον MN Caj Eda, 8da, CS 
FEIERTE ME d 











i 
D 








pus ἐς .2(0m1, 2; 8,..., 2n — 1 

dn (uy tty tuteur) ee, ee | 
| à PEE p grid., ee, ἆ,, Bea, 80 o διο, 

“fat, 28,2, ml Les 
er aS wen d, Be Ody ee edi, 


π.δ —4 $5—8, | —5 
a -3 a” .» η sg: 1, Sa Cd, y ud Cada, ttg) 8.0.0. 


PAR UNE NET 











1 


a= 1;.2, 3, esey 2n — 1 
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From these formule it appears that, in passing from the sum of an odd 
number 2n — 1 of arguments to the sum of the next even number 2n of argu- 
ments, the sign in the formula for sn does or does not change according as n — 1 
is odd or even, but the signs of cn and dn remain unchanged, an odd or even value 
of n — 1; while, in passing from the sum of an even. number 2n of arguments 
to the sum of the next odd number 2n + 1 of arguments, the sign in the formula 
for sn does or does not change according as n is odd or even, and the signs of cn 
and dn remain unchanged for an odd or even value of n; 4. e. in the formula for 
' sn of the sum of an even number of arguments, and in those for cn and dn for 
the sum of any number of arguments, the sign is invariable, while in the formula ΄ 
for sn of the sum of the successive odd numbers of arguments the sign is alter- 
nately + and —. But for the sum of two arguments the signs in the formule 
for sn, cn and dn are nu all +, therefore MORE are correct even to 
their signs. 

It remains oy? to point out the modifications of the formule which are 
necessary when several arguments are equal, in accordance with the principles 


above established. It is evident that, if u = Us p1 = up 7... = Ust,-1, the 
a + 19, a+ 2*,...a + u — 1" rows of the numerator and denominator of the 
right member of each of the formule (46)-(51) has to be replaced respectively 
by the 1", 2%, ..., u — 1% derivatives of the at row of that numerator or 


denominator. As any common factor of numerator and denominator will 
disappear from the quotient, it is evident that the derivatives may be taken with 
respect to u, instead of s,, as above, and we know that 


Os, Qe __ dd, 





δα, T Car Bu, 7 de Qu. = n. 
which enables us to determine the a + 1%, a + 208... α as µ-- jo row in the 


case supposed, but the general formule seem too E Ὁ be useful. 


BALTDIORE, June 15, 1885. 


à z . yee a - n E | 
Note on the Theorem e" = cos x 4- sinz. 
. By ΕΣ. FRANKLIN. - 
The following geometrical demonstration of this theorem is ἕο obvious that 
it has probably been given before, but I have been unable to find it. Defining. 
e as a NC + =); O being a positive integer, ihe geometrical construction . 


for ei 15 as follows. From the origin O lay off on the axis of a OA = — 1, and at 
A erect a perpendicular AB = x; then the point B representa 1+ ia. Divide 


E AB into o parts; the first point of division, A, say, represents 1 4:2 =. Erect 
at A a perpendicular. Ανά, r making the triangle OA,A, similar to 044; then J 
A, represents (a + ey. l 

. Constructing in like manner a similar triangle 04,45, and 80 OD, "s will i 


represent iC + zy. Now let o tend to infinity ; the limit of the. ‘broken line. 


"44,4, ... A, is an arc of length x in.a circle whose radius is 1; hence the limit 
‘of À, is 8 ος, which represents cos æ + αὶ sin v. Therefore _ 


| e? —c08g + à sin gi 


Proof of a Theorem of Tchebycheff's on 
Definite Integrals. 


Br F. FRANKLIN. = 


M. Hermite, in his Cours professé pendant le 2° Semestre, 1881-82, states the 
following theorem as communicated to him by M. Tchebycheff: s 

Let u and v be two functions of x which between the values PES 0 and: 
x= 1 are positive, and both vary in the same sense, so that they shall be con- 
tinually increasing or continually decreasing ; then we shall have the inequality 


1 pi 1 
/ uvda > T uda { vda. 
But, supposing that one of the functions be increasing and the other decreasing, 
we shall have, on the contrar, 


f T f uda f ας. 

Μ. Hermite proceeds to give a proof of this theorem by M. Pint which 
is somewhat indirect and long. The theorem may be proved instantaneously, 
and no restriction need be placed on the signs of w and v; it admits, too, of an 
extension to the case of any real limits. The theorem, as thus enlarged, is as follows: 

If u and v be two functions of x, both increasing continually or both 
decreasing continually as æ pase from a to b, then 


" 0-0) finde (ade fti 


and if one increases throughout while the other decreases throughout, 


(ὁ---α) [wie < fude f ods. an 


The proof is as follows. Write u = f(x), v= (a); then 
S [Ur — re (a) e Q2 dedy 


= 0-0 [Ieodet 0o fraa 
PT p Ai a ind 


= 2 1@— a) [wie ("ud fos. 
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Now if u and v are always i increasing or always decréasing f (2) —f (y) and 
(x) — $ (y) always have like signs, while if one is increasing and the other - 
decreasing they have opposite signs; hence in the former case the double integral 
above written is necessarily. positive, while | in the latter cage it is necessarily 
negative. This proves the theorem." . . : E 

In the same way we ray prove the theorem about finite series from which 
: the preceding may at once be deduced, viz. 

: ZT Uy, > Su, So, or NDT UV, XS i 
according as tlie ws and v's are both ascending (or both descending) series. or 
' one of them ascending and the other descending. . - 

The above demonstration was suggested by the following’ very ἀπο method 
of. proving either theorem, which I shall give only as applied to the second ; the _ 
proof for the first being precisely similar. Consider the rectangular matrices 











Us Ug, Ug, +++ Un Up, Ug, Ugy ο. Up 
| COR κ dd ο 
| This product is the determinant - 
Sw, Su | = = nXuo — Σιδυ. 
Σο, 





But the product of the σος, is equivalent to the-sum of the products diat: 
by multiplying every determinant in the first matrix by the corresponding one . 
‘in the second, and any such product is (u, — u,)(v, — v,), which is necessarily | 
positive if the series both ascend or both ‘descend throughout, and necessarily . 
negative if one ascends throughout while the other descends throughout. 

. Tt is obvious from the nature of the: ‘proof that we may give the theorems 
a somewhat greater generality, viz., they.hold whenever u and Ὁ vary throughout. 
the interval in such á way that the greater u is the greater v is, or that the greater 
u is the smaller v is.” As examples of this somewhat more general theorem, | 
we may note that the inequalities 


of ως 6— o) fois fep ΕΠ 


"T without any restriction as regards the manner in απ u varjes. 
Tadd a few pärticular examples of the theorems, which may not be without 
interest. 





* This, it should be noted, is-not the same thing as saying that u and v increase together m the 
opposite) as a passes from a to b ; the theorem does not be hold when this latter condition is 
fulfilled. . 
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Los 1), P PE 


* (Γ στο) «ο I gi (sina) < logi te; iba 
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- Finally we may notice an obvious s geometrical interpretation of the inequality 


f ο 2 >(@— a); 


viz., if the inverse of a closed curve be taken with respect to a dde whose 
centre is a point within the curve (and such that chords through it cut the curve 
in only two points), the area of the circle is always less than a geometric mean 
between the areas.of the two curves. l | | 
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‚on the Caleulation of the Co-factors of Alternants 
of the Fowrth WIR: | 


Br Man Woorser J OENSON. 


1. If we subtract the first row of an alternant of the n fordert in which the : 
first column is a column of units, from each of the other rows, the déterminant 
is reduced to the order n — 1, and each row may be divided. by one of the 
| différences involving the first letter, For προς | 

1, a, dé, αὖ | : 

1, 1» b, ὃν 
1, d, οὐ ο 

1, ὦ, d*, d 
b-a, B+ Ba+ bai + a A Ba + Bar + ba? + at 
eta, E+ dat ed? + αὖ, οἱ }- οἷα + da? + od? + at 
[d a, d? +a + da? + a, d* + Pa + da? + das + αἱ 

Subtracting the second column multiplied by a from the third, then the Auk 
column multiplied by a? from the second, and decómposing the result by ας 
' the determinant in the right hand member becomes. 
b+a, B+ Ba, bi 
eta, &+ da, el 
d +a, + da, di l 
in. which the alternants involve the letters b, c and d. These sliernants are . 
divisible by Zi (b,-c, d); hence, since 
| le = ee 

we e have, ‘denoting the co-factor of an alternant by the symbol a, . 
~ a(0, 2, 4, ὃ) — dPa(0, 2, 4) +aa(0, 3, 4) + an (1, 2, 4) +a(1, 3, 4). 

2, -It is obvious-that the process is general, the numbers of partial columns : 
in the columns of the determinant of the (n — 1) order being the differences 
between the consecutive exponents of the original alternant, 80 that the whole. 
number of. alternants of the in— 1)™ order is the product of these differences. 

In particular when n= 4, a (0, Ps) γ) 18 8 ποιο, function of a, b, ο 
and d of ae degno p T q +r— 6, and we have 


= = (6a e— a d—a) 





€ 


= ‘40, 2, 4) + a4(0, 3, +040, 2, AQ, 3,4), 








a) N P, gr = ΣΣΣαα(ω, v, w), ` f= P pud. E : 
ae . / 3 -- rue ur = 


- 
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the degree of a (u, v, v) i is ous and b= ptatr—(utotu)—3; 
the greatest value of 0 being r — 3, and its least value zero. 

The terms of this sum may be imagined to be arranged in a solid rectangular 
block, analogous to the plane rectangular array of binomials in. 89 of the preceding . 
article. Let us suppose the first symbol, u, of a (u, v, w) to increase downward 
from zero in the top face to p — 1 in the bottom face; the second, v, to increase 
from p on the left to g— 1 on the right, and the third, w, to increase from g in 


the front face to r — 1 in the back face. The first term a? ^a (0, p, q) will thus ^' 


occupy the upper, left- hand; front corner, and a (p— f. = 1,7— 1) will occupy 
the lower, right-hand, back corner. 
3. Now if we rémove the terms in the top face, in each of which u = 0, all 


the rest may be divided by bed by subtracting unity from each symbol; and if ` 


we also remóve the back face, which contains the only term in which 0= 0, all 
the rest may be divided by a. Dividing the remaining block of terms by dbcd, 
the first symbol of the a’s will run from zero to p — 2, the second from p — 1 to 
q — 2, and the third from q— 1 to r— 3; the term at the upper, left-hand, front 
corner will be α΄-δα(0, p — 1, q — 1), and the term at the lower, right- hand, 
back corner will be a(p—2, q— 2, r — 8). In other words, the remaining ` 
block of terms after division is the value of a (0, p—1,.g—1,7— 2). Denoting 
by: Q the sum of the terms removed, -we have therefore d. 
(2) . a(0, p, q, 7) — Q + abed. (0, poko. + — 2), 

. from which it appears that Q is a symmetric function of a, b, c and d. 

4. The function Q consists of the terms situated in the top face and in the 
back pn of the rectangulár block. Imagining the top face to be rotated about 
` the common edge into the plane of the hack face, . the terms. constituting Q may 
be written thus: 


Ω--α-"α(0, p, q) . Γααιο, p+1, q) | Ear RET q) 


+ a’—*a(0, p. 1) |-α-ὕα(0, p+1,g+1) - ... + grt? 139, (0,g—1,g+1) | 


(3) + aa (0, p, r—1) --at- *a (0, mur r—1)4-.. " . +a?—a(0, qd; 71) ^ 
+ ata (hp, r—1)+taiafl, pl Er ae. p r— 1) 


+ ae- αφτί 2) ο... a(p—1, p+1,r—1) 

| | PME ace 
the first ánd last symbols remaining constant for each row, and in the columns, 
Vor. VII. - ᾿ 
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- the last symbol i inereasing iom q Jis r — 1, and then the first symbol incon. 
- from 0 to p — t. For example, e (0, 3, 8, 7) = Q + abed. a 2; 4, 5), where 
di : Q = a*a (0, 3, δ) + aa (0, 4, 5) . 
+ aa (0, 3, 6) + aa (0, 4, 6) - Fun M 
+ da (1, 3, 6) + da (1, 4, 6)... ee 
- + aa (2,8, 6)+ (2, 4, 6). 2 
id ὑπὸ ; the ο rule for developing the co-factors of the third or rder, we havo 
a [Sbe + Shed + 2564] 
En a? [Σα + Xb'ed + 2x06 + 3zb*ed + asped) 
+ a [xb + Wied + 8Σὂ}ο4 + l 
"ta [Ebd + 2562 + aa] 
+ ER + 250%, 
which iédadily geen to be the symmetric function 
.Q= Σαλ + Sat ied + Babed + abe + 3Za*b'c'd + EB. 
5. It is obvious that, in the example above, the coefficients of those Z8 whose 


typical terms contain at might have been determiried solely by means of the first ` 


term in Q, viz., afa (0, 3; 5); and in like manner, the coefficients of theremaining - 
2s, all of whose:typical terms contain a^, might have been determined from the 
| coïresponding : terms in the value of Q. Thus, if we first write: out the series of 
.; Simple symmetric functions which enter the expression, beginning with Σα) - 
` then for the purpose of a the. οσα it 18 only necessary to 
| gonada 8, portion. of Q, viz., Fe 
Q= afa (0, 3, δ) + af (0, 4, n Συ σα 
η 3, 8) + ete. ο - 
+ ete. y > | a 
. and by means of each term in this reduced expressioh we may write out a group. 
of coefficients, depending mainly upon the exponents of b and d, in accordance 
.with the rule. given in 86 of the preceding article, but with the: restriction 
mentioned therein with respect to the highest admissible coefficient. „The process ` 
is as follows: 
. Dabe, Sabod, sad, | Xe, “sated, | xcv 





SA s 1 m tu | FD a: 
: | | IN E 2 08 
die a dp es CAM KNEE πη 


c Q= abd + Eafb'od' + Babed + 2Xa'Uc + 3Sa bd + 44 CR . 
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It is to be noticed that in some cases not all the coefficients given by the rule. 
are written down. For example, in the case of the third term of Q, the first 
term of a (0, 3, 6) would be $b‘, but the term a?5*c is not a typical term, being 
in fact a term included in the expression Sa*h*c® whose coefficient, 1, has already. 
.been written. We therefore commence with the coefficient belonging to the 
term &0°e°, which is unity, because the exponent of d is zero. 

6. In general, the seriés of simple symmetric functions to be written begins 
with Za'-?04—c?-—! and the power of a which occurs in the last term of the 
series is the lowest power which need be retained in the expression for Q. In 
other words, we may reject all powers of a whose ne are less than 
t(ptqa+7—68). 

In determining the coefficients corresponding to the term of Q containing . 
a (u, v, w) when u is not zero, it is not necessary to reduce the term to the form 
a? (bed)“a (0, v — u, w — Ὁ). The coefficient unity. occurs when b has its highest 
exponent, or when d has its lowest exponent; in α(0, v — u, w— u) these are 
w — u — 2 and zero respectively, which in a (u, v, w) become « — 2 and u 
‘respectively, and are still the highest and'lowest exponents. So also, these 
exponents not occurring, the coefficient i is 2 if b has its next highest or.d itg next 
lowest exponent, and so on; but with the restriction that the highest admissible 
coefficient is the -least of the quantities w — u — (v — u) and v — u; that is. 
w — v and v — u, the differences of the symbols in a (u, v, w). Thus the rule - 
is a simple extension of that given in $6 of the-preceding article for the form | 
a (0, p, q). 

It is obvious, from the mode in whieh the rule was derived, that the. least of 
the differences of the symbols is always the last coefficient of the group derived 
from a (u, v, w), so that this coefficient may be written at once without reference 
io the exponents of 5 and d. 

7. By repeated application of formula (2) we should have 

a (0, p, q, τ) = Q + abcd Q + EP Q" H.. 

but for purposes of calculation it is better to write | 

(4) a (0, p, 4, r= Qi Oto. + Φε, 

retaining the factor abcd in the expression for Q,, so that Q, denotes the sum of 

the terms which in the rectangular block considered in §2 are adjacent to the 

terms included in Q,. Thus Q, consists of those terms of the sum in formula (1) 
in which u = 0 or w = r — 1, Q, consists of those among the remaining terms in 

which u = 1 or w = r — 2, and so on. The number, &, of Q's is obviously the 

. least of the numbers p and r — 9, the height and depth of the rectangular block. In 
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' calculating the value of a (0, p, q,r), we need, of course, retain in the expressions 
for.Q,, Qs, etc. only the same powers of a that are retained in Q,. For.example, 
in calculating a (0, 4, 7, 9),  — 2, and, since a is the lowest power of a that 
need be retained, we may write - 
- Q= aa (0, 4, 7) + aa (0, 5, 7) + aa (0, 6, D 
^ + d'a (0, 4, 8) + afa (0, 5, Dres 
+ afa (1, 4, 8) + etc. : 
+ ete., 
Q; = da (1, 4,7)+ ata (1, 5, 7) + ete. 
+ ata (2, 4, T) + etc. : f 
+ etc, : 
We may now write tho coefficients determined by Q, immediately andes 
those determined by @,; and, writing for abridgement only the πα. of . 


b, c, and d in each. group, the caleulation'is as follows: 
i Xa*.. ža? $e. l Xat 
PE CS 


fso, (Bl, 440, 481, 48 39. δ, ὅδ. 033, 44, 483 888 4, a 
1 1 1 2 2 3 . 1 As 2. 2. 2 1 1 
1 2 2 2 3 4 .8 3 
: 72 8 
1 1 “i 2 8 2 2 
T 12 s 
. 1 1 1 2 2 8 2 4 å 5 7.9 `“ 911 


8. If we remove the top line in the expression for Q, above, the terms of 
Q, may be derived from the remaining ‘terms by simply transferring a unit from 
the third symbol of each a to the first symbol, the second symbol and the 
exponent of a remaining unchanged. 

The reason is that we thus pass from the term afa (u, v; w) of Q, to the term 
a'a (u + 1, v, w— τ), which, if it be a term of the rectangular block, is situated 
΄ therein one place further forward and at the same time one place lower down, 
and is therefore a term of Q,. The top.line of Q, gives rise to no part of Q, in 
this mode of derivation, because it is situated in the front face. of the rectangular : 
block; in other words, the third symbol being g in this line, the rule would give 
- an inadmissibly small value of w in formula (1). In like manner, if the whole 
value of Q, were written, the last line, in which the value of u is p — 1, would 
give rise to no part of Q, because the rule would givean ος large value 
of u in formula (1).: 

"The same rule, of course, applies to the derivation of Q, from Q,, and so on, 
when k>2. We reject in each case the top line, and we reject the bottom line 
when the value of u would be too great, that is to say, greater than p—1. 


‘ 
- s 
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9. The simple relation which exists between the coefficients determined by 
a (u, v, w) and a (u+ 1, v, w — 1) renders it unnecessary to write the expressions 
for Q,, Qs, etc. For, in a (u + 1, v, w — 1) the highest exponent of b is a unit 
less and the lowest exponent of d is a unit greater than the corresponding num- 
bers in a (u, v, w), and moreover, each of the differences between consecutive 
symbols is less by a unit in the former than in the latter case; hence, whether 
in any given case the coefficient is determined by the exponent of 5 or of d, or 
by the limiting value of the coefficient, in accordance with the rule in $6, it 18 
always a unit less when determined by a (u + 1, v, w— 1) than when determined 
by α(ω, v, ο). For example, all the-coefficients determined by Q; in the calcu- 
lation given in $7 might have been thus derived from the corresponding ones 
determined by Q,, the upper line of coefficients given by Qi DERNIERE: for the 
reason given above, ho derived coefficients. 

10. If then, after writing the reduced expression for Q,, we indicate for 
each line the number of Q's in which it or a corresponding line occurs, we may, 
as soon as we have written the group of coefficients determined by a term οἵ, Οι, 

_at once write the derived coefficients corresponding to the other Q's. 

It follows at once, from the rule to reject the top lines in deriving the 
successive Q’s, that the top line of Q, should be marked 1, the next line 2, and 
so on till we come to the ᾖἱ line. The subsequent lines are to be marked % 
unless the rule for rejecting the bottom line in forming the successive Q’s applies. 
Now, since p is the value of v in the first column of the expression for Q, and 
` since we must, as explained in 58, reject the bottom line when the first symbol 
u, as given by the rule, would be as great as p, it follows that the indicating 
number of a line cannot exceed the difference between the first two symbols or 
values of u and v in the first term of the line. This number is therefore to be 
΄ taken as the indicating number when it is less than k. | 

11. The calculation of a (0, 5, 13, 17) is given below as an example. The 
first term is Σα 211; the function being of the 29th degree, the lowest power of 
a to be retained is a‘, and the value of kis 4. The simple symmetric functions 
-in the final development are indicated as in the preceding example, S7. It will 
‘be noticed that among those commencing with a none occur in which the 
exponent of 6 exceeds 12; and, in general, it follows from the mode in which Q 
is found that the sum of the exponents of a and b in any term cannot exceed 
their sum in the first term ; in other words, the sum of the two highest exponents 
cannot exceed ft + q— 5. ` 


΄ 


CALCULATION: OF a. (0, 5, 13, 17). 
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2 | aa (0, 5, 14) + aa (0,.6, 14) + aa (0, 7, 14) + aa (0, 8, 14) + a*a (0, 9, 14). + «fx (0, 10, 14) 
3| a%a(0,5;15)+ a%a(0, 6, 15) + aa (0; 7, 15) + aa (0, 8, 15) + αἲα (0, 9,15) - 


4 αἷα (0, 5, 16) +a!'a (0, 6; 16) + aa (0,.7, 16) + afa (0, 8, 16) 


1| aa (0, 5, 13) + a (0, 6, 18) + a"a (0, 7, 13) + ατα (0, 8, 13) + aa (0, 9, 13) + aa (0, 10, 13) + afa (0, 11,13) 
4| aa (1, 5, 16) + aa (1, 6, 16) + a'a (1, 7, 16), 
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2 1168 
2 1| 76 
2 140. 


12. Mr. O. H. Mitchell has shown* that the whole number of terms in the 
co-factor of an alternant is the quotient obtained by dividing the difference 
. product of.the exponents by the difference product ἅ (0,1, 2...π.---1). The 

number of terms in a (0, p, q, r) is, accordingly, - -> 


| a par (g — pr — pr 9). 

This result may be used as a verification of the calculated coéfficients. Thus 

in the example above the whole number of terms should be 35,360. The single 
symmetric functions whose coefficients have been obtained represent 24, 12 or 4 
terms each, according as the exponents are all different, two alike, or three alike. 
If then.the sums of the coefficients of the terms of these several classes be 








* American Journal of Mathematics, Vol. IV, p. 341 (December, 1881). . 
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mére by 24, 12 and 4 réspeótively, the sum of the products should be: 35, 360; 
‚and this was found to be the case. 

13. The following additional proof of Mr. Mitchell’s ΠΠ may es given E 
If ina(p, q, T, ..., £) we put a=b= e=... = zii, the result will be equal 
to the number of bomi in question since.the value of each term” will be unity. ` 
' Hence this number is the value assumed bý the. quotient | 

| A (9; αντ. ; 2) 

| l 4(0,1,2,. Er À | 
under this ον which causes the quotient to assume the indeterminate form. 





4 


Now if a, B, y,..., 4 are the logarithms of a,-b, c, ...; 1, the alternant i 
` T A(p,g,7...,#)is ; the result of compounding the two arrays | RE 
| ' a αἳ 2M ο... 

i, Qa, 21° ape yes PATES - \ 
4 *. β H . E T M 

1, Bs oy) as | : 1,4, nF... 

uM m and = 3 : τ 

= + εν a 
1,4, — Sr’ 3] ET 2, À, 2, 


Hence A(p, RUNE .., Z) is the sum of all the producta of the determinants said 


^ . can be formed by selecting any n columns from the first array, each multiplied 


by the corresponding determinant formed from the second array. The term of 
lowest degree in à, B, . .., A is that- formed by selecting the first » columns of 
the first array, and the vus of the corresponding determinant formed Ron the 


: second array is P p, dev 8). 


. When a=b=...=1=1,a,B,...,2 ον ασ and‘ the 





| unti ratio of any: two alternants is that of the terms of lowest degree 1 
^, did ; ++, À; thatis, the vanishing value: of the ratio 
ae \ ο : Op Re 
2 APs dog) > Op ds eee) 
andi in ΜΑΗ the number of terms i in Á(pq,...,2)is.. 
Ops J++ +52) 


(0,1, CES 


